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Infra-red spectra and state of aggregation. II 

By R. E. Richabbs and H. W. Thompson, E.R.S. 

Physical Chemistry Laboratory, University of Oxford 
{Received 1 April 1948) 

In continuation of earlier work on the correlation of infra-red absorption spectra of matter in 
different states of aggregation, the vibrational spectra of a number of substances have been 
measured in the solid and liquid states. These included paraffins, aromatic hydrocarbons and 
their simple derivations. The alterations in spectrum which occur on melting are complex, and 
few generalizations can be made. Attempts have been made to consider them in terms of the 
assignment of vibration bands to certain atomic groupings, but it seems probable that before 
the results can be satisfactorily understood it will be necessary to know more about the 
internal structure of the solid substances. 


Inteodttotion 

Several workers kave examined how the rotational fine structure of infra-red 
vibration bands in simple molecules is affected by change of state. While these 
measurements have not yet led to much definite knowledge about molecular 
rotation in liquids and solids, the general consequences of pressure broadening and 
intermolecular collisions are understandable in principle. 

In the course of measurements over several years on the infira-red absorption 
spectra of many complex substances, we have frequently noticed that sharp 
differences may occur in the positions and relative intensity of the vibration bands 
of a given compound according as it is measured as solid, liquid or vapour. This 
applies not only to simpler molecules, but also to polymers and other compounds 
of high molecular weight. Such alterations are not confined to modifications of 
band contour induced by changes of temperature or pressure, but arise ;from other 
causes. The passage from liquid to solid may involve a change in the potential- 
energy function associated with molecular vibration, causing alteration in the 
magnitudes of the vibration frequencies. Further, the alteration in molecular 
symmetry and the ordered arrangement within the whole structure may lead to 
changes in the selection rules and principles governing the intensities of vibration 
bands. Further detailed examination may therefore lead to a better understanding 
of intermolecular forces and the structure of the condensed phases. It is important 
also, however, in connexion with, the empirical use of vibrational spectra for 
structural diagnosis in chemistry, where the constancy of the vibrational frequency 
of an atomic grouping may be applied as a characteristic for its identification, since 
it is often necessary to apply such correlation rules obtained from measurements 
on simple molecules in one phase to other more complex molecules measured in 
another. 

With polar molecules, shifts in the position of vibration bands with change of 
state of aggregation are often to be. expected, owing either to the formation or 
breakage of hydrogen bridges or to dipolar association (Richards & Thompson 1947 ; 
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2 R. E. Richards and H. W. Thompson 

Hartwell, Richards & Thompson 1948 ). With essentially non-polar molecules, 
however, such efifeots do not arise, but marked spectral, changes were noticed with 
some of these substances as already reported (Thompson 1946 ). It was therefore 
decided to make a more exhaustive survey, using in the first instance non-polar 
hydrocarbons and their simpler derivatives and comparing the spectra in the liquid 
and solid states. Another aspect of our work on the general problem of correlating 
vibrational spectrum with structure in solids, namely, the use of polarized infra-red 
radiation, has been described elsewhere (Mann & Thompson 1948 ). 

Recently, Halford and his collaborators have compared the spectra of benzene 
and cyclo-hexane in different states, and have set up a'system of selection rules 
applicable in the solid phase for different crystallographic forms (Halford and 
co-workers 1946 , 1947 ). We feel that the underlying principles are even more com¬ 
plicated than these authors suggest, as will appear from our own results. Indeed, 
in order to interpret their results with benzene and cyclo-hexane in terms of the 
general principles and selection rules laid down by Halford, a number of additional 
hypotheses were necessary. Other infra-red measurements with several hydro¬ 
carbons have been described by Avery & EUis ( 1942 ). Similar measurements on 
the Raman spectra of a series of substances were made by Nielsen & Ward ( 1942 ). 
Theoretical questions about the nature and effect of intermoleoular forces have 
been discussed by Breit Salant ( 1930 ), by Cremer & Polanyi ( 1931 ), by Buchheim 
( 1935 ) and others. 


Expeeimbntal methods 

The spectra were measured on single-beam and double-beam recording spectro¬ 
meters using prisms of rock-salt, fluorite and quartz, over the range 2 to 16/«. Most 
of the hydrocarbons used were from a collection of specially purified compounds 
previously assembled for spectroscopic work under the auspices of the Hydro¬ 
carbon Research Group of the Institute of Petroleum. All the other compounds 
were purified by repeated reorystallization or other appropriate methods, and the 
absence of spurious absorption bands was used as a guide to pmity. 

Two absorption cells were used. One (figure lo) was used for substances melting 
above room temperature up to about 200 ° C, the solid being melted between a pair 
of spaced rock-salt plates P by means of a nichrome wire heating coil surrounded 
by asbestos and placed on the side of the cell away from the spectrometer slit. 
Thermocouples T placed at the top and bottom of opposite faces of the cell were 
used to measure the mean temperature of the sample. Spectra were measured at 
temperatures just above the melting-point. It seemed possible at first that 
a characteristic emission spectrum of the sample might be superpose,d on the 
absorption, and thus lead to some of the peculiar results found. Measurements 
showed, however, that at the temperatures used, such emission was too feeble to 
be significant. 

In order to ensure that the substance had undergone no decomposition or 
alteration after heating, it was usual to measure first the spectrum of the solid, 
then that of the liquid, and finally that of the substance after resolidifioation. 
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Infra-red spectra and state of aggregation. II 

At low temperatures, namely, below — 80° 0, the cell shown in figure 1 h was used. 
The glass vessel had a rook-salt window W, side arm 8, and tubular bottom on the 
flat end of which a polished disk of stainless steel D was placed. The liquid under 
examination was placed in 8 and fi:ozen by a liquid air-bath, the whole vessel then 
being evacuated and closed by a tap. The sample was then allowed to warm up, 
and by surrounding the tubular base with a suitable cooling bath, a thin solid layer 
could be caused to form on the metal disk. The thickness of this layer could be 
regulated by the volume of substance first placed in the side arm. The beam of 
radiation was then directed into, and out of, the vessel by a pair of aluminium 
mirrors M as shown. 




FiotTBE 1. Cells for high and low temperatures. 

With films of liquids the efiective slit widths using the prism of rock-salt were 
about 10 cm."^ at 6/t and 4 om.~^ at 12p, and with the fluorite prism about 6 cm."’- 
at 6/t. With quartz they were about 10 om.“^ near 3/t. With solid films it was some¬ 
times neoesslry' to use rather wider slits, so that the resolving power in the two 
cases is not strictly comparable. This does not, however, afiect significantly the 
main results. Indeed, some of the effects found are such that if exactly equal slit 
widths had been used, important features would have been more •accentuated. It 
was also impossible to use exactly equal thicknesses of the solid and liquid form, 
but this does not affect the general concliafeions reached. 

' , EiHSTiiia?s 

The spectra are shown in figures 2 and 3, L and 8 denoting liquid and solid 
respectively. Inspection shows at once that with some of the substances only small 
changes occur on melting, but with others there are very marked differences 
between the spectra in the two states. The differences seem to be of several kinds, 
namely, (1) some bands retaining the same position but changing in intensity 
relative to other bands, (2) some bands shifting by a small amount, say 5 to 
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Infra-red spectra and state of aggregation. II 


800 1000 1200 1400 1600 cmf 



Figure 3. (7) Diphenyl. (16) p-Dimethoxy benzene. 

(12) Fluorene. (17) p-Diohlorobenzene. 

(13) Acenaphthene. (18) p-Dibromobenzene. 

(14) ' Triphenyl methane. (19) p-Chioro-JViV'-dinaethyl aniline. 

(15) 1 .T-Dibenzyl undecane. (20) p-Bromo-^JJ^-dimethyl aniline. 

(21) p-Iodo-toluene. 
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10 cin,“^, ■with change of state, (3) some broad bands in the liquid state splitting 
up with the solid into several sharp components, and (4) apparently new bands 
appearing in one state -vvhioh were absent in the other. The positions of the bands 
(om,-^) are given in table 1 , and the relative intensities are shown in the figures. 

Some of the significant points are summarized for the indmdual compounds as 
foUo-ws: 

n-Hemcosam. The bands are sharper with the solid, and more numerous than 
with the liquid* even allowing for the broad nature of some of the bands in the 
latter case. There are changes of relative intensity, for example, in the bands near 
890 and 1080 cm.’"^. There are peculiar differences in the bands between 1300 and 
1600 cm."’- which are connected with deformational vibrations of CHg and CH 3 
groups. 

Z-Eihyl tebracoscme. Differences between the spectra of the liquid and solid are 
very marked, many new sharp bands appearing in the solid state. It is possible 
that in many cases these arise by splitting of broad bands of the liquid, but this 
does not always apply. Again there are peculiar differences in the region of the 
CHa and CH 3 group deformation. 

p-tert.-Butyl benzene. There are comparatively fevf differences except that the 
solid shows several sharp bands near 930 cm."’. 

Dwene (1.2.4.6-tetramethyl benzene). The changes are hardly appreciable 
except for the regions 1360 to 1460 and 2926 to 2940 cm."’, where distinct alterations 
in the relative intensity of deformational and stretolung C-H ■vibrations ooour. 

Pentamethyl benzene. There are several marked changes of relative intensity, for 
example, in the bands near 1080, 1218 and 1380 om.“’. The marked effect on the 
band at 1380 cm."’, associated with deformations of the methyl group, has some 
parallel in the changes near 1470 and 2960 cm."’,, where other vibrations of this 
group occur. 

Hexaethyl benzene. There are only minor changes, except in the relative intensity 
of the bands near 1460 cm."’. ' 

Diphenyl. Remarkable differences occur between the spectra of the liquid and 
solid, new bands appearing in both phases, and many changes in the relative 
intensities of bands being formd. Bands at 780 and 1008 cm."’ appear enhanced in 
the liquid, while those at 904, 1091, 1109 and 1361 cm."’ are stronger -with the 
solid. The variation of intensity of the bands near 1436, 1485 and 1600 om.”’ in 
the two phases is marked. 

Dibenzyl. Some small displacements and changes of intensity occur, but the 
differences are far less marked than with diphenyl. 

2 .Z-Diphewyl butane (meso). There are a few changes of relative intensity and 
position of bamds, but these are comparatively small. 

Stilbene, CjHs.CH = CH.CsHb. The results are closely similar to those ■with 
2 .3-diphenyl butane. 

Diphenyl acetylene, C^^.GsC.C^iL^. There are small shifts of frequency and 
changes of relative intensity but no marked effecte^^ 

.-■-s 

Muorene. CgHj. CHg. CgHg. Many marked changes occur in the relativ:e intensities 
of bands. The bands at 1303 and 1482 cm."’ are much weakened in the solid state. 



Infra-red spectra and state of aggregation. II 


7 


Table 1 


(1) «-hexacosatie, m.p. 66-6° C 


liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

— 

718 

— 

933 

1124 

1124 

— 

1482 

726 

730 

962 

962 

1308 

,1308 




737 

— 

979 

1345 


2868 

2860 

766 

761 

1010 

1022 

1368 

— 

2876 

2873 


793 

— 

1060 

1385 

1378 

2928 

2921 

846 

837 

1074 

1081 

— 

1460 

2962 

2958 

872 

.— 

1107 

— 

1470 

1473 

— 

2965 

890 ' 

983 









(2) 3-ethyl tetracosane, m.p. 29*9® 0 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

724 

721 

900 

903 

M)76 

1076 

1385 

— 

— 

727 

— 

923 

— 

1160 

1448 

— 

— 

763 

— 

948 

1129, 

1128 

1467 

1460 

773 

773 

965 

963 

1145 

1151 

— 

1472 

— 

783 

— 

975 

— 

1272 



— 

802 

1007 

1006 

1308 

1310 

2856 

2862 

828 

822 

— 

1022 

1360 

— 

2928 

2918 

— 

• 864 

1038 

1038 

1372 

1376 

2960 

2968 

888 

888 









(3)P- 

-butyl benzene, m.p. 

77-8® 0 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

831 

833 

— 

1029 

1368 

1370 

2912 

2909 

890 

890 

— 

1045 

— 

1386 

— 

2940 

923 

926 

1096 

— 

1400 

1400 

2966 

2964 

— 

933 

1129 

1120 

1468 

1475 

— 

2997 

— 

960 

. 

1166 

1483 

— 

3036 

3040 

— 

962 

1200 

1203 

1508 

1610 

3057 

3068 

— 

976 

1231 

1242 

1618 

_— 

3080 

3082 

1018 

1017 

1272 

1275 



,— 

3098 

1023 

1022 

1290 

1295 

2872 

2869 






(4) durene. 

m.p. 80® C 




liquid 

solid 

liquid 

solid 

liquid 

solid 

'liquid 

. solid 

— 

843 

1022 

1025 

— 

1446 

2888 

2886 

867 

870 


1048 

1460 

1460 

2925 

‘ 2926 

— 

940 

1200 

1195 

1610 

1510 

' 2940 

2940 

— 

982 

1370 

1380 



2972 

2974 

1000 

logo 

1388 

13^3 

2866 

, 2864 

3007 

3009 



(5) pentamethyl bexxzene, m.p 

. 63® 0 



liquid 

solid 

Uquid 

solid 

liquid 

solid 

liquid 

solid 

715 

716 

1030 

1031 

1386 

1386 

2870 

2870 

800 

800 

1068 

1067 

1417 

1426 

2924 

2920 

— 

860 

1083 

1079 . 

1460 

1446 

2943 

2943 

862 

862 

1124 

1125 

1473 

1476 

2970 

2968 

894 

— 

— 

1209 

1485 

1483 

3008 

3006 

998 

1002 

1218 

1218 

1590 

— 



1012 

1012 

1242 

1237 

1608 

1608 

■ , 
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Tablb 1 {cont.) 


(0) hexaethyl benzene, m.p, 129° 0 


« 

liqtiid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

736 

736 

1090 

1096 ' 

1380 

1378 

2876 

2873 

830 

829 

1230 

1229 

1426 

1430 

2905 

2905 

976 

974 

1248 

1243 

1467 

1467 

2935 

2934 

1026 

1020 

1317 

1316 

‘ 1470 

1470 

2970 

2968 

1066 

1067 

— 

1373 

1493 

1496 






(7) diphenyl, m.p. 70° C 




liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

698 

698 

946 

948 

1157 

1164 

— 

1392 

738 

730 

962 

968 . 

1171 

1171 

1436 

1435 


740 

980 

— 

— 

1183 

1463 

1463 

780 

786 

990 

986 

1272 

1276 

1486 

1486 

798 

— 

1008 

loqf 

1287 

— 

1525 

1615 

841 

840 

— 

1030 

1308 

1312 

— 

1625 


864 

1045 

1041 

1323 


1643 

— 

890 

_ 

1074 

1077 

1343 

— 

1677 

1573 

904 

904 

— 

1091 

— 

1351 

1600 

1602 

916 

— 

— 

1109 

1388 

1382 






(8) dibenzyl, m.p. 62° C 




liqtiid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

697 

697 

937 

— 

1177 

1180 

2860 

2860 

762 

762 

962 

968 

1193 

— 

— 

2910 


767 

980 

984 

— 

1202 

2926 

— 

790 

791 

1002 

1003 

1340 

1340 

2940 

2950 


813 


i0l8 

1390 

1390 

3004 

3004 

843 

843 

1030 

1026 

1463 

1456 

3030 

3030 


863 

1068 

1066 

1498 

1495 

3063 

3060 

889 

890 

1076 

— 

— 

1566 

3084 

3079 

906 

909 

’ 1102 

1103 

1686 

'1686 



— 

930 

1150 

1142 

1603 

1603 





(9) 2.3'-diph0nyl butane, m.p. 124*4° C 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

700 

700 

967 

966 

1166 

1161 

2874 

2871 

767 

758 

— 

968 

1180 

1180 

2897 

2901 

773 

774 

— 

982 

1195 

1202 

2932 

2930 

797 

— 

995 

p 991 

1236 

• 1238 

— 

2962 

— 

813 

1006 

1004 

1286 

1296 

2970 

2973 

840 

840 

1036 

1031 

1330 

, — 

* —, 

3007 

— 

860 

1055 

1065 

1380 

1376 

3028 

3028 

870 

— 

— 

1060 

1457 

1454 

3065 

3065 

907 

908 

1080 

1080 

1496 

1495 

3082 

3083 

— 

948 

1110 

1112 

1603 

1606- 






(.10) stilbene, m.p. 124° C 




liquid 

• solid 

liquid 

solid 

liquid 

solid: 

liquid 

solid 

700 

702 

907 

910 

1180 

1184 

1603 

1607 

735 

736 

— 

938 

1217 

1226 

—- 

1630 

— 

751 

968 

962 

1270 

1272 



760 

766 

980 

986 

1305 

1307 

— 

2948 

784 

— 

1000 

1001 

1335 

1339 

—— 

3001 

— 

826 

1030 

1030 

1395 

1395 


3012 

836 

1 * 

1070 

1074 

1457 

1468 

3030 

3036 

848 

850 

1100 

1098 

1600 

1600 

3060 

3060 

» — 

873 

— 

1106 

# — 

1646 

3072 

3080 

— 

888 . 

1163 

1166 

1684 

1686 





liquid 

755 


827 

837 

844 

876 

892 


liquid 

740 

776 

800 

812 


854 

863 


915 

936 


liquid 

746 

760 


782 


835 


liquid 

701 

730 

752 


820 

845 

862 


liquid 


750 

786 

804 

823 

842 
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Table 1 {cont.) 


(11) diphenyl acetylene, m.p. 60-9° C 


solid 

liquid 

solid 

liquid 

solid 

757 

913 

909 

1098 

1099 

794 

_ 

914 

1140 

— 

807 

■ 

928 

1156 

1156 

824 

_ 

942 

1177 

1177 


962 

965 

— 

1200 

847 

985 

986 

— 

1228 

854 

1000 

998 

1242 

1244 

877 

1025 

1025 

1280 

1287 

897 

1070 1071 1315 

(12) fluorene, m.p. 114° C 

1318 

solid 

liquid 

solid 

liquid 

solid 

740 

953 

964 

1187 

1190 

776 

968 

977 

1221 

1220 


_ 

995 

1236 

1235 


1003 

1000 

— 

1270 

820 

1022 

101? 

1303 

1303 

846 

1029 

1032 

, 1.314 

1312 

859 

1050 

1060 

— 

1327 

869 

1092 

1092 

1341 

1345 

887 

1104 

1104 

1388 

1392 

885 

—- 

1118 

1405 

1405 

‘915 

1151 

1156 

, , — 

1438 

1168 

— 

1453 

1451 


(13) acenaphthene, m.p. 96 


solid 

liquid 

solid 

liquid 

solid 

747 


845 

1012 

1014 

765 

874 

880 

1032 

1040 

770 

898 

896 

1078 

— 

782 

„ . — 

909 

1091 

1095 

790 

918 

— 

1145 

1145 

800 

938 

940 

1171 

1174 

805 

964 

967 

1210 

1210 

826 

—— 

975 

, 1258 

*1260 

840 

998 

998 

1280 



(14) triphenyl methane, m.p. ' 

92-6° C 

solid 

liquid 

solid 

liquid 

solid 

701 

. . 

878 

1156 

1163 

737 

. 

892 

— 

1166 

760 

917 • 

919' 

1180 

1177 

785 

967 

972 

— 

1190 

810 

982 

990 

1248 

1248 

822 

1003 

1003 

1300 

1296 

854 

1033 

1030 

— 

1306 

861 

1078 

1076 

1320 

1320 

865 

1108 

1112 1336 1340 

(16) 1 . 1 -dibenzyl undeoane 

solid. 

liquid 

solid 

liquid 

solid 

728 

865 

869 

1000 

■ 1001 

750 

886 

889 

* 1030 

1030 

782 

910 

914 

— 

1070 

795 

948 

945 

1076 

1078 

823 

962 

96? 

— 

1100 

847 

978 

982 

* 



II 


liquid 

1332 

1388 

1448 

1475 

1500 

1538 

1576 

1602 


liquid 

1481 

1580 

1610 

1643 


2896 

2920 

3012 

3049 

3066 


liquid 

1373 

1428 

1464 

1475 

1510 

1610 


liquid 

1390 

1452 

1497 

1555 

1585 

1602 


liqxiid 

1107 

1153 

1177 


9 


solid 

1336 

1394 

1448 

1475 

1502 

1545 

1675 

1605 


solid 

1482 

1577 

1601 

1648 


2920 
3017 
• 3048 
3062 
3090 


solid 

1374 

1426 

1450 

1457 

1475 

1606 

1600 

1607 


solid 

1395 

1418 

1452 

1490 

1499 

1560 

1685 

1602 


solid 


1126 

1160 

1182 

1196 



10 R. E. Richards and H. W. Thompson 


Table 1 {cont.) 




(16) jp-dimethoxybenzene, m.p 

. 56® 0 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

710 

701 


1004 


1231 

1468 

1460 

719 

714 

1025 

— 

. 1240 

1246 

— 

1472 

797 

798 

1042 

1041 

1260 

1268 

1508 

— 

827 

829 

1102 

1112 

1292 

1300 

1515 

1515 

878 

— 

— 

1130 

1340 

1340 


1522 

918 

— ^ 

1150 

1153. 

1350 

1352 

1597 

— 

939 

945 

1180 

1180 

1445 

— 

— 

1642 

— 

948 









(17) p-diohlorobenzene, m.p. 

53° C 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

784 

780 

936 

—, 

1087 

1090 

— 

1345 

797 

789 

951 

950 

1102 

1104 

1396 

4393 

820 

815 

— 

974 

— 

1122 

1420 

1423 

— 

823 

1004 

1003 

1150 

1145 

— 

1463 

— 

846 

1012 

1015 

1171 . 

1175 

1480 

1481 

— 

867 

— 

1036 

1224 

1225 

— 

1505 

881 

881 

— 

1062 

1267 

1268 

— 

1512 

— 

900 

1070 

1070 

1295 

1295 

1630 

1632 



(18) p-dibromobenzene, m.p. 86*9® C 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

744 « 

750 

953 

952 

1070 

1067 

1260 

1262 

785 

784 

995 

995 

1083 

1083 

1345 

1345 

— 

794 

1006 

1005 

1100 

1103 

1386 

1387 

810 

808 


1028 

1138 

1133 

1407 

1412 

853 

850 

1006 

1005 

1162 

1159 

1470 

1472 

885 

8$6 

— 

1028 

1174 

1180 

1500 

1498 

936 

— 

— 

1048 

1220 

1220 

1630 

1626 



(19) p-ohloro-iVil^-dimethyl aniline, 

m.p. 35-6° C 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

764 

764 

948 

948 

1190 

1193 

1508 

1509 

811 

813 

998 

996 

1220 

1228 


1515 

860 

852 

1064 

1064 

1317 

1320 

1567 

1667 

— 

874 

1098 

1098 

1355 

1358 

1602 

1600 

894 

899 

1125 

1126 

1425 

— 

— 

1615 

920 

930 

1165 

1165 

. 1450 

1455 





(20) p-hromo-NN-dimethyl anilin^i 

> m.p. 55° C 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

695 

693 

993 

991 

1163 

1165 

1460 

1455 

753 

753 

— 

1012 

1188 

1190 


1500 

810 

809 

1063 

1065 

1228 

1230 

reoe 

1508 

859 

— 

1078 

1076 

1314 

1315 


1514 

877 

873 

— 

.1103 

1360 

1364 

1566 

1566 

921 

928 

1124 

1124 

— 

1415 

1597 

1600 

947 

947 

1131 

. — 

— 

1430 

— 

1608 



(21) p-iodo-toluene, m.p. 35® 0 



liquid 

solid 

liquid 

solid 

liquid 

solid 

liquid 

solid 

755 

767 

1006 

1005 

1270 

1272 

1598 

' 1596 

787 

787 

1036 

1040 

1305 

1305 

1630 

1637 

798 

797 

1060 

1060 

1348 

1351 



826 

830 

. 1087 

1090 

1396 

1396 

2872 

2860 

— 

936 

1107 

1110 

1408 

1420 

2930 

2945 

948 

945 

1180 

1180 

1457 

1452 

2985 


— 

955 

1206 

1201 

1505 

1490 

3035 , 

8088 

— 

982 

1230 

1238 

1575 

1575 

3080 

3080 

998 

996 





a 




Infra-red spectra and state of aggregation. II 11 

AeenaphtJtene, CgH^. CH 2 . CHj. CgH^. There are marked changes between 800 and 
1300 

Triphenyl methane. Many small shifts occur, but there are no marked effects. 

1.1-Dibenzyl undecane, (CgH 5 .CH 2 ) 2 CH(CH 2 ) 9 CHj. The changes are small, but 
somewhat similar to those found with hexacosane. 

p-Dimethoxy-benzene. Bands occur in each phase which are absent in the other, 
but the changes as a whole are few. Some peculiarities occur in the region of 
1460 cm.-\ 

p-Dichloro-benzene. There are noticeably more bands with the solid than with the 
liquid. This may be partly due to the fact that the solid film was thicker than that 
of the liquid, but in this event there would be even greater contrast in the regions 
1012 and 1090 om.~^, where the liquid shows two very strong bands. 

p-Dibromo-benzene. The results are similar to those with p-dichloro-benzene. 

p-Ohloro-NN-dimethyl aniline. Although the changes in position of the bands in 
the two states are small, there are very marked alterations in relative intensity, for 
example, near 960, 1000, 1100, 1320, 1366 and 1610 om.“^. 

p-Bromo-NN-dimethyl aniline. There is a striking parallelism with the previous 
compound. 

p-lqdo-toluene. There are few positional changes, but some marked changes of 
relative intensity between 1000 and 1160 cm.~^ and at 1600 cm.“^. 


Disotjssion 

The above results show that the factors underlying the alteration of spectrum 
of a solid upon melting are complex, and cannot iminediately be disentangled. No 
general principles aye apparent, although a few points are suggested by individual 
cases. As a rule, the bands of the solid are sharper, and many broad bands found 
with the liquid split into two or more components upon solidification. In most 
cases, though not always, there are more bands with the solid than with the liquid. 
The small shifts in position (frequency) of certain individual bands in the different 
states of aggregation are not all in the same direction, even wdthin the spectrum 
of a given substance. 

The broad nature of some of the bands with liquids may arise from the influence 
of mtermolecular collisions, two or more close bands thus being broadened and 
caused to overlap. This might be expected to be more important with the long- 
chain paraffins than with more rigid substances puch as the alkyl-substituted 
benzenes, and the facts would agree with this. 

The effect of change of state upon the relative intensities of some of the bands 
must arise from changes in the force fields surrounding groups, brought about by 
alterations in the molecular packing and environment, and such changes of intensity 
will obviously differ in degree in the different cases according to the specific 
method of packing. Unfortunately, little is known about the internal molecular 
arrangement in the substances examined, and it is clear that a more systematic, 
correlation of crystal strubture witjv spectral changes is required. 
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It would be directly useful if it were possible to correlate for a number of mole¬ 
cules the changes found in the positions or intensity of bands which are known to 
be oormeoted with vibrational modes of particular groups such as the aromatic ring, 
the chain —(OHg)^—, (CHa) or (CH 3 ) groups. Here too, however, no regularities are 
apparent. In some cases, bands near 1375 and 1460 cm.“^ associated with deforma- 
tional modes of CH 2 and CHs groups spKt in one state of aggregation, and there are 
less certain changes in the C-H stretching vibrations near 3000 om.“^. There are 
also signs that in the solid state other deformational vibrations, of the phenyl 
group, are split, but no generalization can be made. 

To sum up, therefore, while these measurements show in a preliminary way that 
spectral changes occur on melting which can in som4 cases be considerable, further 
more detailed measurements will be required before they ckn be interpreted 
satisfactorily, and some knowledge of the crystal structure may first be needed. 

We are grateful to the Hydrocarbon Research Group of the Institute of Petroleum 
for financial assistance and to the Department of Scientific and Industrial Research 
for a Maintenance Grant to one of us (R.E.R.); 
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The physical investigation of certain hygroscopic aerosols 

By D. W. E. Axfokd, K. F. Sawyer and T. M. Stjgdbn 

Laboratory of Physical Chemistry, Vnwersity of Cambridge 
Chemical Defence Experimental Station, Porton, Salisbury, Wilis 

(Communicated by B. 0. W. Norrish, F.B.S.—Beceived 19 August 1947) 

The general predictions of the Mie theory of light scattering in the range of particle diameters 
0*1 to 2*0/t for transparent spheres have been found to hold good for hygroscopic screening 
smokes, when a simple treatment of inhomogeneity is used. A critical discussion is given and 
applied to simple propellant smokes, which have also been studied by sedimentation methods. 
These have been shown to behave, in general, as hygroscopic smokes, although their chemical 
nature is much more obscure than for screening smokes. The work is published by permission 
of the Chief Scientist, Ministry of Supply. 

1. iNTRODtrOTION 

In the course of experimental work on smoke and smoke production, the problem 
frequently arises of comparing the quantity of smoke produced by one particular 
process with that produced by another. The term ‘ quantity of smoke ’ is well under¬ 
stood in its general sense, but when it is to be more precisely defined, there is no 
single parameter which can adequately measure a ‘ quantity of smoke Only when 
the total weight of material in suspension, its physical properties and the state of 
its dispersion are completely known can a quantity of smoke be satisfactorily 
defined. In experimental work it is often impracticable to determine all this in¬ 
formation at the same time, and it then becomes necessary to substitute for it a 
single measurement which shall be as characteristic of the smoke as possible. The 
property most frequently selected for this purpose is its optical density, the attenua¬ 
tion of a beam of light passed through the smoke. This leads to a simple, speedy 
method of comparison and one from which, under suitable circumstances, some of 
the other characteristics of the smoke may be inferred. But because the method is a 
simplification, these inferences must be made with caution and with due regard to 
the effects which might be produced by all the other factors.involved. 

The value of the optical density method as a whole has been greatly enhanced by 
the fuller quantitative data on the effects of particle size wfiich have recently been 
made available, notably through the efforts of investigators in tKe U.S.A. In the 
present paper two sets of smoke measurements are considered in the light of this more 
extended information. The first of these is concerned with the relatively simple 
smokes of known chemical and physical properties formed from hygroscopic sub¬ 
stances by spray atomizing them in a chamber. The second is concerned with the 
much more complex smoke, of largely unknown composition, produced by the com¬ 
bustion of the propellant when a gun is fired. The characteristic behaviour of these 
simple smokes and the general agreement of the results obtained from them with the 
promotions of theory are used in the second set as a guide'in drawing conclusions 
from the experimental values. 


[ 13 1 
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2; THBOBETIOAIi OONSIDBEAXIONS 

The general theory of the scattering of light by small dielectric spheres was first 
put forward by Mie ( 1908 ) and developed for their particular purposes by a number 
of other investigators (Blumer 1925 , 19260 , 6 ; Gans 1928 ; Ruedy 1941 ). Stratton 
& Houghton ( 1931 ), working with water, denoted by | A | the ‘effective’, or light 
intercepting, cross-sectional area of a single particle and defined a scattering function 
■K, such that ■ • i . 1 


where r is the radius of the particle. They found JT to be a function of r/A, where A 
is the wave-length of the light scattered. For very small particles the function takes 


the form 




in agreement with Rayleigh’s formula and showing that these small particles scatter 
less light than would be expected &om their geometrical cross-sectional area. For 
large particles (large in relation to the wave-length), K approaches a constant value 
of O'5, and the light scattered is that intercepted by the true cross-sectional area. 
When the particleSsize is in theintermediate range, the range with which we are largely 
concerned in the following work, the function becomes complicated and passes 
through a maximum value causing the ‘effective’ area to become greater than the 
true area by a factor of about 4 . 

In considering this critical size range, LaMer & Hoohberg ( 1942 ) took Stratton 
& Houghton’s values of K and calculated the scattered light, J, due to 1 g. of wAter 
smoke from the relationship ^ ^ jr 


where d is the particle diameter. When J is plotted against d for different values of 
A as in figure 1 , the existence for each wave-length of an optimum partiolfe size 
which will produce a maximum quantity of scattered light is at once evident. 
Figure 1 refers only to a refractive index of 1-33 and an extension to cover the case 
of smokes formed from materials of other refractive indices is made in a paper by 
LaMer ( 1943 ). Here the results of a comprehensive series of calculations from Mie’s 
theory, together with an outline of the method of calculation adopted, are given 
for refractive indices between 1-33 and 2 ' 0 . In figure 2 , constructed from LaMer’s 
data, J is plotted as a function of d for various values of m, the refractive index and 
incident light of wave-length 6240 A. A salient feature of this diagram is the steady 
decrease m the size of the particle which produces maximum scatter as the refractive 
index of the smoke material increases. An experimental confirmation of the above 
theory has been described by LaMer, Hpchberg, Sinclair & Brescia ( 1942 ), in which 
they measured the scattering power of stearic acid smokes (m = 1 - 44 ) by integrating 
the light scattered at aU angles from a parallel beam. The agreement of their observed 
value with the theoretical values is shown in the inset to figure 2 . 

CJonsider a volume of smoke through which is passed a parallel beam of light. Then, 
ff the incident intensity is Jj and the emergent intensity is J, we have 
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Fioteb 1 . Scattering J per g. of water aerosol in lumens 
per lumen/om.*/g, (after LaMer & Hoohberg 1942 ). 



Fiotob 2 . Relative scattering for various refractive indices. 
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where I is the length of smoke traversed, c is the oonoentration of the smoke in g. per 
unit volume of air, and a-, , the extinction coefficient, is a measure of the energy 
extracted per unit length of path by scattering (coefficient a) and absorption 
(coefficient 6 ). Now optical density is defined as log^o^ol^’ thus, for a fixed 

value of I, proportional to crc = c(o 4 - 6 ). In most hygroscopic smokes absorptioli 
of light can be neglected and cr is almost completely determined by the scattering 
coefficient a. If such a smoke is entirely uniform in particle size, a may be taken 
equal to J above, but as uniformity in particle size can only be achieved by very 
elaborate precautions, we are concerned in all practical cases with a size distribution 
among the particles, and consequently a will be a function of that size distribution. 

In comparing two smoke clouds by optical density measurements we are, in effect, 
comparing their values of the product ca, and the result will only give an exact 
measure of the relative weights in suspension, or be in any way strictly comparable, 
if the value of a is the same in both cases. This requires that the particle size dis¬ 
tribution should be the same, and, if the two smokes are made up from different 
materials, that their refractive indices should in addition be the same. In the general 
case, and particularly with smokes of unknown composition like the propellant 
smokes to be discussed later, we cannot be sure that these conditions will be satisfied, 
and it is therefore of interest to inquire, using the data of figure 2 , what degree of 
error may be introduced into optical density measurements in this way. 

In the earliest stages of form'ation a smoke consists of extremely minute nuclei 
in rapid Brownian motion. They collide and buUd up into larger particles, in the 
case of liquids, and into agglomerates in the case of solids. Because these events 
occur at random a size distribution is always present, but owing to the nature of 
Brownian motion and the rapidity with which it decreases as the particles grow in 
size, we may anticipate that the distribution will pass through a minimum before 
the mean particle size exceeds about 0 - 1 /t (Whytlaw-Gray & Patterson 1932 ). Some 
experimental evidence tending to confirm this expectation is given later. Beyond 
this point coagulation is, to some extent, within the control of the experimenter, so 
that it does not necessarily follow that in making optical density measurements 
we should always have to deal with a wide range of particle sizes. 

■ Practical experience shows that both the rate of coagulation and the diversity 
of particle size can be kept to a minimum by the rapid and controlled dilution of the 
smoke immediately on formation, by maintaining the weight concentration low 
and by avoiding mechanical or thermal agitation. Under these conditions and with 
a careful standardization of procedure, it is usually possible to obtain reproducible 
measurements with most smoke materials, although the exact nature of some of 
the precautions may vary with the material. The size distribution then obtained is 
ndarly always such that only a-few per cent of the weight is in sizes greater or less 
than the median size by a factor of more than 4, and can be represented (cumula¬ 
tive mass against particle size) as a straight line on a logarithmic probability grid 
(see figure 3). 

Por the plot to be a straight line, the size-frequency curve for the smoke must 
follow precisely the logarithmic probability curve. Experimentally, departures are 
found to be^small and confined largely to the large-size end of the spectrum. • Other 
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disperse systems such as mineral dusts (Hatch & Choate 1929 ; Drinker 1925 ), and 
desert sands (Bagnold 1941 ) yield size-frequency curves of the same form. 

In estimating the effects of a size distribution upon the optical density, we shall 
consider the general case in which the mass distribution jdelds a linear plot on the 
logarithmic probability grid and take as a measure of the inhomogeneity, or diversity 
•of particle size, the ratio of ^95 to ^ 59 , where ^95 is the diameter corresponding to 
96 % cumulative mass and is the mass median diameter. A diversity factor of 
1 on this arbitrary scale thus corresponds with complete uniformity of particle size,' 
and a factor of 4 to 90 % of the mass being included between sizes of i and 4 times 
the mass median diameter. \ 



Knowing the mass distribution, we can assign to each small element of mass a 
mean particle size, and then, from figure 2 , determine the optical density to which 
this element gives rise. The sum for aU the mass elements gives the optical density 
produced by the mass as a whole. In this manner figures 4 and 5 have been calculated 
to show the relative optical densities produced by a series of smokes all having the 
same weight of material in suspension, but differing in their mass median diameters 
and in their diversity of particle size. Figure 4 refers to a refractive index of 1-66 
and figure 6 to one of 1-33, covering the range of refractive indices most frequently 
encountered with hygroscopic smokes. Together these two figures bring out clearly 
the generally degrading effects of a size distribution on the smoke. 

Only when the mass median diameter is less than about 0-3/i, i.e. in the very early 
stages of life of a smoke, does an increase in the diversity lead to an increase in per¬ 
formance over that of a homogeneous smoke. In all other cases (and these are the 
.ones of practical importance), increasing the size range leads to a degradation of 
the optical density. For a diversity factor of 4 the loss of potential optical density 
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amounts to some 40 % and the curve has not yet flattened out. Clearly, the size 
distribution in a smoke will be, a major factor in determining its optical density and 
neglect of this effect will lead to serious error in drawing conclusions from a set of 
measurements. Similarly we cannot take the results of a single instance as repre¬ 
sentative unless we can, at the same time, be sure that the size distribution is also 
representative. 



FiauBB 4. w = 1-66. Fiotoh 6. mss 1-33. 

Figubes 4 , 6. Variation of optical density with diversity. 

A further point arising from figures 4 and 6 is that the optical densities associated 
with the various median sizes become less differentiated as the smoke becomes less 
homogeneous in size. For a small diversity of size the maximum optical density is 
still associated with a particle size which gives maximum scattering in a homogeneous 
smoke, but when the diversity has reached a value of 4 coincidence of the 0*8 and 0-6 
lines has already occurred with a refractive index of 1-33 and will evidently occur 
with the higher refractive indices when the diversity increases much beyond 4. 
The differentiation at maximum optical density can be expected to be still less, when, 
as more usual in practice, white light is substituted for the single wave-length 
considered here. These effects must have an important bearing on the experimental 
optical density curves. 

Soon after formation, the optical density and state of dispersion in a smoke can 
be represented by a point somewhere in the lower left-hand corner of figures 4 and 6. 
As coagulation proceeds, the locus of this point wiU be a line running upwards and 
generally to the right in those diagrams, so that we should expect that the optical 
density/time relationship for a smoke of final diversity 4 to be somewhat as shown 
by the broken lines of figures 6 and 7, if we assume that the time to reach a given 
median diameter is proportional to the cube of that diameter. The full lines in- 
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figures 6 and 7 give the corresponding curves for a homogeneous smoke and practical 
cases vdll usually He between these two extremes. The curves are drawn for various 
volumes in suspension on the basis that the product (maximum optical density x 
time to reach it) is constant in accordance with the theory of coagulation (Whytlaw- 
Gray & Patterson 193 a). 



Figukes 6, 7 . Variation, of optical density with time. 


Figures 6 and 7 show quite clearly that a change in the size distribution can produce 
a characteristic change in the shape of the curves if the rate of coagulation is not 
appreciably altered by the change in size distribution. Some experimental evidence 
on this point is given later. When the particle size range is small, the optical density/ 
time curve is peaked and the maximum sharply defined.- "When the size range is 
large, the curve tends to be fiat-topped with a long period in which there is Httle or 
no change in the optical density. These differences are such that it should be practic¬ 
able to distinguish the more extreme cases of this nature among experimental 
curves. The tendency is also noteworthy of the abfiity of the material of higher 
refractive index to produce, for the same volume in suspension, a higher and earUer 
maximum optical density (where this is not masked by size distribution effects). 

The two sets of experimental observations on hygroscopic smokes will now be 
considered in relation to the expectations from theory given above. The first of 
these is concerned with the hygroscopic smokes of the screening type used in warfare. 

3. Expbrimhntai work with htobosoopio soebekihg smokes 

' In order to achieve the very fine state of dispersion required in a smoke, the 
hygroscopic material must first be'disperaed as a vapour. Condensation of atmo¬ 
spheric water vapour then commences and continues upon the hygroscopic nuclei 
so provided until the vapour pressure of the solution so formed is in equiHbrium with ■ 
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the partial pressure of the water vapour in the atmosphere. The optical density of 
the resultant smoke is then a function of the relative humidity, since this determines 
both the total weight in suspension and the refractive index of the solution. 

Immediately after the formation of the initial nuclei, the establishment of chemical 
and physical equilibrium proceeds simultaneously with coagulation. With simple 
materials we should expect the ISst process to be much the slowest so that, after the 
lapse of a very short time, coagulation should be the main factor in determining 
particle size. At tTiia very early stage, an increase in the total weight in suspension, 



Fiqxtre 8. Effect of relative hTiinidity on particle number. 

X 1/mo (Wq = initial particles per cm.®). 

o 1 /m„ (n^ = particles per cm.® at maximum optical density). 

due for example to an increase in the relative humidity, should therefore give rise, 
not to an increase in the size of the individual particles, but to an increase in their 
number, although subsequently, at any much longer fixed time after generation, 
the particle size will be greater the larger the weight in suspension since the rate of 
coagulation is proportional to the square of the number of particles. * 

The results of an experimental investigation of the mean particle size in the very 
early stages of the life of a hygroscopic smoke are given in figure 8. It is very difficult 
to measure the particle size by any direct method at these times and the method used 
in this instance had to be an indirect one, The smoke wasformedby atomizing titanium 
tetrachloride in a smoke clmmber by means of a spray and the number of smoke 
particles in a unit volume of air determined by drawing a continuous sample into an 
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ultramicroscope cell (Patterson, Whytlaw-Gray & Cawood 1929). Denoting by n 
the number of particles per cm.s of air formed from unit weight of material, plots 
of I In against time from formation yielded smooth curves which were not quite 
linear (cf. figure 10) and by extrapolating back to zero time a value 1 jn^ was obtained 
from which was derived. This is, of course, not a true value for zero time, but 
represents what would have been the particle number at that time had coagulation 
always proceeded at the same rate as in the later stages. It was an approximation, 
but sufficient for the purpose. The values of I/toq yield the straight line of figure 8. 
From this figure and a separate determination of the water taken up by unit weight 
of titanium tetrachloride at various relative humidities, table 1 can be constructed. 
From the last column of this table it is apparent that each particle takes up, on the 
average, the same amount of water whatever the relative humidity, giving fairly 
conclusive evidence that the particle size at this stage is sensibly constant. Each 
smoke has, as it were, the same ‘ start in life ’, so that subsequent coagulation should 
follow the same course each time and produce the same diversity of particle size for 
an equivalent number of particles’in each case. The above results refer only to 
titanium tetrachloride, but it is reasonable to assume that aimilar forces are in 
operation with other materials of a similar nature. 


Table 1 


relative 

water taken 


water taken 

humidity 

up per unit 

1/no X 108 

up per particle 

(%) 

wt, TiOl^i 

(figure 8) 

( X 108) 

50 

0‘S2 * 

6*6 

2*11 

60 

0*40 

5*3 

2*12 

*70 

0*50 

4*0 

2*00 

80 

0*77 

2*76 

2*12 

90 

1*38 

1*46 

2*00 


The requirement of reproducibility, as a basis of comparison by optical density 
methods, is therefore not too difficult to meet experimentally although it may 
require, as in the present instance, careful control of the spraying operation. In 
these experiments the atomizer took the form of a calibrated horizontal capillary 
tube with an air blast across one end. Apart from the usual precautions of purity, 
cleanliness and thorough dryness (including the air used for atomization), the main 
factors in obtaining reproducible clouds were careful levelling of the capillary to 
avoid hydrostatic pressure effects upon the rate of delivery, accurate aligning of the 
(ietachable capillary with respect to the jet at a pr6viously determined distance from 
it, and maintaining the jet in full bore operation for some 10 sec. before unstopping 
the capillary and allowing the thread of liquid to be drawn into the air stream. Other 
factors were the grinding of the capillary to a point to obtain minimum wall thickness 
at the jet end, and the use of 0-61. of air per mg. of titanium tetrachloride dispersed 
so as to provide adequate dilution of the smoke during the critical early stages of 
formation. Air and hquid were at room temperature (16 to 19 ° 0 ). The cloud was 
mixed in the smoke chamber by a fan, which was in operation during the spraying 
and was stopped l6sec. afterw?irds. 
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The partide counts just described were aocompamed by optical density measure¬ 
ments which showed the general rise and fall to be expected from figures-8 and 7 . 
The number of particles per cm.® formed from unit weight of material dispersed 
could thus be determined at the moment of maximum optical density. Denoting 
this number by n„, a plot of against the relative humidity (figure 8) produces 

another relationship similar to that for l/w,,, except that it is not quite linear. The 
ratio of Ijn^ to Ijn^ is very nearly constant over the range 50 to 100 %-relative 
humidity and, as the l/«o values lead to a sensibly constant particle size at zero 
time, so the 1 /»„ values lead to a constant particle size at maximum optical density. 
In this instance, then, the theory is satisfied. 



0 10 20 30 40 50 0 10 20 30 40o 

time (min.) time (min.) 


Fiuttke! 9. Optical density/time Fiounxi 10. Coagulation curves for 
variation for SOg smokes. . SO, smokes. 


In figure 9 are reproduced five optical density/time curves for various weights of 
sulphuric acid smoke formed in a chamber by spray atomizing liquid sulphur 
trioxide in a similar manner to that described for titanium tetrachloride smokes. 
The shapes of these curves are very similar to the expected theoretical fornis and, 
in general, more closely resemble the full lines of figure 6 than the broken lines. The 
maximum optical densities lie very close to the rectangular hyperbola shown in 
.figure 9 by the broken line. This rectangular hyperbola shows the constant product 
(ma:^um optical density x time to reach it) and all the maxima should He on that 
Hne if the dstributions were well reproduced. The departures from this regularity 
are not serious and the maximum optical densities are in very similar'ratio to the 
total volume in suspension. Once again reproducibiHty has been achieved and we 

may further infer that the size range was small from the closer similarity to the full 
lines of figure 7 . ■ 
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In three.of these smokes particle counts were made in the Tinfl.TinPiT- referred te 
above and the results are reproduced in figure 10. The reciprocals of the number pf 
particles per unit volume of smoke are plotted against the time and give straight lines 
of similar slope.. Evidently the rate of coagulation (given by the slope) was much 
the same in each case, but, as shown below, this may not be very significant. From 
the total volume in suspension and the values of figures 9 and 10 we can calculate 
a ‘mean’ particle size corresponding to any particular value of thp optical density. 
The mean size calculated in this way will not, in general, coincide with the Tnfl.gB 
median diameter, used in the previous section, but will be rather smaller and the 
difference will increase as the diversity of particle size increases. Taking the maxi¬ 
mum optical density in each smoke as urdty, the relative optical densities produced 
by certain mean particle sizes are plotted in figure 11a, together with a full line 
indicating the relative optical density for a homogeneous smoke. AUoVring for the 
overall shift towards the smaller particle sizes produced by the method of calculation, 
there is clearly good qualitative agreement with the indications of theory. 



Fioukei 11. (a) SO3 smokes; (6) oletim smokes. 

A corresponding set of observations on five smokes formed in a similar maimer 
from oleum is given in figures 116,12 and 13 . On comparing figure 12 with figure 9 
a good deal of irregularity in the former is . at once apparent. There is this time no 
constancy of the (optical density x time) product and in their general shape the 
curves resemble the broken lines, of figure 7 more than the full lines. 

In curves a and 6 (figure 12) the optical density decreases linearly after passing 
through the maximum, while in the curves d and e, there are long fiat tops. These 
characteristics are very suggestive of a much wider range in particle size in these 
smokes than in the sulphur trioxide smokes. In every case, except d, the maximum 
is reached sooner for comparable values of the optical density than in figure 9.i 
This again is consistent with a greater diversity of particle size, but it could also 
arise through an increase in the rate of coagulation. That the latter explanation is 
not the cause is shown in figure 13 , where the 1 /n relationships for these smokes are 
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given. The slope of these lines, with the exception of d, are smaller, rather than 
larger than those for the sulphur trioxide. There is, in fact, greater consistency 
between figures 10 and 13 than, between much of the other data. 

In figure 11 b, mean particle sizes and their relative optical densities for the oleum 
smokes are plotted in the same manner as for the sulphur trioxide smokes. On 
comparing figure 11a and b, it is noticeable that the oleum points are displaced still 
further to the left—another indication of a wider size range. The differences between 
the smokes enumerated above are small, but considered together there can be little 
doubt that the poorer performance of the oleum smokes can be attributed to their 
greater diversity of particle size. 



Figubb 12 . Optical density/time Fioukb 13. Coagulation ourves 

variation for oleum smokes. for oleum smokos. 

Relative volume in suspension: a 80, b 69, c 64, d 44, e 21. 


There is pne further point of interest in figure 11 , borne out also by general ex¬ 
perience, that as the mean particle size, as calculated in the above manner, decreases, 
the values obtained approach more closely to the theoretical curve for a homogeneous 
smoke. There is evidently a more restricted size range in this region, confirming the 
expectations from theory mentioned earlier. 

The experimental work mentioned abovO is given largely by way of example to 
show that, where the system is essentially a simple one, the results obtained are 
largely in agreement with indications of theory. Where differences in performance 
are obtained the theory also suggests methods of testing for the cause, although, in 
the general case, where more than one factor may vary at the same time, this may 
not be as simple as in the cases just quoted. 
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The expectation is confirmed that the particle size distribution is a most important 
factor in all optical density measurements and if this is allowed to vary sufficiently 
we can produce, from the same quantity of material, a range of smokes which will 
differ markedly from one another, both in their variations of optical density with 
time and in the maximum optical density reached during coagulation. In such 
circumstances, a method which relies solely on optical density as a basis, of com¬ 
parison may frequently lead to conclusions which are seriously in error. The error 
can best be minimized by basing the comparison on the maximum optical density 
reached and selecting by the shape of the curves and other characteristics those 
observations which are most consistent among themselves. 

In § 4 experiments are described in which the method of dispersion differs greatly 
from that used with the screening smokes above and the composition of the smoke 
is largely unknown. Nevertheless, the behaviour of these smokes is, in general, 
sufficiently similar to that of the screening smokes to justify an attempt to interpret 
them along similar lines. 

4. Experimental 'wobk on propellant smoke 
(a) Ini/rodvction 

A preliminary inspection of the properties of the smoke obtained when a gun is 
fired into air indicated that it was highly dependent on the relative humidity of the 
atmosphere, leading to the suggestion that, like the smoke described in the previous 
section, it was hygroscopic in nature. Further, samples of the smoke collected on 
microscope slides showed that it consisted almost exclusively of small droplets at 
normal air humidities. The system here is considerably more complex from the 
chemical standpoint than those described in § 3, find is very difficult to analyze 
accurately, but it has been established that the hygroscopic substances potassium 
thiocyanate and thiosulphate are present, and it was therefore decided to examine 
it by methods applicable to transparent droplets of solutions of hygroscopic material. 

For the purpose of laboratory investigations a standard 0'303m. Service rifle 
was used, with its barrel foreshortened by 6"26in., firing Service ammunition con¬ 
taining standard M.D. cordite. The only sources of potassium and sulphur here are 
in the small amounts of potassium chlorate and antimony sulphide contained in 
the firing cap. In order to observe the smoke in the absence of these substances, 
a method was devised whereby the cordite could be ignited electrically instead of 
by a cap. In some cases potassium sulphate was added as loose powder to the cordite 
charge to obtain an index of the smoke-producing powers of such a substance. Also, 
since the above ammunition produces a bright flash when fired into air, by inflam¬ 
mation of the cordite gases, in some cases, which proved to be the most interesting 
from the theoretical standpoint, the smoke-box was fiUed with nitrogen in order 
to suppress this flash. 

(6) Optical density measmements 

The smoke produced on firing was trapped in a large metal drum (smoke-box), 
and the optical density measured from the diminution in intensity of a parallel 
beam of light passing through the box. The intensities were measured with a photo- 
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cell device with maximum sensitivity in the green, readings extending over about 
10 min, after firing. The apparatus is shown in figure 14. The atmosphere into which 
the gun was fired was made up to the required humidity, measured either by a dew¬ 
point hygrometer or a wet and dry bulb type of two successive thermocouples, one 
of which was wrapped with moist cotton, over which the atmosphere was streamed. 
Humidity after firing was also measured, as well as the rise in temperature, which 
was small (2 to 3° 0). Reproducibility of optical density was obtained within ± 6 %. 
No significant temperature effect was observed in the range of the experiments 
(17-5±l-6'’0). . 



14. AA, strengthening end-platesj BB, strengthening ties; 0 , rifle olampj D, shot exit 
■ with removable stopper; BE, cloth pads for cleaning Perspex windows at FQ, operated 
by handle JI; J, hygrometer unit (on upper surface of box). 

(c) Experimmtal.mmmrements of sedimentatim of smohe. 

It was decided to measure the sizes of the smoke particles by an independent 
method in order to check values which might be deduced from optical density data. 
The apparatus used was designed by Mr V, J. Schaefer, of the G.E.C. (Schenectady), 
and we are indebted to him for permission to discuss it. The form of the Schaefer 
sedimentation cell is shown in figure 16. 

A narrow pencil of smoke was drawn from the smoke-box through the cell, in 
which it was filuminated by a beam of light at 45° to it and observed by a microscope 
at right angles to it. To take a reading, the flow was stopped and the rate of sedi¬ 
mentation of the smoke-band in the field of view measured. Readings were taken 
over the same period as for optical density, and the sizes calculated from the Stokes- 
Cupniugham relationship expressed by 

|7rr®(p -p')g = , 

where v = rate of M of centre of band in cm./seo., r = radius of particle in cm., 
p = density of particle, assumed for th.e moment to be unity for dilute ac^ueous 
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solutione, p' = density of medium, negligible in the case of air, g = 981 om./seo. 2 , 
= viscosity of air = 1-8 x 10-«o.g.s. unit at 18“ 0, and Al is a constant of value 
0-9 X 10-® cm. The result was taken as corresponding with the time of the mid-point 
of the measurement from firing. 


I arc 



smoke in 

Fiatram 15. Schaefer sedimentation apparatus. 

(d) MesuUa 

The optical density curves for a number of different round types plotted against 
time are shown in figures 16 to 19. Figures 16 to 18 show respectively the effect of 
varying the initial relative humidity under flashless and flashing conditions, and 
for electrical firing und^ flashing conditions. Figure 19 shows the effect of potassium 
salts (optical density = logioIJI). The general form of the curves shows clearly 



FiatTBB 16. Optical densities for M.D. + cap, flashless (into 2T,). a, initial relative humidity 
= 96 %; b, initial relative humidity = 68 %; c, initial relative humidity = 18 %. 
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rioxjBB 17. Optical densities for M.D. + cap, flashing (into air), a, initial relative humidity 
= 94 %; 6, initial relative humidity = 68 %; g, initial relative humidity s= 16 %. 



time ftom firing (min.) 

Figure 18. Optical densities for M.D.^-oap, flashing (into air)* a, initial relative laimidity 
= 92 %; bf initial relative humidity == 68 %; c, initial relativcrhumidity =« 12 %* 



Figure 19.^ Optical densities of types containing potassium (as sulphate), a, M.D.+cap + 3 % K 
flasHess (info Ng), initialrelativehumidity= 96%; 6, M.D, + cap + 3% Kflashless (intoNg), 
mti^l relative humidity = 60 %; c, M.D. + oapH- 3 % K flashless (into N2), initial relative 
humidity=64%^ d, M.D. + cap +1 % K flashing (into air), initial relative humidity = 66 %; 
e, M.I>. - cap 4 * 1 % K flashing (into air), initial relative humidity = 62 %* 
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that the light scattering properties of propellant smoke are very RiTm~1fl.r to those 
expected from theory and those of the screening smokes discussed above, and there 
are thus considerable grounds for attempting to extend the previous interpretations 
to these smokes. It was readily shown that the total amount of material in'the 
smoke was appreciably constant over the period of measurement since diffusion 
and sedimentation were negligible, and the relative humidity after firing remained 
significantly unchanged, indicating an unchanged concentration of the solutions 
of the smoke droplets. The optical densities are therefore functions only of particle 
size, refractive index and wave-length, of which only the size varies with time, on 
account of coagulation. 

The extent of the broadening of the band of particles observed' during a 
sedimentation experiment indicated a diversity of size not larger than 1-2 (1-0 is 
completely homogeneous), which is surprisingly low. This suggests that the mean 
diameters derived from the Stokes-Cunningham law will be nearly the same as the 
actual diameters of the great majority of the particles. Supposing the particles to 
have a specific gravity of unity, the diameters classified as in table 2 have been 


obtained. 



Table 2 




time 

from 

firing 

(min.) 

M.D. 4- cap (fl^hless) 
R.H.1 = 96 % 

M.D. + cap (flashless) 

B.H.J =68% 

M.D.-1-cap (flashless) 

B.H.I = 18 % 


^opt. 

^sed. 

^^opt 

<^sed. 

^^opt 

1 

0-48 

0*47 

0*60 

0*60 

0*74 

0*76 

2 

0-58 

0*66 

0*71 

0*70 

0*80 

0*83 

S 

0-67 

0*63 

0*79 

0*77 

0*85 

0*90 

4 

0-76 

0*72 

0*86 

0*81 

0*89 

0*96 

5 

0-82 

0*78 

0*91 

0*86 

0*93 

1*00 

7 

0*94 

0*88 

0*99 

0*93 

1*01 

1*08 

9 

1*03 

0*96 

1*05 

0*99 

1*08 

Mi 

11 

1*09 

1*06 

1*09 

1*03 

M2 

1*12 

time 

from 

firing 

(min.) 

M.D. + cap (flashing) M.D. -1- cap -|- 3 % K (flashless) 
B.H.1 = 68 % B.H.J = 60 % 

JL _ ^ ___ 

M.D.—cap (fiashless) 
B.H.]; ~ 93 


<^opt 

^sed. 

-;-s 

^sed. 


1 

0*60 

0*46 

0*74 

0*68 

0*69 

0*61 

2 

0*69 

0*64 

0*83 

0*80 

0*69 

0*71 

3 

0*67 

0*64 

0*90 

0*90 

0*77 

' 0*76 

4 

0*74 

0*70 

0*96 

0*97 

0*82 

0*79 

5 

0*81 

0*78 

1*00 

1*02 

0*87 

0*82 

7 

0*93 

0*83 

1*07 

1*10 

0*95^ 

0*87 

9 

1*01 

0*89 

1*14' 

1*17 

1*01 

0*92 

11 

1*06 

0*91 

1*20 

1*21 

'1-06 

0*99 

With low 

diversity and constant 

refractive index for a 

series 

of smokes, the 


maximum optical density may be used as an index of total smoke, since it measures 
the total volume under conditipns where the Mie theory predicts a particle size, 
giving maximum scattering. Choosing the curve of figure 2 for a refractive index 
of 1-44, which has a maximum at 0-6/z diameter, a series of sizes has been computed 
from the optical diensity/time curves, and these results, given as in table 2, 
compare very favourably with those from sedimentation. 
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(e) Discmsim 

Before oonelusions may be drawn from this rather striking agreement of two 
independent methods for particle size, a number of other factors must be considered. 
The range covered includes smokes which must be very concentrated solutions 
(final humidities of the order of 60 %), and wiU have refractive indices varying from 
1-33 to over 1*6, and speoifilo gravities which will vary from l-O up^to about 1*6. 
These factors will modify both and but smce for a(jueous solutions of salts 

high refractive index and specific gravity go together, the correlation between the 
size from the two methods may still hold good. Thus, in the case of c of figure 16, the 
relative humidity was about 50 %, indicating a very concentrated solution 
and possibly some crystalline particles which would have refractive indices of the 
order 1*6 to 1-7,; in such cases the diameter for maximum scatter is 0-4/s, which 
would divide the previously deduced values of dopt. » factor of f. The specific 
gravity, however, would have risen sufficiently to give a correction of the same 
order in calculating dgea. the Stokes-Ounningham equation. In the case of a 
of figure 16, which is obviously a dilute solution, it is difficult to allow of a refractive 
index of more than 1-37, which will increase the values by about 10 % without 

affecting the dgea. values, since here the density may be taken as that of pure water. 
In general, it may be said that, although the agreement between the two methods 
for particle size is very good, the variables refractive index and specific gravity, 
neither of which lend themselves to determination for a complex smoke, vary to¬ 
gether in such a way jas to prevent the use of the maximum optical density as a 
weight or volume criterion of total smoke over a wide humidity range with any 
accuracy. 

The flashless smokes show the most regular behaviour, but they have one or two 
interesting differences from the screening smokes discussed above. If the sedi¬ 
mentation results are converted to particle volumes they yield almost linear plots 
with time which may be extrapolated to give v,,, the volume which a particle would 
have had at the instant of firing if coagulation had proceeded in the same way from 
that instant up to the end of the observations. The results for M.D. (flashless) are 
very different from those for titanium tetrachloride. 


• Table 3. M.D. (ilashlbss)—^esttial pabtiolb volume 


initial relative 
humidity 
(%) 

96 

68 

18 


initial particle 
volume = Vq 
(cm.®) , 

2-6 X 10-^^ 
6-2 X 10-1^ 
U^O X 10-^^ 


These figures are for an assumed specific gravity of unity, but will still be far from 
constancy even if a reasonable correction is made. They show clearly that all these 
smokes do not have the same ^ start in life ’ from the volume point of view, which 
must be due to the very different nature of the early stages of formation from those 
of the TiCl4 smoke. 
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A more noticeable feature is that the times in which the maximum optical density 
are reached are considerably shorter than in the case of screening smokes. A small 
value of is favoured by (i) high refractive index, (ii) high diversity, (iii) large 
initial particle volume, (iv) high concentration. 

Although (i) undoubtedly has an effect in some cases, it does not provide a complete 
explanation (e.g. a of figure 16 and to some extent b) since smokes of similar m values 
to the screening smokes are found, (ii) has been shown to be unlikely. Consideration 
of 1 Iuq values for SO 3 smokes has shown Vq to be constant and equal to 1-1 x 10 “^* cm.®, 
whiohis J to J of the value for a of figure 16 ( 2-6 x 10 ~“cm.'®). The coagulation equation 
may be. written (Whytlaw-Gray & Patterson 1932 ): 



therefore Kt = -—^ or = 

n 

where K' = K multiplied by the volume of smoke in 1 ml. In the SO 3 case IOvq 
(^ jn — particle volume at maximum O.D.), and for the propellant smoke considered 
so that for equal concentrations the propellant smoke would r^ch its 
maximum scattering in | to J the time of the sulphur trioxide smoke. For thisM.D. 
smoke the optical density is 2-62 per m., which for an SOs smoke corresponds with 
of 6 min. (see figure 9 ). Hence the factors (iii) and (iv) above are sufficient to 
explain the maximum at 2-6 min. for the propellant smoke, This smoke (o of figure 16) 
win be taken as a standard since it is the most dilute smoke (from the solution 
aspect) and has less specific gravity and refractive index complications than the 
others. 

An attempt will next be made to obtain a rational set of relative values of total 
smoke with varying salt content, method of firing and humidity, bearing in mind 
the refractive index and diversity factors. Figure 16 indicates clearly that the 
refractive index is increasing in the order a, b, c, while the diversity is known to be 
small. On this account the volume in suspension will show greater differences than 
the optical density ma xi ma (see figure 2): e.g. allowing m = 1-7 for c, this gives 
a volume factor of about J compared with the reference result a, predicting a voluipe 
ratio of 6:1 instead of 2 -^: 1 for a: c. The volume in the latter case will approximate 
to the volume of hygroscopic material since the smoke must be a very concentrated 
solution. 

In figure 19,-there is a sharp contrast between a, 6 , c and dt, e; the two flashing 
cases will be referred to later. Types 19 a and c both had final relative humidities 
of about 80 %, and will have refractive indices rather greater than for water, and 
probably rather greater than for 16&, with a final relative humidity of 86 %, i.e. in 
these cases ~ 1 • 5. Consequently thieic relative volumes compared with the reference 
I 60 will be decreased by a factor of about 50 %. Similarly 196 with a final b.b:. of 
about 50 % will have a still higher m ( ~ 1 ‘ 6 ), giving about double the value of optical 
density for a given volume as compared with water. The corrected values are 
inserted in table 4. 
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It wiU be seen from these figures that the addition of 3 % of K produces an increase 
of three to four times the amount of smoke, while 1 % of K approximately doubles 
it. These corrected results form a much more logical pattern relating optical density 
with addition of salt and total smoke than do the original O.D. readings. 


reference 


Table 4 

estimated 

final B.H. 

(figure 

max. O.D. 


relative 

(approx.) 

number) 

(per m.) 

m (approx.) 

volume 

(%) 

16a 

2-62 

1-36 

2-6 

86 

166 

1-48 

1-46 

1-2 

19a 

4-36 

1*6 

3-1 

80 

19c 

3-20 

1*6 

2-2 

80 

196 

3-92 

1*6 

1-9 

60 

16 c 

1-00 

1*7 

0-46 

46 


A general characteristic of flashing rounds at medium humidities shown by the 
optica! density curves is that the diversity is rather greater than m the flashless case 
(cf. figures 6 and 7). The low O.D.’s for flashing rounds denote a small amount of 
hygroscopic material and hence the small values indicate either large m or large 
initial particle size. The slight concavity after suggests high m, which is borne 
out by c of figure 18, which shows that for a very dry smoke with necessarily high m 
that is very short indeed, probably occurring at d-v 0-3;{. The high initial rate of 
fall in this case also implies low diversity, as expected for particles of about this size. 
This smoke (18c) will have a corrected volume of about 0*2, compared with 2>6 for 
the reference result 16a, implying a very small amount of basic material. When the 
cap is present (figure 17c), considerably more material is produced, although this 
would appear to have a greater diversity and a lower refractive index. The whole 
question of the smokes produced when a flash occurs, however, appears to be much 
less susceptible to simple analysis than in the flashless case. It is suggested that this 
may be due to the presence of a large amount of non-hygroscopic material in the 
basic ^moke producing substances in a flashing round. 1 % of K added to a oapless 
round appears to be about equivalent to the cap (cf. figures 19c, 176). The general 
effect of humidity is much more obscure and requires further study: an interesting 
point, however, is the sharp rdaximum of figure 18a. Here the available water is 
very large since the flash itself produces extra water by combustion of the hydrogen 
in the cordite gases, and there is no doubt that the total available water well exceeds 
the saturation vapour pressure of water at the temperature of measurement. The 
amount of hygroscopic material is very small and the possibility of condensation 
on non-hygroscopic particles or ions to give a smoke arises. 

The differences between flashless and flashing cases are very marked and may be 
set down to the nature and rnethod of formation of the nuclei. In the fl,a.s b le s B case, • 
the hygroscopic substances are formed by condensation from the cordite gases, 
initially at about 2000° K and 700 atm., followed by rapid equilibration with water 
vapour. When a flash occurs, the nuclei are destroyed in an oxidizing flame and their 
re-formation occurs under different physical conditions, probably producing new 
chemical substances which are less hygroscopic. 
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It has been shown, despite the apparent diversity of the experimental data, that 
it is possible to analyze the behaviour of certain propellant smokes to a considerable 
extent, from the physical aspect, using the theoretical ideas outlined in the earlier 
section, supported by experimental data on controlled screening smokes. It is clear, 
therefore, that this somewhat indirect method Qan yield information not readily 
obtained by more direct methods. 

We wish to extend our thanks to O.S.C.D.E.S. (Porton) and to Professor R. G. W. 
Norrish, P.R.S., for advice and supervision of this work, and to the Chief Scientist, 
Ministry of Supply, for permission to publish. 
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Binary and ternary interstitial alloys 

I. The iron-nitrogen system: the structures of 
Fe4N and FegN 

By K. H. Jack, The British Iron and Steel Research Association* 
(Gommunicated by Sir Charles Ooodeve, T.R.S.—Received 17 December 1947) 

[Platb 1] 

The g-iron nitride phase (PejN), the existence of which is confirmed, is prepared by pasRirig 
ammonia over iron at temperatures not exceeding 460° C and under such conditions that tlio 
partial pressure of hydrogen is negligible. The positions of the nitrogen atoms in and 

in ^ are determined. 

' y' is a ‘normal’ 12a6 interstitial structure, the cubic unit cell of which contains four iron 
atomsat 0 0 0, 10, 0 jr, 0 and one nitrogen atom at J f i; at 6-1 weight % N, o=3-787 kX. 

ghas a distorted 1266 structure. The imit cell, with dimensions a, 5-612; 6,4-820; c, 4-410 kX 
at 11-3 weight % N, contains eight iron atoms a* 0 0 0, i 0 0, i 4 0, i i 0,0 J 4. H i» i H< S 8 4> 
and four nitrogen atoms at J 4 4. 4 f i> i 4 i. 0 f J. 

Both y and S are fully ordered interstitial alloys. 


iNTEODtrOTION 


Previous work on the iron-nitrogen system shows the existence below 691® 0 of 
three homogeneous phases, a, y' and e, the iron atom arrangements of which are 
body-centred cubic, face-centred cubic and close-packed hexagonal respectively. 
Hagg (19280, .1929) alone reports a fourth phase, which is not included in either 
of the accepted phase diagrams (Eisenhut & Kaupp 1930; Lehrer 19300). In the 
7'-and e-phases it is known (BriU 1928; Hagg 19286,1929; Hendricks &,Kosting 1930) 
that the nitrogen atoms occupy interstices of the iron atom lattice in an ordered 
manner, but X-ray data so far obtamed have not been capable of unequivocal 
interpretation. 

The homogeneity range of y'-iron nitride is given as 6-7 to 6-1 % N (Hftgg 1929), 
which includes Ee4!N' (6-90 %N). On Xjay powder photographs. Brill (1928) and 
Hagg {19286, 1929) observed four faint superlattice reflexions. Of the two possible 
structures, unit cells of which are shown as I and II in figure 1,1 was thought to 
be more probable mainly because of spatial considerations. 

The homogeneity range of e, given as 7-3 to 1M%N (Osawa & Iwaizumi 
1928; Hagg 1929), extends approximately from EegN (7*72 %N) almost to FegN 
(11-14 %N), but does not actually include EegN. The one observed superlattice 
reflemon was explained (Hendricks & Kosting 1930) by nitrogen atoms occupying 
certain octahedral interstices in an ordered manner. Octahedral interstices in a 
close-packed hexagonal lattice of metal atoms are arranged in planes perpendicular 
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T * r and concluded at the CrystaUographio 

Laboratory, Cavendish Laboratory, University of Cambridge. * ^ 


[ 34 ] 



35 


Bina/ry and ternary interstitial alloys. I 

to the c axis with an interplanar distance c/2, and with a two-dimensional close- 
packing in each layer (see figure 2). For FegN, it was considered that one-third of 
the number of interstices in each layer is filled with nitrogen atoms in such a way that 



structure I structure 11 

iVatiH hr at Hi 


Ficfcntu 1. Possible structures for Fe^N, according to Brill ( 1928 ) and Hagg ( 19286 , 1929 ). 
• Iron atom, x unoccupied octahedral interstice, ® nitrogen atom, O unoccuined 
tetrahedral interstice. 



FioxmB 2. Octahedral interstices in e- and ^-phases, • Metal atom, x octahedral interstice. 


the six interstices nearest to a nitrogen atom in its own layer plane and the inter¬ 
stices directly above and below it in adjacent planes remain unoccupied, giving a 
sequence of nitrogen atom layers ABAB.... Hendricks & Kosting assumed that 
FegN is included in the e-phase and is formed by additional nitrogen atoms going 
only into alternate layers, giving &ia.AB' AB'... structure shown in figure 3. 


3-2 
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Hagg (1928 a, 1929 ) found that the ^-phase in which FejN occurs has a base* 
centred orthorhombic structure, formed by a small anisotropic distortion of the 
e lattice when the nitrogen concentration exceeds 11 ■ 1 %. 

In the present quantitative X-ray investigation, direct evidence of the location 
of nitrogen atoms in y' and in ^ is obtained^ 



Figube 3. Layer plane of octahedral interstices in e and ^ nitrides, showing structures proposed 
by & Kosting ( 1930 ). • Occupied in even layer planes, A. • Occupied in odd 

layer planes, B. o Unoccupied for FejN, occupied in odd layer planes for Fe,N. 

t 

Expbrimbntal 
Preparation of iron nitrides 

In an ammonia-hydrogen-nitrogen nitriding atmosphere, and at a given tem¬ 
perature, the nitrogen content of an iron nitride is determined by the ammonia- 
hydrogen ratio of the gas mixture (Lehrer 1930 &; Brunauer, Jefferson, Emmett & 
Hendricks 1931 ; Satoh 1932 ). Nitrides were therefore prepared by passing purified 
anhydrous ammonia-hydrogen mixtures (Farkas & Melville 1939 ) at atmospherics 
pressure over iron powder (99-9 % pure, sieved through a 300-mesh and contained 
in a silica boat) at various temperatures, and at sufficiently high rates of flow to 
ensure only slight dissociation of ammonia. For example, an ammonia-hydrogen 
mixture containing 33 volume % ammonia was passed over iron at 460° 0; the exit 
gas contained 31 % ammonia and the product was solely 7 ' nitride with N 5‘7 %. 
7 ' with 6*1 %N was obtained at the same temperature by increasing the ammonia 
content of the gas to 66 to 70 %. The degree of ammonia dissociation was calculated 
from inlet and outlet gas densities determined with an effusiometer incorporated in 
the apparatus. A magnetic device enabled the product to be withdrawn rapidly into 
the water-cooled end of the sihea reaction tube where it was cooled, while remaining 
in the nitriding atmosphere, to below 100 ° 0 in not more than 30 sec., the initial 
cooling rate being about 30° 0 per sec. 

By passing only ammonia over iron at such a high rate that dissociation and there¬ 
fore the partial pressure of hydrogen were negligible, nitrides of TuaviTunTn nitrogen 
content were obtained. Above 460° 0 e nitrides with not more than 11-0 %N were 
formed, but at temperatures not exceeding this, C nitrides with IM to 11-3 %N 
were observed. The existence of this temperature limit probably explains why 
Hagg’s observation of ^ has not previously been confirmed. 
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Nitrogen malysia 

Three methods were used: 

(i) a modified maoro-Kjeldahl method (Jones & Morgan 1932 ); 

(ii) semi-mioro-Kjeldahl (Beet & Belcher 1938 ); 

(iii) loss in weight on heating the nitride in vacuo at 1000 ° C (Hagg 1929 ). 

These gave results in agreement within O-l 

N.-ray investigation 

Powder photographs were taken at 18 ± 2 ° C with OoKa radiation («!, 1-78629; 
ag, 1-78917 kX) which, in depressing the atomic scattering factor of iron by the 
absorption-edge effect (see Compton & AlHson 1935 ), increased the relative influence 
of nitrogen on the intensities of the reflexions. Bradley-type 9 and 19 cm. hydrogen- 
filled cameras were used. Line positions were measured with a Cambridge horizontal 
cathetometer, but, for faint superlattioe reflexions, a direct-reading vernier scale 
(Gibson 1946 ) was found to be more suitable. Unit-oeU dimensions were calculated 
by the extrapolation method of Nelson & Riley ( 1945 ). Measurements of relative 
intensities are given in arbitrary units and were made with a Dobson-type micro- 
photometer ( 1923 ) on at least four films for each specimen. In calculating intensities, 
the absorption-edge effect was found from Honl’s data (see Compton & Allison 1935 ), 
and absorption and arbitrary temperature factors were obtained in the usual way 
(Bradley 1935 ; Bradley & Lu 1937 ). 

The sxBtroTTOE oe 7 ' (Fe^N) 

'In agreement with previous work (HSgg 1929 ; Eisenhut & Kaupp 1930 ), the 
homogeneity range of 7 ^ at 450°Cwas found to be 6-7 to 6-1 %N. 

Intensities calculated for alternative structures I and II (figure 1 ) and intensities 
observed on X-ray powder photographs of nitride containing 6-1 %N are given in 
table 1 . Only values calculated for structure I are in good agreement with the 

Table 1. X-kay beelexions ebom y'-iBOur nitbidb (6-1 % N), a=3-787 kX 

intensities 



* 

calculated 

observed 

percentage error 


indices 

structure I 

structure II 


structure I 

structure 

8 

100 

2-4 

2*4 

vvw 

— 

— 

& 

no 

2-6 

2*6 

vw 

— 

— 


111 

262 

298 ' 

246 

' -7 

-18 


200 

180 

143 

188 

+4 

-fSl 

8 

210 

1-4 

1*4 

vw 

— 

— 

8 

211 

1*0 

1*0 

vw 

— 

— 


220 

157 

157 

164 

+ 6 

+ 5 

8 

221, 300 

0*8 

0*8 

vw 

— 

— 

8 

310 

0*6 

0*6 

vvw 

— 

' — 


311 

211 

234 

204 

-3 

-13 


222 

87 

72 

92 

+ 6 

+ 28 

8 

320 

0*6 

0*6 

vw 

— 

— 

8 

321 

1*2 

1*2 

vw 

— 

— 


400 

107 

107 

103 

-4 

- 4 


$ indicates a superlattice reflexion 
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observed intensities. Eight superlattice reflexions are now observed, whereas 
previous workers (Brill 1928 ; Hagg 19286 ,19^9) rspoiftsd only four. 

The unit cell is cubic with a, 3-787 kX, and with iron atoms at 0 0 0, J ^ 0,1 0 i, 

0 H and one nitrogen atom at | There are three other possible equivalent sites 
for nitrogen atoms within the unit cell at ^ 00 , O-lfO and 00 ^, but these remain 
unoccupied. The y^-phase has, therefore, a face-centred cubic close-packing of iron 
atoms with nitrogen atoms equidistant from each other, and occupying one-fourth 
of the number of octahedral interstices in a completely ordered manner. The 
iron-hitrogen distance is l-894kX. 

e- AISTD ^-PHASES 

Photographs 1 and 2 (plate 1) are those of e nitrides containing 10-6 and 11-0 %N 
respectively, i.e.-near, and at, the upper homogeneity limit. Observed intensities 
for the main li rfis agree with the intensities calculated for the structure previously 
proposed (Hendricks & Kosting 1930 ), but in addition to the single superlattioe 
reflexion upon which this structure was based, and which is marked on each photo¬ 
graph, fainter superlattice lines unaccounted for by the structure were also observed. 
Investigation of these is not yet complete, but it seems that even if the structure given 
by H ftTidTiV.Vs & Kosting for FejN is correct, the additional nitrogen atoms which 
enter the lattice as the composition approaches FejN do so differently than was 
supposed. 

Photographs 3 and 4 (plate 1 ) are given by ^ nitrides at lower and upper limits 
of homogeneity (IM and 11-3 %]Sr). Reflexions due primarily to iron atoms are 
indexed on a base-centred orthorhombic unit cell of dimensions 

a, 2-768; 6 , 4-818; c, 4-416kX 

for 11-1 %N, and 

a, 2-756; 6 , 4-820; c, 4-416 kX 

for 11-3 %N. Comparing these with the orthohexagonal unit cell dimensions of 
e nitride at its upper homogeneity limit (1 1-0 % N), i.e. 

a, 2-759; 6 , 4-778; c, 4-411 kX, 

it is apparent that the iron atoms occupy the same relative positions in both phases, 
but that anisotropic distortion occurs at approximately the composition FejN. 
Changes in a and c are of the order of 0-1 % but 6 increases by almost 1 %. 

The most striking difference between e and ^ photographs is in the positions of 
superlattice reflexions—a definite indication of an alteration in the location of 
nitrogen atoms. The prominent low,-angle superlattice lines of e and ^ photographs 
are marked in plate 1 . 

The true unit cell of ^-iron nitride, on the basis of which all X-ray reflexions, 
including superlattice lines, are indexed, is made up of two base-centred ortho¬ 
rhombic structural urdts of the iron atom arrangement. At 11 - 3 % NT this true 
orthorhombic unit cell has dimensions 

a' = 2 a = 5-512; 6 , 4-820; c, 4-416kX. 
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It contains eight iron atoms at 0 0 0,10 0, J 0, f 10, 0| ^ J and four 

nitrogen atoms at ||J, |J|, Off. Relative intensities calculated for this 
structure are shown in table 2 to be in good agreement with observed values for 
superlattice reflexions as well as ‘iron’ lines. 


Table 2. X-ray eeelbxions prom ^-iron nitride (11-3 % N), 





if 

11 

6-512; 6 = 

4-820; 

c = 

4-416 kX, 








intensities 

% 




intensities 

% 

error 


indices 

r - 

calculated 

observed 

error 


indices 

calculated 

observed 

8 

101 

23 


25 ±7 

0 


303 

1 


0 

— 

8 

111 

28 


35 ±7 

0 

8 

141 

2 


0 

— 


020 

210 

901 

177J 

|- 267 

275 

+ 3 

8 

313 

004 

2 

108 


0 

115 

+ 6 


002 

392 


380 

-3 

8 

501 

1 


0 

— 

8 

021 

211 

121 

6781 

1336J 

10 

\ 2014 

1960 

vw 

-3 

8 

133 

042 

422 

2 

651 

130J 

j- 195 

vvw 

204 

+ 6 

8 

301 

3 


vvw 

— 

8 

611 

2 


0 

— 


022,212 

476 


481 

+ 1 

8 

323 

2 


0 

— 

8 

311 

5 


vvw 

— 


024,214 

97 


93 

-4 

8 

131 

3 


vvw 

— 

8 

341 

2 


0 

— 

8 

103 

2 


vvw 

— 

8 

521 

2 


0 

— 

8 

321 


1 



8 

333 

3' 





230 

400 

332 
163 J 

- 497 

500 

-hi 

8 

043 

161 

223 

3 

- 698 

695 

0 

8 

113 

3 


vvw 

— 


423 

468. 





023,213 

477 


459 

-4 

8 

143 

3 


0 

— 

8 

123 

2 


0 

— 


260 

71 


75 

-h6 


040 

16 


19 ±7 

0 


440 

77 


76 

-3 


420 

31 


31±7 

0 


610 

94 


90 

-4 


232 

3081 











402 

153 










8 

331 

2 ' 

- 879 

842 

-4 








041 

140 











421 

- 278. 











8 indicates a superlattio© reflexion. 


The iron atoms are in approximately hexagonal close-packed array. In each layer 
plane of octahedral interstices one-half of their number is occupied in a manner that 
allows each nitrogen atom to have unoccupied holes above and below it in adjacent 
planes. This gives a sequence of nitrogen atom layers XYXT... shown by figure 4. 


<- —> 




Figtob 4 . Layer plane of octahedral interstices in FogN, showing location of nitrogen atoms. 
• Occupied in even-layer planes, X. B Occupied in odd-layer planes, Y. 
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Each nitrogea atom is surrounded by six iron atom^, two at distances of 
1-949 kX and four at 1-940 kX, giving an average iron-nitrogen distance of 
1-943 kX. 

Disoxjssioisr of the ^ STEtXOTtrBF 

' The closest possible approach of nitrogen atoms in the ^ structure would occur if 
interstices directly above and below each other in adjacent layer planes were 
occupied. The .observation, therefore, that each nitrogen atom has unoccupied 
interstices directly above and below it suggests that the interstitial atoms tend 
towards maximum separation. The nitrogen atoms are observed to be packed most 
closely in the b direction, and it is a disproportionately large expansion, parallel 
to the b axis, which causes the iron atom lattice to be anisotropically distorted from 
the normal hexagonal close-packing. This lattice distortion is thus exactly what 
might be expected from the observed location of nitrogen atoms. 

Even when allowance is made for the small difference in composition between the 
upper limit of e and the lower limit of there is, accompanying the change e to 
an increase of about 0-6 % in the volume of structure associated with each iron 
atom. This is interesting in that the general tendency, in interstitial alloys, for the 
metal atoms to achieve closest packing does not appear to be the only factor which 
determines the structure of FeaN. 
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Binary and ternary interstitial alloys 
II. The iron-carbon-nitrogen system 

By K. H. Jack, The British Iron and Steel Research Association 
{Communicated by Sir Charles Ooodeve, F.R.S.—Received 17 December 1947) 

[Plates 2 and 3] 

Chemical and X-ray investigation of the reaction of carbon monoxide with iron nitrides and 
of the reaction of ammonia with iron carbides discloses the existence of iron carbonitrides— 
a series of new ternary interstitial alloys containing iron, carbon and nitrogen. £-phase 
carbonitrides, with structures similar to those of g-iron nitrides, have a range of homogeneity 
extending approximately from ^ 63 X 4 to FegCaN. Tl^ latter is isomorphous with FeaX, e-phase 
carbonitrides, which are isomorphous with e-iron nitrides, have a composition range of 
approximately 26 to 33 atomic % nitrogen plus carbon, i.e. from to FejjX, in which the 
higher carbon concentration limit is not less than 16 atomic %. 

Probable phase fields for part of the iron-oarbon-nitrogen system are given on a ternary 
diagram. 

Prolonged reaction of carbon monoxide with iron nitrides results in complete elimination 
of nitrogen. Below 600® C the product is a carbide of iron, now called iron percarbide, the 
narrow composition range of which includes FejoC^. Above 600® C the product of the same 
reaction is cementite. 


Introdtjotiox 

Of the transition elements, columbium (Deville 1868 ) and titanium (Goldschmidt 
1927 ; see Knaggs, Karlik & Elam 1932 ; Hume-Rothery, Raynor & Little 1942 a, &) 
give carbonitrides, but although the existence of iron carbonitrides has be^ sus¬ 
pected (Ery 1923 ), the only previous work on the iron-oarbon-nitrogen system is an 
investigation of the mutual solubilities of carbon and nitrogen in a irCn (KSster 

1930 )- 

Fowler ( 1901 ) passed carbon monoxide over FejN at red heat and found carbon 
dioxide, but no cyanogen compounds, in the exit gases. He considered that iron 
cyanide might be formed but did not explore this possibility. The present paper 
describes an investigation, by chemical and X-ray methods, of Fowler’s carburizing 
reaction and of the reverse process, that is, the nitriding of iron catbides with 
ammonia. Results obtained by the study of both reactions, and by heat treatment 
of their products, discloses the existence of iron-carbon-nitrogen inteEcstitial alloys 
containing up to 25 atomic % carbon, and enables phase fields fer part of the irpn- 
carbon-nitrogen system to be given. . . ' 

In addition, it is fouhd that the reactions of carbon monoxide with iron nitrides 
provide methods for preparing cementite (FejC) and pure iron percarbide (Fei^C^)- 

EXPBBQtBHYAli ' . ' ' 

Apparatus and experimental procedure ' 

Pure carbon monoxide (Farkas & Melville 1939 ) was circulated for var 3 dng times : 
by means of a glass pump (Brenschede 1936 ; Funnel & Sfoover 1927 ; Livingstone i 
1929 ) over iton nitrides (pr^ared as described in pari; .1 aaid powdered to pasS 

' I;.: ,:' ■ , [ 41 ] / ‘ ...,, , ‘fiii 
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300-mesh) at various temperatures. The apparatus, shown in figure 1, consisted of 
a closed circulating system containing a silica reaction tube, the centre portion of 
which was maintained within + 2° 0 of the required reaction temperature and the 
ends of which were water-cooled. A magnetic device (see part I) enabled the silica 
boat containing 0-6 g. nitride to be moved between the reaction and quenching zones 
without opening the system. Carbon dioxide formed during the reaction 

2CO ^ CO 2 + 0 (combined) (1) 

was condensed in liquid oxygen-cooled traps, and the pressure of carbon monoxide- 
was kept at its initial atmospheric value by adding fresh gas from a burette. Thus, 
the volume of carbon monoxide reacted was continuously observed, and, by applying 
corrections for molecular nitrogen evolved, for variations in atmospheric tempera¬ 
ture and pressure and for evaporation of liquid oxygen, the error in calculating the 
total volume of carbon monoxide used in any complete experiment was probably 
within ± 4 %. , 



The experimental method therefore allowed the progress of the reaction 

iron nitride carbonitride ->• carbide (2 a) 

to be followed continuously and interrupted at any desired stage. In studying the 
reverse process, i.e. 

iron carbide -»■ carbonitride iron nitride, (26) 

iron carbides (prepared by prolonged carburizing of iron nitrides; see below) were 
nitrided with ammonia according to the method for preparing iron nitrides (part I). 

Tor the heat treatment of carbonitrides and carbides a reaction tube identical 
with that described above was used. A 0-1 g. sample, contained in a silica boat, was 
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placed in the cold end of the tube. The apparatus was evacuated and the sample 
was then moved into the centre of the tube where it was maintained at the required 
temperature for a given time. Evolved nitrogen was removed at intervals by¬ 
re-evacuation. 

Analysis of iron carbides and carbonitrides 

Except in a few cases, where there was insufficient material, nitrogen was deter¬ 
mined by at least two of the following methods: 

(i) semi-micro-Kjeldahl method (Beet & Belcher 1938 ); 

(h) micro-Dumas combustion at 800° 0; 

(iii) loss in weight on heating in vacuo at 1000 ° 0 . 

The results given have a probable error of ± 0-08 weight % N, irrespective of the 
amount of nitrogen present. Carbon was determined by two methods: 

(iv) micro- and, as a check in some cases, macro-combustion in oxygen at 860° C; 

(v) assuming that the total iron remained constant and that no elements other 
than iron, carbon and nitrogen were present, and knowing the initial and final 
nitrogen contents, the carbon was calculated from the difference in weight of the 
specimen before and after carburizing. 

Since agreement between results of methods (iv) and (v) was obtained with a 
probable error of ± 0-2 weight % C, the assumptions made in (v) seemed valid and 
it was thought unnecessary to determine iron separately. In most cases, however, 
the ferric oxide residues from (iv) were weighed and gave results for iron in agree¬ 
ment with those calculated by difference. Mean values are given in tables 1 to 6 and 
have a probable error of ±0-3 weight % Fe. 

X-ray investigation 

Powder photographs were taken at 18± 2 ° 0 with GoKa radiation (a^, 1-78629; 
aa, 1-78917 kX) in a 19 cm. Bradley-type hydrogen-filled camera. Line positions 
were measured and unit-cell dimensions were calculated as described in part I. 

Results 

In the tables of results, each carburising run is denoted by a number (Cl, 02 , 
etc.), which is also given to the X-ray powder photograph of the product. Experi¬ 
ments in which products were given subsequent heat treatment are denoted by the 
suffix H, so that C 6 -H refers to an experiment in which the product of run C 6 was 
heated in vacuo. Experiments in which iron carbides were nitrided are similarly- 
denoted by the suffix X. For example, photograph 0 9 -X, plate 3, is that of the 
product obtained by passing ammonia over a carbide which, in turn, was obtained 
in the carburizing run 0 9. 

The reaction of carbon monoxide with iron nitrides at 460° C {runs C 1 <0 C 8 ) 

Table 1 and figure 2 show results of carburizing e nitrides, containing 31 to 33 
atomic % N, at 450° C for varying times from 36 min. to 47 hr. With increasing time 
of carburizing, the carbon concentration increases and, the nitrogen concentration 
decreases at about equal rates. Up to a limit, at which approximately three- 



44 


K. H. Jack 


O CO 03 CO ^ 

O O 00 t> I> 

o CO CO CO 


CO xH uo rH 

(M <NI CO Ti< 
00 OO 00 00 00 

4l 'CH 


CO <SI 03 lo 

«5 lO )0 
t> l> l> I> 

c?» C>^ C ?5 


+ rH d 


eg 3s^ 3>J5 3,J) 3sJ) '— 


loia-^otoMiooo 
+ 5oco'!i<cb'^i>'^i^ 
iQ cocococococococo 




CO CD cq 
CM (N CO 


'^OOCOCOOOt-COrH 

[z; i>co6<M6cO<MCM 

05 <M CM rH I-H 


® 9 

[£ 03 o r> 

^ CO I> CO 


o 

-g C^|>rH'^QOCO<Ml> 

^ O c)bd3'^cococb<Md3 

i-( 05 05 CO CO CM 


,JJ iO'^cp<»'^l>kO<M 

&j '^co»oco*o^iibcib 
cococococococo<© 


't^cDO'^i>coc»i> 

CJSCOcb^COrHOO 


lo CO 
I> Id- C33 


,® ? 9 'r 

Cp h*^ fH O 
03 03 0> 


'^OOrHOOCMiOiO 

CM054ll>I>Oc53cib 


s| SS® 

o g ^ 2^ -(H ^ ^ 


^ G^OOOOCOiOC»C» 

CO cab 03 do 03 do ds o 

00 00 OO OO 00 OO 00 03 


, d ^ _ X 

4n >oocpooxoco 

6rHCMCOd3l005> 
^ £3 rt <?vi <ww 


. S cbrH^HrH^CMCDCO 
"S cocoxcococococo 


.Is- 

S ‘S .9 5 05 00 

w H J3 CzL rH f—I rH 


I 

^ 5^/ 


*3 I t- oa 

r^H ] * tH 03 o 

3 r§ ^ 


ococoeococ3300 

AoOOOOOrH 


xo 1> C5 

; Jz; 6 XO cb 


»-lC5CO-?HXO<X)l>X 

oooooooo 


O r-l 
03 i-H rH 

o o o 


012 8-2 26-3 e 15 600 91-2 8-8 0 690 31-0 0 31-0 x 

013 11-0 33-0 e 0-5 600 92-2 7-8 0 71-8 28-2 0 28-2 cementite, x 

014 11-3 33-7 C 0-2 700 — 16-2 0 —■ — — — cementite, carbon 



Binary and ternary interstitial alloys. II 45 

quarters of the original nitrogen is replaced by carbon, the product is a single homo¬ 
geneous phase, the structure of which differs only slightly from the initial e-iron 
nitride structure. Photographs Cl to C5, plate 2 , show this ai^ g lA phase, which 
gives reflexions due to a base-centred orthorhombic lattice of iron atoms, that is, 
a distorted hexagonal close-packing which is similar to the ^-nitride iron atom 
arrangement (part I). It is therefore proposed here that the new ternary inter¬ 
stitial alloys of this phase should be named ^-iron carbonitrides. 



PiotTBE 2. The reaction of carbon monoxide with e-iron nitrides at 460° 0. x Nitrogen 
concentration, O carbon concentration, • concentration of carbon plus nitrogen. 

Photographs 0 6 to C 8 show two phases, ^ and "with decreasing amounts of the 
^-phase and increasing amounts of the second phase Xj 8 'S the nitrogen concentration 
approaches zero. The phase x '^^.s so designated because it was identified as the 
higher carbide of iron, the existence of which has previously been suspected and which 
has been known as ‘X-carbide’ (Hofmann 1928 ) or, erroneously, as ‘FeaC’ (Bahr & 
Jessen 1933 ; Hagg 1934 ). This carbide, which it is proposed here should be named 
iron percarbide, is obtained homogeneous only by complete elimination of nitrogen 
and over a range of composition (30'4 to 32'3 atomic % 0) which includes PeagCa 
(31-0 %C). A photograph (08-H) of pure iron percarbide is included on plate 2 
for comparison purposes. 

The reaction of carbon monoxide wi^ iron nitrides at 460 to 700° C {runs C 9 to C14) 

Table 2 shows that the end-product obtained by prolonged carburizing of y'- 
iron nitrides at 450 and 470° C is again iron percarbide. The intermediate carbo¬ 
nitrides show undistorted hexagonal structures. Since they are isomorphous with 
e-phase iron'nitrides, it is proposed here that they be named e carbonitrides. 
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At 500° C the reaction of carbon monoxide with e nitrides is more rapid than at 
450° 0, but, as at the lower temperature, results in the formation of percarbide when 
all nitrogen is eliminated. At 600° 0, however, the product consists of a mixture of 
iron percarbide and cementite, while at 700° C only cementite and graphitic carbon 
are observed. 

, Heat treament of ^ carbonitrides 

Results obtained by annealing the products of runs C1 to C 8 at different tem¬ 
peratures in vamo are given in table 3. The amount of nitrogen eliminated and the 
phase changes which occur depend upon the time and temperature of treatment 
and upon the composition of the original carbonitride. In runs 0 4-H and C 5-H 
a small amount of carbon was lost, probably through a leakage of air into the 
reaction tube causing oxidation. In the remaining experiments no loss of carbon 
was observed. 

f-iron carbonitrides start to decompose in vacuo at about 350° 0, eliminating 
nitrogen and giving e carbonitrides. These e carbonitrides are unstable at 450° 0 
and decompose to give, according to their nitrogen and carbon contents, y' or e 
nitrides and either iron percarbide or cementite. 


Table 3. Heat treatment oe ^ oaebonxteedbs 


product 



annealing 

annealing 


atomic 0/ 




temp. 

time 

_ 


— /u 



run 

(°C) 

. (hr.) 

Fe 

0 

N 

C-i-N 

pha«eH 

Cl-H 

400 to 480 

96 

79*4 

10*2 

10*4 

20*6 

a-Fo, Fo.N, FcjCI 

C2 -H 

400 to 420 

40 

73-1 

IM 

15*8 

26*9 

<2 

C3-H 

380 to 420 

120 

71*3 

15'7 

13*0 

28*7 

e 

C4-H 

450 

65 

71*3 

23*8 

4-9 

28*7 

X, Fe,c, (a) 

' 

450 

70 

78-3 

20*0 

1*7 

21*7 

a-Fe, FoaO, (e) 

C6-H 

450 

22 

65*2 

34*8 

0 

34*8 

Xt Fe^O, carbon 

C7-H 

420 to 440 

72 

66-7 

33*3 

0 

33*3 

X, FogC, carbon 

C8-H 

350 

50 

69*6 

30*4 

0 

30*4 

X 


TJi^ action of ammonia on iron carbides 

When iron percarbide or cementite is nitrided by the action of ammonia at 
450° 0, the products are e carbonitrides with a total interstitial atom concentration 
of about 33 %, which is probably near the upper homogeneity limit of the phase 
(see table 4 and photographs 0 9-N, C13-N). During reaction, carbon is possibly 
removed as methane although no proof of this was obtained. 


The iron-carbon-nitrogen phase diagram 

Rrom results obtained by (i) carburizing nitrides, (ii) heat treatment of carbo¬ 
nitrides, and (iii) nitriding carbides, a ternary diagram, indicating probable phase 
fields,of the iron-carbon-nitrogen system at; 450° 0 and shown by figure 3, was 
constructed. 



Table 4. Reaction of ammonia with iron carbides at 450° C 
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The meehmis^ of the reaction of carbon monoxide with iron nitrides 

At temperatures at which carburizing gases react at an appreciable rate with 
a iroUj the products are mainly free carbon and carbon dioxide (see Hofer I944)> 
and little carbide formation occurs. Penetration of carbon into the iron-atom lattice 
takes place readily only with the face-centred cubic lattice of y iron, so that the 
carburizing of steel with carbon monoxide, methane or carbon is usually carried out 
at a temperature not lower than 900° C. 



FiatTBB 3. Part of the ternary diagram of the iron-carbon-nitrogen system at 460° C as deduced 
from present observations. + = a, □ = y', O = e> • => £. X = X> ^ ® Pe,C. 

Nitrogen atoms derived from ammonia have much more power than carbon atoms 
to ‘open up’ the body-centred cubic a-iron lattice, which, with increasing nitrogen 
content, is converted first to an expanded face-centred cubic lattice (y or y' according 
to the temperature) and then to a more greatly expanded hexagonal close-packed 
structure (e). In this respect, it may be significant that the maximum solubility of 
nitrogen in a iron (given by differentjvorkers as 0-13 weight % N at 690° 0 and 
0-42 weight % N at 691° 0) is certainly greater than that of carbon (0-036 weight 
% C at 726° C). 

The interesiang feature which arises from the present investigation is that once 
the a-iron lattice is expanded to either of the close-packed arrangements, carbon 
penetrates the structure at an appreciable rate, even at low temperatures, and 
replaces the nitrogen. Since this replacement is easily reversible, the affinities of 
carbon and nitrogen for iron must be of the same order of magnitude. 

It appears that the nature of the reaction of carbon monoxide with iron* nitrides 
is not the same at all temperatures. At 500° G or below, the only solid phase obtained 
by allowing the reaction to proceed to completion is iron percarbide. At 600° 0 a 
mixture of iron percarbide and cementite is obtained, while at 700° C oementite and 
graphitic carbon are. observed. It is well known that free carbon, in addition to 
carbide, is formed when metallic iron is carburized with carbon monoxide at tem¬ 
peratures at which the present experiments were carried but (450 to 700° 0). In 
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X-ray powder spectra of products C2-H, C 3-H, C 9-H and C13-X. 
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the carburizing of iron nitrides, however, free carbon deposition was prevented at 
temperatures from 460 to 600° C, but only by removing carbon dioxide rapidly 
from the vicinity of the specimen. In several experiments, the results of which are 
not given in full, when the rate of gas circulation was decreased below a certain value, 
thereby causing a critical increase in the partial pressure of carbon dioxide, per¬ 
ceptible blackening of the surface of the specimen by graphitic carbon was observed. 
In two runs, where the concentration of carbon dioxide was allowed to increase 
steadily, the deposited carbon weighed very much more than the starting material. 
It is possible that, because of the rapidity of reaction, the concentration of carbon 
dioxide at 700° 0 was higher than the critical value, but although considerable carbon 
in addition to carbide was obtained at this temperature, the accelerated carbon 
formation is probably due not only to the presence of carbon dioxide, but also to 
the normal effect of temperature. According to Hofer ( 1944 ) carbon formation can 
continue until the iron is diluted to 1 % of the total iron-carbon mass, when the iron 
is then distributed in a finely divided state throughout the carbon. This suggests the 
intermediate formation of an unstable carbide, possibly iron percarbide or cementite, 
which decomposes by graphitization occurring inside the crjrstal lattice. It is 
unlikely that traces of carbon dioxide can directly catalyze free carbon formation 
at lower temperatures. It is, therefore, suggested that the presence of carbon dioxide 
allows a film of oxide to be formed on the iron surface, and it is this oxide which acts 
as the catalyst. 

Apart from these observations there is, however, some quantitative evidence of 
a transition temperature in the reaction of carbon monoxide with iron nitrides. 
The volume of reacted carbon monoxide varies with time in the same general way 
as the carbon concentration of the solid phase (e.g. figure 2 ), but below 600° C is 
uniformly greater than the volume equivalent to the combined carbon. Since small 
amounts of polymerized cyanogen were observed in the inlet limb of the condensa¬ 
tion traps of the apparatus, this apparent discrepancy is explained if nitrogen is 
eliminated from the nitride not only as molecular nitrogen but partly as cyanogen. 
In two experiments, analysis of the gas mixture in the circulating system after the 
reaction was complete showed only two constituents, carbon monoxide and nitrogen. 
The available evidence indicates, therefore, that two reactions occur: 

2 N (combined) -h 4CO ->■ 2 CO 2 +N 2 4 - 20 (combined), (3) 

2N (combined)-f-400 2002 + 02 X 2 . (4) 

On this assumption, and from the volume of carbon monoxide used, weight changes 
and analytical results, the proportion of eliminated nitrogen evolved as Xg molecules 
was calculated. Excluding one anomalous result (run 04),-ah experiments below 
600°0 (runs 01 to Oil) "gave values of 76±6%. At 600°0 (run 012) 86 % 
of the eliminated nitrogen, and at still liigher temperatures (600° 0, run 013; 
700° 0, run 014) all the eliminated njtrogen (100 ±1%) was evolved as X 2 ' 
molecules. ^ 

Only preliminary conclusions ban be reached with respect to the mechanism by 
which carbon replaces nitrogen. Runs 0 1 to 0 8 are essentially replacement reactions, 

4 ^ "I';-' 


Vol. 195 » A. 
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and for these, figure 4 shows that there is an approximately linear relationship 
between the reciprocal of the nitrogen concentration (N) and the time (t). This 
indicates that the rate of replacement of nitrogen by carbon is given by a kinetic 
equation of the second order with respect to the interstitial nitrogen concentration. 
The reaction rate for an individual experiment could be followed from the carbon 
monoxide consumed. These data also conformed to a second order reaction. Therefore 

or, since N+0 = a, where 0 is the carbon concentration and a is approximately 

constant, dC dN . „ 

— = -- 57 CC {a-Cfa: {a-0)N. 



time (hr.) 


Figtoe 4. IjN or l/(a — O') plotted against time t, showing 8i«;ond-ordor 
reaction with respect to nitrogen concentration. 


Engelhardt & Wagner ( 1932 ) have shown in the reaction 

N (dissolved in a iron) + |Ha (gas) ->■ NHs (gas), 

aat -- 


where Phj is i'll® partial pressure of hydrogen, and that the rate-determining process 
is not the diffusion of nitrogen from the inside of the iron-atom lattice to the surface, 
but is the reaction 

N (dissolved in a iron) -f Hg-^NHg (adsorbed) ( 6 ) 

occurring at the iron/gas interface. 

If the rate-determining process in the replacement of nitrogen by carbon is 

similarly • / ' 

2 N (in surface layer)(7) 

then the reaction rate would be given by the required second-order equation. The 
observation that the 3: 1 ,ratio of nitrogen and cyanogen, formed at 450 and 470° 0 , 
is independent of time suggests, however, that nitrogen and cyanogen are products 
of simultaneous side reactions so that the complete reaction mechanism cannot 
be simple.' 
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The structure of ^-iron carbonitrides 

The homogeneity limits of the ^-carbonitride phase are approximately Fe 8 N 4 and' 
FesOsN. The total interstitial atom concentration (O+N) remains almost constant 
(found: 33'5 to 36-0 atomic %) as carbon replaces nitrogen. Values above 33-3 
represent excess interstitial atoms above FegXj. This is probably a real effect, but 
it may be due in part to analytical errors or to the presence of traces of free carbon. 
Near the limit FegCsN (photograph C 5, plate 2), the positions of observed super- 
lattice reflexions are identical with those on photographs of ^ nitride (part I) and 
the relative intensities of corresponding reflexions are the same, so that the positions 
of iron atoms and interstitial atoms in the two structures must be identical. With 



Fioubhs 6 to 8. Variation in unit-cell dimensions of J carbonitrides 
with increasing C/N ratio. 


those carbonitrides containing less carbon (C1 to C 4), and which were prepared 
by carburizing e rdtrides for shorter periods of time, it is found that the e arrangement 
of interstitial atoms stUl partially persists. Thus, as carbon replaces nitrogen the 
prominent X-ray superlattice reflexion due to the e arrangement of interstitial 
atoms (see part I) grows fainter on successive photographs 01 to 0 4, while those 
reflexions characteristic of the ^ arrangement gradually increase in intensity. At 
the same time, the anisotropic distortion of the iron-atom lattice, characteristic of 
the e- to ^-phase change, gradually increases. The expansion of the b axis of the unit 
cell, which occurs as the carbon/nitrogen ratio increases and which is shown by 
figure 6, is not, therefore, unexpected. Figures 6, 7 and 8, however, show that a, c 
and the volume of stipicture per iron atom F, all decrease with increasing Wbon 
concentration, which suggests that in these carbonitrides the effective atomic radius 
of carbon (vq) is smaller than that of nitrogen {rjf}. 


4-a 
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Comparing a ^ nitride with the ^ oarhonitride C6, both having strictly iso- 
morphous structures and each of which has an approximate composition Fe^Z, 
where Z represents an interstitial atom, the foUowing values are obtained is 
assumed = 1-260 kX): 


interstitial 
atomic % 

^ nitride 33*7 

^ carbonitride, C 6 34*6 


Fe —X distances 


0/N 


(kX) 


0 

w 

1-9401 

|- 1-943 

0-683 


(2) 

1-960J 



2*2 

(4) 

1-9311 

|- 1-937 

0-677 


(2) 

1-949J 




Thus, taking mean values, = 0-683 and Tq = 0-675 kX. 

The structure of e-iron carbonitrides 

Observed limits for the e-carbonitride phase were 26-9 and 33-3 interstitial atomic 
%, so that the homogeneity range is probably about the same as that of e-iron 
nitrides, that is, approximately from IPe^X to I'e 2 X. The highest carbon/nitrogen 
ratio observed was 1*2/1, but it is unlikely that this is the maximum. X-ray photo¬ 
graphs show the single e-superlattic^ reflexion previously described (part I; Hen¬ 
dricks & Kosting 1930), and therefore the arrangements of interstitial atoms in 
€ nitrides and in e carbonitrides are probably identical. 



C/N 

Fio-tje-e 9 . Decrease in unit-cell dimensions of e carbonitrides 
with increasing C/N ratio. 

To assess the effect on unit-cell dimensions of substituting nitrogen by carbon, 
each € carbonitride was compared with a nitride of the same interstitial atom con¬ 
centration (see table 5). Unit-cell dimensions for nitrides* containing 26*9 and 28*7 
atomic % X were calculated from the values for lower (Hagg 1929) and upper (the 
present investigation, part I) limits of the phase by linear interpolation. Although 
a and c are probably not strictly linear functions of the nitrogen concentration 
(Brunauer, Jefferson, Emmett & Hendricks X931), the values so obtained agree very 
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closely with those given by Brunauer et al. and are sufloiently accurate for present 
purposes. It is shown in table 6 and graphically in figure 9 that the unit-cell dimen¬ 
sions decrease as carbon replaces nitrogen. The following results 


interstitial 
atomic % 

e nitride 33-0 

e carbonitride 33*0 


Fe —X distance 
C/N (kX) 

0 1-937 0-677 

1 1-930 0-670 


give % = 0-677 and Tq = 0-663 kX. 


DiSOtJSSION OB’ INTBiESTITIAL STEXTCTUEBS 

According to Hagg’s rules for the formation of interstitial alloys (Hagg 1931 ; see 
Evans 1946 ), the structures adopted are determined solely by the relative sizes of 
metal and non-metal atoms. ‘Xormar structures result when the radius ratio of 
the atoms is less than about 0-59, and when this value is exceeded, ‘complex’ 
structures are formed. In accordance with this rule, iron nitrides have ‘normal’ 
structures, since rj/^r^g = 0-56, and cementite (FejO), where r^jr^^ = 0-61, has a 
‘complex’ structure. Ifvalues for the atomic radii of iron (1-26 kX), carbon (0-77 kX) 
and nitrogen (0-71 kX) are taken to be those upon which Hagg’s generalization is 
based, then the mean radius ratio for FegCsN is 0-60, which is rather larger than 
might be expected for a ‘normal’ structure. Hagg argued that the effective radius 
of an interstitial atom increases with increasing concentration, and that the limiting 
value of 0‘69 for a ‘normal’ structure is only valid.if the interstitial atomic con¬ 
centration is 60 %. Since, however, the concentration of interstitial atoms (even if 
nitrogen is completely discounted) is greater in FegCjN than in cementite, it is not 
immediately clear why one structure is ‘normal’ and the other ‘complex’. When 
actual atomic radu, as distinct from the ‘60 %’ values used by Hagg, in the two 
structures are compared, another major difference becomes apparent. Again, 
assuming r^^ = l-260kX, the mean carbOn-atom radius in cementite is the usual 
covalent value (Lipson & Fetch 1940 ), whereas in the ^ carbonitride the mean atomic 
radii of carbon (0-676 kX) and nitrogen (0-683 kX) are much lower than the 
covalent radii of carbon {0■^^ kX) and nitrogen (0-71 kX) atoms (Goldschmidt 1929 ; 
Neuburger 1936 ). 

Another interesting feature of the present investigation is that in the ‘normal’ 
e and ^ carbonitrides the effective atomic radius of carbon is less than that of nitrogen. 
A possibility is that the non-metal atoms lose electrons and occupy interstices as 
positive ions. These donated electrons may be absorbed in the 3-quantum shells of 
the iron atoms. It is not suggested that the interstitial atoms of all ‘normal’ struc¬ 
tures exist as positive ions, but it may not be without significance that only those 
metals with an mcomplete inner quantum shell form true iaterstitial alloys. Smce 
carbon replaces nitrogen, within wide hmits, without any marked structural change, 
it is perhaps a reasonable assmnption that each carbon atom loses the same number 
of electrons (or the same fraction of an electron) as a nitrogen atom. The relative loss 
of electrons would thus be greater for carbon than for nitrogen and might account 
for the smaller effective atonaic radius of oarboii. 
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Values for the volunie of structure per metal atom iu the nitrides, the carbides 
and the oarbonitrides of iron are in agreement with Hagg’s observation (i93^) 
the metal atoms* are packed more closely in ‘ complex ^ structures than in normal 
structures. 

The oooubbehoe oe iboh oabbonitbides ih steel 

Preliminary experiments carried out by Dr J. Mills, in collaboration with the 
present author, indicate that, in carburizing mild steel at 750° 0 with carbon mon¬ 
oxide, the penetration of carbon is greatly facilitated by previously nitriding the 
steel surface. Reactions similar to those described above occur. It also seems likely 
that oarbonitrides are formed in the case-hardening of steel by the dry-cyaniding 
process. 

Heidenreich, Sturkey & Woods ( 1946 ^, 6 ) report that when martensitic steel 
(0, 0 - 9 ; Si, 0-15; N, 0-0056 weight %) is tempered at 200 ° C, a fine dispersion of 
hexagonal PcgN, or some phase isomorphous with FegN, is produced without any 
trace of the cementite which is normally obtained by similar treatment at tem¬ 
peratures above 300° C. This 'PegN’ is transformed to cementite at 350° C and thus 
may be identical with the so-called ‘carbide’ which Arbusow & Kurdjumow ( 1941 ) 
obtained by tempering martensite at 130 to 150° 0. 

Results of the present investigation indicate that the hexagonal phase reported 
as ‘FogN’ is very probably an e carbonitride. The unknown ‘carbide’ (Arbusow & 
Kurdjumow 1941 ) may be either a carbonitride or iron percarbide. 

Possible reactions in the tempering of a martensite which contains nitrogen are 

Martensite 

Pe + C (interstitial) +N (interstitial)-*■ e carbonitride + C (interstitial), (8) 

Martensite 

. . — II— — .. A . I I I, — ,. I . . .I ^ >300®P 

Te + C (interstitial)+N (interstitial) —;—»■ FejO+N (interstitial), (9) 

<300® 0 

e carbonitride+C (interstitial)->• iron percarbide+N (interstitial), 

( 10 ) 

>300® 0 

e carbonitride + C (interstitial)->■ FegC+N (interstitial). (11) 

In a normal martensitic steel, tempered below 300° C, only small amounts of the 
carbonitride phase can be present, and thus most of the carbon must remain in the 
ferrite solution. 

Other oarbonitrides 

Additional experiments show that manganese, as well as iron, forms oarbonitrides. 
Owing to the readiness with which manganese is oxidized, the reaction of carbon 
monoxide with Tj manganese nitride (MngNg) at 800° 0 gives manganous oxide 
(MnO) and carbon. The formation of oxide, is prevented by carburizing wdth 
methane. In two runs at 760° C, products of the reaction of methane with MngNg 
. showed close-packed hexagonal structures and had interstitial atom concentrations 
near 26 %, of which more than half was carbon. 

Further work on the oarbonitrides of iron and manganese is proceeding. 
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Binary and ternary interstitial alloys 
III. The iron-carbon system: the characterization 
of a new iron carbide 

By K. H. Jack, The British Iron and Steel Research Association 
{Cornrriunicated by Sir Charles Ooodeve, FMB,—Received 17 December 1947) 

' CdzxieiLtite tuid iiou peroarbide ar© conveniently prepared by the methods described in the 
previous paper (part EC). 

Iron percarbide has a narrow range of composition near 31 atomic % carbon and is 
identical with a carbide, assumed to be FejO, which was previously obtained by Hfigg ( 1934 ). 

The iron percarbide unit cell is probably either orthorhombic, with dimensions 
a, 9-04(3); 6=V3.a, 16-66(3); c, 7-92(1) kX, 
or hexagonal, with dimensions 

o'=2o, 18-08(6); e'=c, 7-92(1) kX. 

These two possible units of structure are simply related, the volume of the latter being twice 
that of the former. The orthorhombic unit oeU contains approximately 80 iron atoms, and 
the empirical formula for the carbide is FejuCj. Although the existence of a carbide PejC is not 
disproved, it is unlikely that it has been prepared in this or any previous work. 

The cementite is identical with specimens formed below 700° C in steel and obtained by the 
action of carbon monoxide on ferric oxide. 

Both iron carbides are metastable. Iron percarbide decomposes giving cementite and carbon, 
and cementite breaks down less rapidly to give a iron and carbon. 

IXTEOBtrOTION 

Previous workers have shown, mainly by the action of carbon monoxide on iron and 
iron oxides at low temperatures, that cementite is not the only carbide of iron. 

Hofmann ( 1928 ) noticed reflexions, which he attributed to ‘X-carbide’, on X-ray 
powder photographs of products obtained by passing carbon monoxide over iron 
at 400° C, but it was pointed out (Tutiya 1929 ) that these unidentified lines were due 
to iron oxides. Pischer & Bahr ( 1929 ) ascribed the formula PeaCj to a product 
obtained by reaction of carbon monoxide with ferric oxide at 270° C for 1 week, 
whole Gluud, Otto & Ritter ( 1929 ) stated that under similar conditions the product 
was FejC and carbon. The same reaction carried out at 276 and 320° 0 (Hofmaim 
& Groll 1930 ) was claimed to give ferroso-fenic oxide, cementite and an unknown 
substance previously formed in the decomposition of Pe(CN )2 (Brill & Mark 1928 ). 
Bahr & Jessen ( 1933 ) obtained no oxygen-free products by carbon monoxide treat¬ 
ment of iron oxides, but the reaction with iron below 330° 0 gave oxygen-free pro¬ 
ducts containing more than 7-4 wt. % C (calculated for FogC: 0, 6-69; for PegO: 
C, 9-71). They concluded that a carbide approaching the composition PejC was 
probably formed below 226° C. Hagg ( 1934 ) confirmed the results of Bahr & Jessen 
and obtained products, the X-ray powder photographs of which showed a series of 
reflexions apparently due to Pe 2 C, although no evidence for this composition is 
given. Pamt reflexions due to cementite and ferroso-ferric oxide always persisted, 
but the relative intensities of the new lines remained constant. The least impure 
specimen of Hagg’s carbide was obtained by aln inconveniently lengthy process; 
i.e. ferric oxide was reduced in hydrogen at 260° C.for 46 days and the iron so 
obtained was treated with carbon monoxide at 226° C for a further 18 davs. The 
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product was shown to contain more combined carbon than cementite, since, when 
heated in vacuo at 600° C, it decomposed giving cementite and carbon. Attempts to 
index the X-ray reflexions, which differed from those observed by Hofinann & GroU 
( 1930 ) were unsuccessful. Hagg’s sin*^ values, converted from FeX to CoXa 
X-radiation for comparison purposes, are listed in table 1 . 

The structure of cementite is completely established. After determinations of the 
unit cell (Westgpen & Phragm4n 1923 ) and the positions of the iron atoms (Hen¬ 
dricks 1930 ), Lipson & Fetch ( 1940 ) found the positions of the carbon atoms and 
measured accurately the unit-cell dimensions of a specimen (containing a small 
amount of free carbon) prepared by passing carbon monoxide over ferric oxide at 
650° C (Taylor, unpublished work). Hume-Rothery, Raynor & Little ( 1942 ) found 
that the cementite extracted from steel (C, 1-07; Mn, 0 ' 6 ; Si, 0-1 %) had different 
unit-cell dimensions from that prepared by Taylor, but although Fetch ( 1944 ) 
observed a regular variation, ascribed to differences in composition, in the cell 
dimensions of cementites formed at different temperatures in a 1-8 %C steel, the 
results of Hume-Rothery ei al. were unconfirmed. Moreover, the differences in 
unit-cell dimensions between cementite prepared from ferric oxide arid specimens 
formed in steel at temperatures below 700° C were within experimental error. 

The reaction of carbon monoxide with iron nitrides above and below 600° C 
(part II) provides new methods, probably the most convenient yet described, for 
preparing cementite and the higher carbide of iron. In the present paper, the 
carbides so obtained are compared-with those prepared by previous methods. 

’ Iron pbboarbidb 

X-ray powder photographs C 8 -H, Oil and 0 12 (see plate 2 , part II) are those of 
the new carbide phase x> obtained by reaction of carbon monoxide with iron nitrides 
below 500° 0. Chemical analysis of the three specimens gives 


composition 



temperature 

t 

weight % 


-\ 


of formation 


atomic % 

run. 


Fe 

c 


C 

Cll 

470 

90-7 

9*31 

32-3] 

1 

C12 

500 

91-2 

8*8 y 8-9 

31-0 

[ 3 b 2 

C8-H . 

450 

(annealed at 350) 

91-4 

8 -6j 

30-4J 

1 


The products of runs 0 8 , C 9 and 0 10 contain small amounts of carbonitrides in 
addition to their total interstitial atom concentrations, 31‘8, 31-0 and 29-9 

atomic % respectively, are in agreement with the results for the pure carfc'de. The 
latter, now called iron percarbide, therefore appears to have a small range of com¬ 
position which includes FejoCj (calculated ft>r FejoCg: C, 31-0 atomic %). 

Observed sin®^ values (CoXa radiation) for the percarbide of highest carbon 
concentration are given in table 1 , where it is shown, by comparison of these values 
with sin® 6 values observed by Hagg ( 1934 ), that iron percarbide and Hagg’s ‘FcaC’ 
are probably identical phases. 

Iron percarbide is also identical with the carbide obtained, together with free 
carbon, by passing carbon monoxide over ferric oxide at temperatures below 600° C 



68 K. H. Jack 

Table 1. X-ray reflexions (Co Ka ) from iron peroarbidb {rens Oil and 



C 12) AND FROM HXGg’S CARBIDE 

Hiigg’H 


run C11 



carbide, 


sin^^ 

Miller 

sin® 0 

sin^ 0 

intensity 

observed 

indices 

calculated 

observed 

vw 

0*073 

212, 321 

0*074 

— 

vvw 

0*094 

312 

0*093 

— 

vvw 

0*098 

331 

0*100 

— 

mw 

0*1147 

003 

0*1143 

— 

m 

0*1283 

203 

0*1273 

— 

m 

0*1373 

213 

0*1370 

0*1369 

m 

0*1540 

223 

0*1532 

0*1540 

ms 

0*1650 

403 

0*1662 

0*1652 

m 

0*1676 

602 

0*1677 

0*1675 

mw 

0*1785 

522 

0*17751 

0*1802 

mw 

0*1818 

621 

0*1816/ 

vs 

0*1858 

710 

0*1851 

0*1861 

vs 

0*1916 

612 

0*1905 

0*1919 

mw 

0*1957 

503 

0*1955 

0*1960 

ms 

0*1990 

711, 540 

0*1978, 0*1981 

0*1990 

mw 

0*2026 

333, 004 

0*2020, 0*2032 

— 

m 

0*2044 

630 

0*2046 

0*2042 

ms 

0*2175 

631, 720 

0*2173, 0*2176 

0*2176 

vw 

0*2201 

622 

0*2197 

— 1 

m 

0*2419 

523 

0*2410 

— 

ms 

0*2437 

550 

0*2435 

0*2435 

vw 

0*252 

811 

0*250 

— 

m 

0*2555 

404, 632 

0*2551, 0*2554 

0*2557 

mw 

0*2682 

722 

0*2684 

0*2680 

mw 

0*2821 

623 

0*2832 

0*2817 

w 

0*2911 

334 

0*2909 

0*2910 

vw 

0*2982 

642 ’ 

0*2970 


mw 

0*3024 

740 

0*3020 

0*3023 

S OCi 

0*3205 

604ai 

0*3201^ 

0*3212 


0*3217 

. 604a2 

0*3215/ 

vw 

0*3431 

614 

0*3429 

-, - 

w hr 

0*348 

305, 921 

0*347 


vw 

0*356 

225 

0*357 


vw 

0*387 

823 

0*387 

— — 

vw 

0*391 

11*00, 931 

0*393 

0*3935 

w 

0*4089 

- 425 

0*4084 


m ai 

0*4206 

724ai 

0*42081 

0*4216 

^2 

0*4223 

724a2 

0*4226/ 

m ai 

0*4432 

ll*02ai 

0*4438 

0*4433 

mw (ag) 

0*4446 

ll*02a2, 941ai 

0*4447, 0*4457 

0*4461 

mw 

0*4579 

006, 615 

0*4572, 0*4575 


•w 

0*4871 

306 

0*4864 

_ 

w 

0*4928 

861 

0*4934 

0*4912 

ms OLx 

0*5105 

12*10ai 

0*5099 

0*5102 

^2 

0*5125 

12*.10a2 

0*5122 

... - 

mw oLi 

0*5171 

10*23ai 

0*5171 

. 

^2 

0*5183 

10*23a2 

0*5193 

_ 

w hr 

0*532 

862, 853 

0*532 


s 

0*5394 

506ai 

0*53841 

0*5400 

^2 

0*5418 

506a2 

0*5407/ 

m ai 

0*5480 

426ai 

0*54801 

0*5490 

^2 

0*5503 

426a2 

0*5503 f 

vw 

vw ^ 

0*558 

516 

0*5578 

■ - 

0*5641 

10^4, 645 

0*5637, 0*5643 

0-6636 
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Table 1 {cont.) 


Hagg’s 


run C 11 



carbide. 


sin®^ 

Miller 


sin^^ 

intensity 

observed 

indices 

calculated 

observed 

vw 

0*569 

10*50 

0*568 

— 

mw 

0*5777 

436 

0*5773 

— 

m OLx 

0*5827 

934ai 

0*5832 \ 

0*5837 

ag 

0*5849 

934a2 

0*5857J 


ms 

0*5920 

ll*23ai, 773ai 

0*5918 \ 

‘ 0*5926 

ag 

0*5947 

ll*23ag9 773a2 

0*5943/ 


mw hr 

0*6050 

953, 10*24 

0*6047, 0*6060 

— 

m 

0*6096 

12*22ai 

0*6094) 

0*6101 

ag 

0*6125 

12*22a2 

0*6120/ 


S OCi 

0*6263 

626ai 

0*6261) ' 

0*6271 

ag 

0*6292 

626a2 

0*6288/ 


m ai 

0*6393 

971ai 

0*6396 

_ 1 

OCg 

0*6419 

97 lag 

0*6423 

*— 

m oci 

0*6448 

13*12ai 

0*6452) 

0*6453 

OCg 

0*6479 

13*12a2 

0‘6480/ 


vw 

0*6520 

925 

0*6521 

— 

vw 

0*6611 

227 

0*6612 

— 

m 

0*6674 

665ai 

0*6683 \ 

0*6686 

mif; (ag) 

0*6699 

963ai, 665ag 

0*6697, 0*6712j 


vw 

0*677 

972 

0*678 

— 

vw hr 

0*701 

556, 11*43 

0*701, 0*702 

— 

'■ w 

0*7174 

981 

0*7175 

— 

w 

0*7202 

906 

0*7203 

— 

mw 

0*7272 

12*42, 12*33 

0*7264, 0*7282 

— 

mw ooi 

0*7299 

826a]_ 

0*7300 

—— 


0*7330 

826a2 

0*7331 

— 

vw hr 

0*7417 

973, 437 

0*7413, 0*7424 

— 

mw 

0*7558 

982 

0*7556 

— 

vw 

0*7750 

11*62 

0*7752 


W Ux 

0*7793 

447ai. 

0*7782 

— 

ag 

0*7822 

447ag 

0*7816 

— 

mw ax 

0*7921 

926ai, 10*80ai 

0*7918, 0*7926 

— 

ag 

0*7956 

926a2, 10*80a2 

0*7952, 0*7960 

— 

vw hr 

0*8077 

437, 666 

0*8074, 0*8080 

— 





iron percarbide 





lun 012 





sm®0 observed 

mw ax 

0*8201 

547ai ' 

0*8204 

0-8208 

ag 

0*8234 

547ag 

0*8239 

0-8237 

w hr 

0*8315 

12*61, 16*00 

0*8312, 0*8315 ' 

0-8319 

mw ax 

0*8359 

218ai 

0*8354 

0-8366 

aa 

0*8396 

218ag 

0*8390 

0-8397 

w 

0*8591 

$17 

0*8594 

0-8693 

vw 

0*868 

12*62 

0*869 

— 

w ax 

0*8932 

10*91ai 

0*8929 

0-8936 

a- 

0*8970 

lO-Olag 

0*8967 

— 

m ax 

0*9193 

•15*31ai, 13*60ai 

0*9190, 0*9193 

0-9197- 

a. 

0*9235 

15*31a2, 13*60ag 

■* 0*9230,0*9233 

0-9238 

w ax hr 

0*9377 

837ai, 866 ai 

0*9373, 0*9379 

0-9377 

ag hr 

0*9417 

837a2, 866 a 2 

0*9413, 0*9419 

— 

vw hr 

0*9460 ^ 

16*03 

0*9458 

— 

mw ax hr 

^ 0*9511 

12*72ai, 17*01ai 

0*9505, 0*9514 

0-9511 

ag hr 

0*9553 

12*72ag, 17*01a2 

0*9546, 0*9555 

0-9669 

w hr 

0*9681 

, 448 

0*9686 

0-9683 

m ax hr 

0*9717 

708aj^, 638aj^ 

0*9718 

0-9722 

/V- hv 

0*Q761 

708a«, 538ao 

0*9760 

0-9764 
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(Taylor, private oomniunioation). The ferric oxide is pretreated with ananoonia gas,' 
but at temperatures suflSciently low for no apparent chemical reaction to occur. 

Ail X-ray reflexions from the percarbide may be indexed on the basis of an 
orthorhombic unit cell of dimensions 

a, 9-04(3); 6 , = 16-66(3); c, 7-92(1)kX. 

Because of the simple relationship between a and b, indexing is more easily carried 
out when referred to a hexagonal unit cell of dimensions 

a' = 2 a, 18-08(6); c' = c, 7-92(1) kX. 

The indices given in table 1 refer, therefore, to this hexagonal unit cell, the volume 
of which is twice the volume of the orthorhombic cell. The possibility that the true 
unit of structure may be monoclinio or triolinic cannot be disregarded, in which 
case its determination from a powder photograph is virtually impossible. 

If the orthorhombic ceU contains four formula weights, i.e. 80 iron atoms and 
36 carbon atoms, then the calculated density (7-2g./cm.®) and the density found 
for a powdered specimen (7-0g./cm.®) are in reasonable agreement, since errors of 
measurement may be expected to give a low value. 

Table 1 shows that observed sin®0 values for high-order reflexions from the 
percarbide C 12 differ slightly from the values from Oil. Since the latter contains 
less carbon than the former, the X-ray evidence agrees with the analytical results 
in indicating that iron percarbide has a small range of composition. 

Cementite 

The photograph of cementite, containing a small amount of free carbon and 
obtained by the action of carbon monoxide for 14 min. on FoaN at 700® C, is shown 
as number C14 (plate 2 , part 11). The unit-cell dimensions 
a, 4-6163; b, 5-0782; c, 6-7296kX 

are, within experimental error (0-0005 kX), in agreement with those found for 
cementite formed in steel below 700® 0 (Fetch 1944 ) and for cementite obtained by 
the action of carbon monoxide on ferric oxide (Lipson & Fetch 1940 ). 

There is no evidence that nitrogen is able to replace carbon in the cementite 
structure, even under most favourable conditions, i.e. in its preparation from iron 
nitrides (cf. Fetch 1944 ). 


Stability oe iron carbides 

Iron percarbide and cementite, both finely powdered, were heated in vac%o at 
various temperatures. The following results were obtained: 



temperature 

rc) 

time 

product 

iron percarbide 

350 

50 hr. 

iron percarbide 


460 

30 hr. 

cementite, carbon, a iron 

cementite 

450 

8 days 

a iron, carbon, cementite 


650 

4 days 

a iron, carbon, trace of cementite 


1000 

7 min. 

a iron, carbon, trace of cementite 



61 


Binary and ternary interstitial alloys. Ill 

Both carbides appear to be metastable. Iron percarbide decomposes giving 
cementite and carbon, and cementite breaks down less rapidly to give a iron and 
carbon. Below 350° C, rates of decomposition are negligible. The suggestion (Lipson 
& Petch 194 ®) fhs/t Hagg’s carbide (iron percarbide) is obtained by annealing 
cementite at 600° C is unconfirmed. 

The author wishes to express his great indebtedness for the generous help and 
constant encouragement of Professor H. L. Riley (formerly of King’s College, 
Newcastle-upon-Tyne), under whose direction the major part of the work described 
in this and the preceding two papers was carried out. Grateful thanks are also 
expressed to Mrs A. M. B. Douglas and Dr N. J. Petch, both of the Cavendish Labora¬ 
tory, University of Cambridge, and to Dr J. Taylor of the Royal Technical College, 
Glasgow, for their valuable discussion and criticism. 
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The mass-centre in the restricted theory of relativity and its 
connexion with the quantum theory of elementary particles 

By M. H. L. P?.YOB, Clarendon Laboratory, Oxford 
{Communicated by 8. Chapman, FM.8»—Received 22 January 1948) 

The Newtonian definition of the mass-centre can be generalized to the restricted theory of 
relativity in several ways. Three in particular lead to fairly simple expressions in terms of 
instantaneous variables for quite general systems. Of these only one is independent of the 
frame in which it is defined. It suffers from the disadvantage that its components do not 
commute (in classical mechanics, do not have zero Toisson brackets), and are therefore 
unsuitable as generalized co-ordinates in mechanios. Of the other two, one is particularly 
simply defined, and the other has commuting co-ordinates. The Poisson brackets can be 
derived from quite general considerations because the various mass-centres are expressible 
in terms of integrals of the energy-momentum tensor which are directly connected with the 
infini tesimal operators of the group of Lorentz transformations. 

The definitions are readily applicable to a single particle in theories, such as are current 
for elementary particles, where a co-ordinate observable does not exist, but an energy- 
momentum tensor does, and furnish the nearest approach possible to such observables. They 
are applied to electrons, particles of spin 0 and H (scalar- and vector-meson theories), and to 
photons. 


1. Inteoduotion 

In. Newtonian mechanics the concept of the mass-centre or centre of gravity is simple 
and unambiguous. This is by no means the case in relativity mechanics, where a 
number of generalizations of the Newtonian definition offer themselves, none of 
which, however, completely reproduces the simple properties of the Newtonian 
mass-centre. In classical mechanics the uniform motion of the mass-centre of a free 
system is an expression of the conservation of momentum, and takes its simplest 
form when the forces are assumed to act instantaneously. When, as in relativity 
mechanics, this cannot be assumed, account must be taken of the momentum 
resident in the field through which the interactions are propagated, and this compli¬ 
cates the problem. But this is not the only difiioulty, and even for so simple a system 
as two non-interacting particles, for which no field momentum need be considered, 
there appears to be no wholly satisfactory definition of the mass-centre. 

The question does not seem to have been much studied in the literature of re¬ 
lativity. The most comprehensive treatment of which I am aware is by Foldcert 
( 1929 ); a note by Bom & Fuchs ( 1940 ) discusses the difficulties but does not give a 
satisfactory definition ©f the mass-centre; while Eddington in his Fundamental 
Theory ( 1946 ) assumes the existence of a mass-centre without comment. 

The following generalizations of the Newtonian definition suggest themselves: 

(a) Taking rectangular axes in a Galilean frame of reference, the co-ordinates of the 
mass-centre are defined as the weighted means of the co-ordinates of the several 
particles, the weights being the rest-masses of the particles. 

This is the definition used by Eddington in discussing the theory of the hydrogen 
atom, and it is commonly used in discussing the two-body problem in relativity. The 
mass-centre so defined is not independent of the Galilean frame, nor has it in genera 

t I am. indebted to Professor Max Bom for bringing Fokker’s work to my notice. 
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the property of being at rest in a frame in which the total momentum is zero. If the 
particles interact with one another it will not in general move uniformly in a straight 
line. 

( 6 ) Definition (a) is first applied in a frame of reference in which the total mo¬ 
mentum is zero, and the result is then translated to any other frame by a Lorentz 
transformation. 

The world line so defined is certainly independent of the final frame of reference, 
but is not in general rectilinear, nor at rest in the frame in which the total momentum 
is zero. The expression for the co-ordinates of the mass-centre, in terms of the. in¬ 
stantaneous co-ordinates of the several particles in an arbitrary frame, is a compli¬ 
cated one even for free particles, and I have been unable to find a generalization of it 
for interacting particles. 

(c) The co-ordinates of the mass-centre in a particular frame of reference is defined 
as the mean of the co-ordinates of the several particles weighted with their d 3 mamical 
masses (energies). 

This is the case studied by Fokker. The mass-centre of free particles so defined is at 
rest in a frame in which the total momentum is zero, and the definition can simply be 
generalized to particles interacting through a field, provided space-time is assumed to 
be Galilean. But the definition is not independent of the frame of reference. Also, 
while in Newtonian mechanics the Poisson brackets of the co-ordinates in two 
different directions of the mass-centre is zero, here it is not so. 

{d) Definition (c) is first applied in a frame in which the total momentum is zero 
(and hence the mass-centre is at rest), and the result then translated to an arbitrary 
frame by a Lorentz transformation. 

This is what Fokker calls the ‘invariant mass-centre’ (Fokker 1929 , p. 171). As in 
definition (i») the world line defined in this way is independent of the final frame of 
reference. For free particles, moreover, it can be simply expressed in terms of the 
instantaneous co-ordinates in an arbitrary frame, and the definition is easily general¬ 
ized to particles interacting through a field. On the other hand, the Poisson bracket of 
different co-ordinates does not in general vanish. 

• (e) It is sometimes convenient to define a mass-centre the co-ordinates of which, 
taken in pairs, have vanishing Poisson bracket. While definition (a) fulfils this con¬ 
dition, and is frequently the most convenient, it cannot be generalized for fields in the 
sense of § 5. It can be shown that the mean of the co-ordinates defined by (c) and (d ), 
weighted with the total energy and the rest mass of the total system respectively, 
also satisfies the condition. 

The mass-centre so defined is at rest in a frame in which the total momentum is 
zero, but is not independent of the frame in which it is defibied. 

(/) It would also be possible to try a de&iition for free particles similar to ( 6 ), but 
taking the frame in which the mass-centre defibied by (a) is at rest, instead of one in 
which the total momentum is zero. There seems to be little merit in this, as the time 
axis of such a frame is determined by an algebraic equation of a degree which in¬ 
creases with the number of particles, and the definition leads to no simple results. 

Of these definitions (d) seems to be the most satisfactory, as it is relativisticaUy 
covariant and is applicable to any system of particles interacting thror^h a field or to 
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a more general system described by a field. In the work that follows (c) and (e) are 
also of interest and will be discussed in some detail. Definition (a) certainly gives 
a useful auxiliary variable in such applications of relativity mechanics as the two- 
body problem, but calls for no further comment. Definitions (b) and (/) seem to have 
little value. 

In what follows I have assumed a flat (Galilean) space-time. I have made no 
attempts to generalize to curved space-time as it seems to me improbable that the 
attempt would meet with any success. 


2 . The mass-obnteb according to dbbtnitions (c) and {d) 

Consider first a system composed of free (classical) particles. Let the co-ordinates 
of the ith particle be denoted by 2 ^, and its energy-momentum 4-veotor by p% the 
total energy-momentum vector, being denoted by P^. The indices /j, run from 
0 to 3, and the metric tensor is taken as = — 9'22 = -*?33 = L with the 

velocity of light taken as unit. 

Definition (c) then defines a mass-centre qi‘ given by 

PV = SipM- (2-1) 

It must be remembered that 2 ^ stands for a one-parameter set of points, the world¬ 
line of the particle, and the value to be set into (2-1) is that corresponding to a given 
time i, i.e. z§ = < for all the particles. This then gives qi^ as a function of t. <f is of course 
equal to t. 

Introducing the energy-momentum tensor of an assembly of free particles, 

P/«'(x) = = Sij5(a:» - z?) S{x^ - z\) - z|) «J(a;» - z?) p%dz% (2-2) 


the integration being extended over each world-line, equation (2'1) can be written 


pog/* = jjjx/‘To^dx^dx^dx^, 

\ 

and the other components being given by 


-111 


T’^i‘dx^dx^d3^. 


( 2 - 3 ) 


( 2 - 4 ) 


The right-hand side of (2-3), not being independent of the region of integration 
(a:® = t), is not a tensor. But the anti-symmetrical combination ’ 


= jjj(x/‘T°^-ci^TO/^)dx^dx^dx^, 


( 2 - 6 ) 


because its integrand satisfies a differential equation of conservation, is independent 
of the integration region (and hence of t) and is therefore a tensor. This enables one to 
write the equation (2-3) for as 




(2-6) 



The mass-centre in relativity 66 

t 

The constancy of and shows that the velocity of the mass-centre so defined is. 

dqi^j-dt = P^/P®, (2-7) 

showing that the world-line is rectilinear and parallel to Pi‘, and hence that its 
direction in space-time is independent of the frame in which it is defined. 

Equation (2-6) can be applied to any field system possessing an energy-momentum 
tensor, and may be taken as defining its mass-centre. It can also be applied to a 
system of particles interacting through a field, thereby removing the original 
limitation to free particles. 

Equation (2-6) gives the co-ordinates of the mass-centre defined at time t, in the 
frame of reference to which the indices y refer. One can easily extend it, however, to 
give the co-ordinates, referred to this frame, of the mass-centre defined in another 
frame, at time a, say. Let the direction of the time-axis of the new frame be given by 
the unit vector = l)i and denote the point obtained by applying the defibni- 

tion in this frame by s). One then has 


qi^{n,s) = 


sP/‘+Jf/*>-w, 


( 2 - 8 ) 


To compare this with the definition of qi^ contained in equation (2-6) one needs to fimd 
the point on the world-line (2-8) whose time-co-ordinate in the original frame is t. 
That is to say, one has to solve the equation ^“(n, a) = t for a and substitute the value 
in (2'8). Let this point be called g'^(n). Then 




tPt^ Jf/"P®n„-lf®‘’P% 
po + pop^n^ 


(2-9) 


which reduces to (2*6) for n/' = (1,0,0,0). 

If the definition (c) were independent of the frame of reference then (2-9) would be 
independent of It is evident that this is not so, unless it so happens that the tensor 
jf/fl'P<r_ jfoT-p/j ig a multiple, say independent of v, of P". This may happen for 
particrdar systems (e.g. a single spinless particle), or for particular states of a system, 
but it will not be so in general. 

One may use the result embodied in (2-9) to apply definition {d), by substituting 
P/'/to for 7^“, where m is the. rest-mass of the system as a whole, defined by 

PaP^^wi^. ■ (2-10) 

Denoting the mass-centre according to definition {d) by one obtains 


tPi^ Mi^P^ ilf*’»P^P„ 
_ 0! d" - 


po 






( 2 - 11 ) 


which, in spite of its appearance, is relativistically covariant. 

At this stage it is convenient to use three-dimensional notation, using Roman 
indices to run from i to 3. One introduces the vector, N, defined by 




3*T^da;^dx^d3?, 


related to the components of by 

]iP^=,N’‘-tPK 


( 2 - 12 ) 

(2-13) 
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While N does not oontain the time t explicitly in its definition and Jf*® does, N varies 
with time and M’^ does not. The other components If®®, are the components 

of the angular momentum of the system as a whole. The symbol E will now be used 
for the tota,l energy P°. 

Equation (2-6) for g/* can be written in vector notation as 

(l^E-m. (2-14) 

Equation {2*11) for can be written (remembering that P^ = -P^ and that the 
components of a vector in the three-dimensional sense are those with upper indices) 

X = m-®{ZN+MAP-Z-i(P.N)P}, (2-15) 

where a stands for a vector product. It will be noticed that t no longer enters ex¬ 
plicitly into these expressions. 

It is also convenient to define two ‘inner angular momenta’ by subtracting from 
the total angular momentum M the vector product of q or X with P, which may be 
regarded as a kind of angular momentum of mass motion. These will be called S and 


Z respectively; S = M - q a P, (2-16) 

Z = M-XaP. (2-17) 

The points X and q do not in general coincide, but they travel in parallel straight 
lines at a constant distance, and it is of some interest to evaluate their vector 
difEerence. From (2-14), (2*15), (2-16) and (2-17) one finds 

X-q = OT-®SAP = Z-®PAZ. (2-18) 

There is also a simple relation between S and Z, namely, 

w®Z = Z®S-(S.P)P, (2-19) 

Z®S = m®Z 4- (S. P) P, (2-20) 

and the relation, directly deducible from (2-16) and (2-17), 

• S.P = Z.P = M.P. (2-21> 

Z is part of the anti-symmetrical tensor 

S'" = Jf/" - ZAP" -I- Z^Pa = m-®[lf A’-po'+ M'"^P/‘+M'^/^P^] P„, (2-22) 


the remaining components S*® forming the space-vector PaZ/P. S, on the other 
hand, is not part of a tensor. 

3 . The Poisson bracket relations 

The ten quantities Pa, JfefA" are connected with the infinitesimal operators of the 
inhomogeneous Lorentz group in such a way that their Poisson brackets with any 
djnamioal variable of the system gives the change in that variable due respectively 
to 'a translation and a rotation in space-time. For instance, the change in any 
dynamical variable ^ corresponding to a time-like displacement dt of the co-ordinate 
system is [^, P]di; similarly the change in ^ arising from a rotation dd about the 
3-axis is [^, M^dd. Applying this to the case where ^ is itself one of the components 
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of P^, Mi^, whose transformations under changes of the co-ordinate system are 
abeady known, it follows that the Poisson bracket of any pair of the components of 
Pt^, Mi^ is determined by the structure of the Lorentz group, independently of the 
nature of the system being studied, provided it is free from external influence. • 
The Poisson bracket relations can be summarized as follows, uaing a notation in 
which Pa,, Py, Pg stand for the components P^, P®, ps, etc.: 

[P^',P„] = 0, [P,P] = 0; 

[ifer„PJ = 0, [J4-,PJ = -[J4,PJ = P„ [M,P] = 0; 

{NM = E, iN^,Py\^-\Ny,P,] = (i, [N,P] = P; 
lM^,My\=^M„ {N^,Ny\ = -M„ K,ifj = 0, \N^,My\=^-\_NyM = N, 

together with similar equations obtained by cyclic permutation of x, y and z. Since m 
is an invariant, its Poisson bracket with any of the components of P, M, N vanishes, 
as may also be verified directly. 

Since q, X, S and S are completely defined in terms of the above quantities, their 
Poisson bracket relations may be derived from (3-1). Those of q and S have been 
studied in a somewhat similar connexion by Born & Infeld ( 1935 ). The brackets with 
the components of P express the fact that q is a position vector and S a vector inde¬ 
pendent of the choice of origin, so that under a translation dx in the a:-direction, 
dqjdx = 1, dqyjdx = 0, etc., dSjdx = 0, i.e. 

fc,PJ = l, [g^,PJ = 0,etc., [S,P] = 0. (3-2) 

The Poisson brackets with E give the time derivatives, 

[q,P] = P-iP, [S,P]-0. (3-3) 

With M they express the fact that q and S transform as vectors under a rotation; 

[?«> ~ ~ ~ [?y> ~ 9a> 1 (3*4) 

[8,, JfJ = 0, [8^, Myl^~ [8y, ifj = / 

The Poisson brackets involving components of q and S together are (of. Bom & 
Weld,.,3S)t = 

[8^,8y] = 8,-E-^{8.P)P, = m^E-^,,. 

[8,,qy-] = E-^8,Py, [8y,q,]^E-^8yP,, 

■ [8„ gj = - E~^8^P^+8yPy), etc. 

Equations entirely analogous to (3-1) to (3-4) can be derived with X and S re¬ 
placing q and S. The equations corresponding to (3*5) are easily derived; they are 

[X, J] = P-%+m-2p-2(S.P)P, = m-%, 

= S,+m-2(S.P)P, = Ehn-%, 

[S^, J] = -m-^8^Py, [S„, X] = -m-^8yP^, 

[S„ Z] = m-\8^P^+8yPy), etc. 

t Bom & Infeld define Poisson brackets with the opposite sign to the definition adopted 
here; the signs in (3'6) are therefore opposite to the signs in iSbe reference. 





5-2 
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One may also mention the fact that the Poisson brackets of X with N express the' 
fact that X{t) is the intersection of an invariantly defined world-line with a time- 
section *«= f, namely ^x,N^ = lX = E-^P,X, ' 

[7,N,]==tX = E-^P^X, ■ (3-7) 

[Z, jyj = £X = E-^P,X, etc.. 


That these equations are characteristic of the co-ordinates of an invariantly defined 
world-line in general is shown in the appendix. 

The Poisson brackets of q with N, however, do not in general conform to (3-7), in 
accordance with the fact that the world-line determined by q is not independent of 
the co-ordinate system. They are 


E ^Px^tg SajffaJ 

+ = ix + E-'^8g, 

= X-\P^q^-Sy) = 4,qx-E-'^8y, etc.. 


(3-8) 


The condition for (3-8) to conform to (3'7) is that S shall vanish; in which case q is 
identical with X. 

The foregoing results have been stated in terms of classical mechanics. They can be 
taken as appljing in quantum theory if products such as E~^N are replaced by the 
symmetrical form ^{E-^N+NE -^); no ambiguity arises from the order of factors in 
expressions such as occur in {3’7), for such quantities as \{E~'^PxX■\-XPxE~'^) and 
\{E-'^XP^+P^XE-'^) can be proved to be equal by virtue of the general relation 
(cf. Bom & Infeld 1935 , p. 149) 

[PA,[P",Jfer"]] = 0. (3-9) 

Poisson bracket relations of course become commutation relations. The quantity m, 
defined as -t- >j{E^— P®), commutes with all the quantities occurring in the work and 
may therefore be ideated as a c-number. 


4. Tnp MASS-OENTEB AOCOBDING TO DBEINITION (e) 

Neither q nor X are suitable as generalized co-ordinates for applying the methods 
of analytical mechanics or wave mechanics, since the Poisson brackets of different 
components do not vanish. One may, however, define as follows a third vector 4 
which does not suffer from this disadvantage, 

q = q-Hm-i(m+P)-iSAP, (4-lo) 

= X-P-i(m + JS)-^SAP, ( 4 - 16 ) 

, = {m-{-E)-\Eq+mX). (4"lc) 

I have studied this vector in another connexion (Pryce 1935 ). The proof that the 
Poisson brackets of different components of ^ vanish is straightforward and need 
•not be repeated here. Like q, q depends on the frame in which the definition is 
applied. 
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Analogously to S and Z one may define § by 

§ = M-qAP. 


(4-2) 


It obeys the following Poisson jpracket relations 

[^. 0. [^as, Sy] = Sg, etc. (4-3) 

These are the relations satisfied ^y inner or spin angular momentum in elementary 
theories of piarticles (e.g. Pauli’s theory of electron spin). 


6. Application to the quantum theory op elementary particles 

The present theories of el^^ntary particles are field theories describing more 
readily the behaviour of an hpefinite number of particles than of a single particle.f 
If one confines oneself to fw particles, ignoring the interaction -with other types of 
field, the number of particles of a definite electric charge is then a constant of motion, 
invariant under Lorentz transformation. Under these conditions it is legitimate to 
speak of observables associated v(ith individual particles; the momentum, energy 
and charge of a particle are readily recognized as such observables when studying the 
field equations. 

This cannot be said, however, of the^position (i.e. the co-ordinates) of a particle. 
In elementary wave mechanics the co-6ydinate of a particle is connected with the 
operation of multiplying the wave function y, z) by x, y, z. In the field theories 
describing elementary particles one can sel^,wave functions describing a particle of 
given charge, but the functions obtained by multiplying them by x, y, z do not in 
general describe a single particle. Multiplication by x, y, z does not, therefore, 
correspond to an observably belonging to a single particle (at a specific time, in the 
‘non-relativistic’ sense). i 

On the other hand, an energy-momentum tensor is defined in all the theories, and 
since the number of particles of given charge commutes with and Mv", one can 
use the definitions just studied to define the mass-centre of a number of particles. 
In particular one can define the mass-centre of a single particle. Por a classical 
particle this would coincide with the position of the particle itself. Tor the elementary 
particles described by the quantum field theories the result may be taken as the 
nearest approach to a definition of the position that can be obtained; in particular, 
except foT particles of spin 0, it does not seem to be possible to find a-definition which 
is relativistically covariant and at the same time yields commuting co-ordinates. 


6. ApEUCOATION TO THE ELECTRON 

One of the simplest applications of § 5 is to the relativity theory of the electron, 
which is formally a one-particle theory. Denote the Hamiltonian by 

ir = a.p-(-m/?, (6-1) 

t When due regard is psad to the position interpretation of negative energy states this is 
also the case in the theory of the electron, although formally a one-particle theory appears 
the simplest. 
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a, p being the Dirac operators, p the momentum; and define 

i? = +(m2+p2)*. (0.2) 

Then only those wave functions f describe a real electron which satisfy 

Hf = Ef, (6-3) 

that is, which belong to the linear manifold corresponding to positive eigenvalues 
of if. Only those operators which operate within this linear manifold are admissible 
as electron observables m the sense of § 5. Similarly, only those operators which 
operate within the manifold of negative-energy states are admissible as positron 
observables. One can combine the two in a symmetrical way by considering 
operators which, operating on a positive energy state convert it into a positive 
energy state, and operating on a negative energy st^e convert it mto a negative 
energy state; in other words, operators which comm JR with 'H/E. Such operators 
are one-particle observables, the particle being either definitely an electron or 
definitely a positron. 

The operatorsp, E and H are observables in this sense; for electrons E and H may 
be used indiscriminately; for positrons E and —H are equivalent and equal to the 
eneigy, while the momentum is —p (positrons being associated with holes m the 
distribution of negative energy states). The operator x corresponding to multiplying 
^(x) by X, and the operators a, ^ and the spin c( = — a «), on the other hand, are 
not observables. 

For a single electron one can form 'it'/® without having to introduce the energy- 
momentum tensor of the electron field. The space-like part is 

M = XAp-i-pa, (6-4) 


while the vector N determining the time-like part is 


N = i(xif 4-i?x) = xH-lifia. 


( 6 - 6 ) 


They are observables, since they are the infinitesimal operators of the Lorentz group 
and equation (6-3) is Lorentz invariant. Alternatively, one may verify directly that 
they commute with HjE. One can immediately define q, X and 4 hi terms of p, E, 
.M and N from equations {2-14), (2-15) and (4-1), provided the products in them are 
written'in a symmetrical way, and hence in terms of x, p, a and /5. In applying these 
equations to electrons it is immaterial whether one writes E ox H for the energy, but 
a more symmetrical formulation applicable also to positrons will result if one uses H 
m equations (2* 14) and (2-15), and E in equation (4-1). 

The results are 




»A(a-P)p]- 


( 6 - 6 ) 
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The corresponding ‘ inner angular momenta ’ are ■ 

H ' 

S = ^ [m^a - mifia Ap + (p. o)p], 

h 


(6-7) 


% 

S = ^ [mo—ifia Ap + {E+ m)“^(p. o)p]. 

It win be noticed that the observables ii,p,HIE and § satisfy the same copimuta- 
tion relations among themselves as do the (non-observable) operators x, p, yff'and 
pe. This suggests that it should be possible to find a canonical transformation 
connecting the two sets. It is in fact easily verified that the transformation induced 
by the self-reciprocal unitary operator 


relates the two sets, i.e. qU = Ux, etc. 


( 6 - 8 ) 

(6-9) 


It is thus possible to transform from a wave mechanical representation in which x is 
diagonal, as usually employed in deahng with Dirac’s equation, to one in which the 
observable q is diagonal. 

The projection operators of the Hnear manifolds of states of positive and negative 
energy are (6-10) 


respectively. If is any operator then 

A^=‘B+AR+, A_=^R_AR_ , ( 6 - 11 ) 

are operators operating entirely within the linear manifolds of positive and negative 
energy states respectively, and are therefore one-electron and one-positron observ¬ 
ables. Their sum i / inr 'jff\ 

Ap = A^+A_ = -^\A+^A^^ { 6 - 12 ) 

is a one-particle observable in the sense just discussed, and may be called the 
‘observable projection’ of A. 

In this sense q is the observable projection of x, p/jEf of a, and S of pa. It will be 
remarked that the algebraic relations holding between operators do not hold between 
their observable projections. For instance, the components of x commute, while 
those of q do not; and. the components of a anticommute, while those of p/if 
commute. 

It may also be remarked that for operators A which commute with E, such as 
p, a and o, the observable projection is identical with their time average, calculated 
according to 

A(t) = exp (iHtlK) 4(0) exp (- iHtIh) 

= [cos (Etjh) H- i sin {Et/K) H jE]A{0) [cos {EtjH) —i sin {Etjh) SjE] 

= cos2 {Etlh)A{0) -1- sin2 {Etlfi) §A{0)^ 

+i cos {Et/h) sin (Etj^) |^^4(0) — 4(0) 


(6-13) 
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whence 



+f^(0) 



1 

2 






A^ 


(6*14) 


Thus p jH is the average of a, the velocity in the ‘ Zitterbewegung ’, and S of the 
spin. The ‘Zitterbewegung’ is not observable in this sense, and the observable 
niotion of an electron is quite smooth. 


7. PaBTICLBS of spins 0 AND 


Relativistic theories of particles of integral spin have been extensively studied 
(Pauli & Weisskopf 1934; Dirac 1936; Kemmer 1938,1939; Bhabha 1938, and many 
others). Of the authors quoted only Dirac starts from a formal one-particle theory, 
aqd then only from the point of view of the wave equation and abandoning some of 
the features of the usual transformation theory of quantum mechanics. The others 
start from a theory of quantized fields, but Kemmer (1939) has also discussed the 
relation between the quantized field theory and a formal one-particle theory. For 
the present purpose the notation introduced by him is particularly suitable as it is 
capable of describing particles of spins 0 and ^ vith the same formalism. 

The starting-point is a field quantity 'F(x), having five or ten components re¬ 
spectively, which for charged particles is a complex quantity. It is the sum of an 
annihilation operator of positively charged particles and a creation operator of 
negatively charged particles. Por free particles of mass w it satisfies the wave 

equation {tt^Mdldzi*+m)Y = 0 , (7-1) 

where are matrices independent of x which induce linear transformations of the 
components of T, and satisfy the commutation relations 


= - gJp'pp _ fP/iP. (7-2) 

Quantities such as JJJ'f’*(x) J['F(x)d®x, .= Sparticles( 7 ‘ 3 ) 

where A is any linear operator,! represent, under certain conditions, the sums of 
one-particle observables A, over all the particles in the assembly (and therefore 
commute with the number of particles). More generally they have additional terms 
representing the creation and annihilation of pairs of oppositely charged particles, 
but with the operators A to be considered in this paper these latter vanish. 

One may associate a wave function ^i^(x), satisfying the same wave equation (7'1), 
with a state of a single particle, and associate hnear operators on ^J^(x) with one- 
particle observables. From equation ( 7 - 1 ) it follows that there are certain conditions 
restricting ^^^(x) at a specific time, so that not every wave function is admissible. It is 
this fact which modifies the application of quantal transformation theory. These 
restrictions can be written in the form of a single equation (Kemmer 1939, equation 
( 69 )) 

(7-4) 

t .lT(x) -will iiave the general form JJJ jl(x, x') 'F(x') cfx', where JI(x, x') is itself a matrix 

operating on the components of Y. The symbol A in this section is not to be confused with 
the A in (6-14). 
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Here, following Kemmer, stands for and is a Hermitian matrix; Roman indices 

run from 1 to 3. The operator Q is idempotent, 

= Q. (7-6) 

, With the help of equations (7*1) and (7*4) the rate of change of ^ can be written in 
the form ^ . 

• (7-7) 


where 


H = 


Not all wave functions satisfying (7-4) represent a state of a single physical particle; 
in general such a wave function is associated partly with the state of a positively 
charged particle and partly with the state of a negatively charged particle. The 
condition for it to represent a state of only one particle is 


Hir= ±JEf, 


(7-10) 


E being given by (6-2) and the sign corresponding to the charge. (For the negative 
sign it is the complex conjugate of ijr that is linearly related to states of a particle.) 

Only operators which operate within the linear manifold defined by (7-4) and (7* 10) 
simultaneously are to be Regarded as one-particle observables. Operators which 
operate within the bigger manifold defined by (7-4) alone wilj be called/oma? one- 
particle observables. 

If tjr is any wave function, not necessarily satisfying (7-4) then (1 —Q)^ does 
satisfy (7’4), by virtue of (7'6); moreover if ^ does satisfy (7-4), then (1- ^)j^^ is 
identical with ijr. It follows’that the condition for .4 to be a formal one-particle 
observable is QAil-Q)^0. (7.11) 

. Two operators A and B have the same effect on aU i/r’s satisfying (7-4), and therefore 
represent the same observable, if 

Ail-Q) = B{1-Q). (7-12) 

This win be written A ~ B. 

A formal observable A is also a physical observable if 


E-^HA~AE-^H. 

The following identities are quoted for future reference. 

QH = 0, 

= to(1 - Q), 


(7-13) 

(7-14) 

(7.16) 
(7-16) 

(7.17) 
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One needs to know the connexion between the operators A, representing one- 
particle observables in this sense, and the operators Jt in equatioli (7*3). For the 
present purpose Kemmer’s discussion needs amplification. As the wave function is 
not directly related to quantal transformation theory one must be prepared for some 
ambiguity in the connexion. The problem may conveniently be attacked by con¬ 
sidering the Poisson bracket, (7, of two observables A and J5. One then has 






= J'F*(x)^(x)i®X. (7-18) 


The left side can he evaluated if one knows the commutation rules for '■F* and T. 
These are given, apart from a factor of proportionality, by the quantized field theory, 
and are, with a suitable choice of this factor. 


T(x)T*(x')-T*(x')T(x) = (7-19) 


In this equation the products of the many-component T’s are to be understood as 
outer products, equivalent to matrices: the right side is the matrix representative 
of the operator Hjm. Equation (7'18) can therefore be written 


m-ijT*(x)[4ir£ - SEA] T(x) #x 


Jt*(x)[^£ - BA} Y(x) d^x 


(7-20) 


or m-\AHB - BE A} ^{AB-BA}. (7-21) 

This is achieved if one assumes either the connexion 

A^m-'^El, (7-22 a) 

or A~'mr^AE. (7-226) 

The two are related by canonical transformation and therefore algebraically 
equivalent. A slight disadvantage is that if A is Hermitian, A in general is not. 
This could have been avoided by taking 

Ar-^m-^E^AE^, (7-22c) 


if E had possessed a real square root. On the other hand for physical one-particle 
observables, for which E is equivalent to jB" or - B, according to the charge, a formu¬ 
lation effectively equivalent to (7-22c) is given by 


A~m-^E-*EAE^, (7-22d) 

A^mr^EilEE^. (7-22 e) 

For the present purpose it is convenient to take (7-22a) as this automatically 
ensures that A satisfies (7-11) ((7-22(i) also does this), and is simple. 
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The converse of (7'22a) may be written 

A = 


(7-23) 


For if one starts wdth A and forms A by ( 7 - 22 a), and then calculates a new A, say A', 
by (7-23) one obtains 7 / i o rr t 

^ ’ A' = mr^p^EA, . (7-24) 

t 

which gives the same as A when substituted m an expression of the form ( 7 - 3 ), since 

= T*, (7-25) 

by virtue of the adjoint of (7-15) and of (7-4) applied to T. Conversely, if one starts 
with A and forms J[ by (7-23), and then forms A again by ( 7 - 22 a), one obtains 
mr^HpiA, which is equivalent to A by virtue of {7-15) and (7*11). Equation (7-23) 
makes Kemmer’s prescription for calculating the expectation value of an observable 
formally analogous to {7'3), with replacing T; and throws light on the ambiguity 
concerning the order of the factors /?* and A discussed by him (Kemmer 1939 ). 

For the purpose of finding the mass-centre observables it is necessary to form the 
energy-momentum tensor. With the normalization of (7*19) it is given by (Kemmer 
1939 , equation (19)) 

Ti^{-k) = mT*(x) {l-2^^{pi^P’>+P^pi^-{-gi«')Y{-x.), (7-26) 

whence, usiug the algebraic properties of the P’e 

T’oo = (7-27) 

yo* = C^'^S) 

The total energy and momentum of the system are therefore given by 

po = mjT*(x)T(x)d3x, P = mjT*(x)YT(x)d»x. (7-29) 

The corresponding one-particle operators, according ta (7'22a) are H and or 
by (7-17), H and p. This result is a check on the consistency of the scheme under 
discussion, 

. The corresponding results for the one-particle angular momentum tensor are 

M-jETxay, (7-30) 

N-Hx. (7*31) 

The equation for M .can be written 

M^xaJ?y+(^x— x-Ef) AY'^XAp--ij?Y^Y= XAp-i^PAp, 

or M-XAp-i-«s, ' (7*32) 

where s = —ipAp, (7*33) 

in xtccordance with Kemmer’s result. 

To form q one must use equation (2*14) with H in place of E, and the product 
written in symmetrical form. It is important to remember that H, operatiug on un- 
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restricted wave functions, does not possess an inverse; but since I, one may 

use E~^H. as its inverse when dealing with observables (formal or physical). One 
therefore has 

q - JS-2i?N+~ +HxS-m) 

= xE-m^ + mE-\E-^H^p - - yiT) ~ x+ i^E-\ - Jp + Hy - yS), 

or q~x+%£'"“(pAS—(7*34) 

The corresponding result for 3 is 

S = M-qAp~M-2(i?®s-p2s + (s.p)p + mpAp), 
or S~M-*(m2s+mpAp + (s.p)p). (7-36) 

The expressions for x, q, S and § are easily deduced from (2’18), (2‘19), (4*1) and 
(4-2), They are 

X~x-fim-'^E-^{E^^ - (P .p)p) - ^M-2p, 
q ~ X+ ii{E-^^ + E-\E +«i)-ip a s + E-\E +m)-^ P •P)p) - 

S ~ + p Ap), 

§ ~ + P Ap + (j 5 ?+m)-i(8 .p)p). 

Apart from the extra imaginary term — ^fiE~^ in the mass-centre, it will be seen 
that there is a strong similarity with the results for the electron. 

The imaginary term would have been absent if (7'22d) had been'ohosen as the 
connexion between A and 2, instead of {7-22a). One may therefore ignore it if one 
appropriately chooses the normalizing condition for rlr. 

The above results are applicable as they stand both to particles of spin 0 and spin %. 
Clearer insight into their meaning is obtained by evaluating their matrix representa¬ 
tion for the two cases. For this purpose it is useful to multiply the expressions on 
the right by (1 —Q); this gives the same physical observables and suppresses the 
irrelevant linear operations on non-admissible wave functions. 

For particles of spin 0 the yff-matrices have five rows and columns; they are given 
explicitly by Kemmer ( 1939 ). It is easily calculated that S, S, S vanish identically, in 
accordance with the absence of spin, and therefore q, X and ^ are all equal; and it is 
a simple matter to write down the expression for the latter, but we shall not do so 
here. For spin K the yff-matrices have ten rows and columns. It is easily verified that 
the matrices representing the components of § have the eigenvalues 0 and — 
and that S® reduces the 2 ^®. 

Another possible approach to the study of the states and observables of a single 
particle is to start with a Fourier analysis of T’(x). There are two or six independent 
Fourier components associated with exp(ik.x) for spin 0 and ft respectively, 
connected with positive particles of momentum ftk (as armihilation operators) and 
with negative particles of momentum — ftk (as creation operators). The two t 3 rpes of 
charge can be separated by a simple linear transformation (e.g. Pauli & Weisskbpf 
i934> equation (27); Kemmer 1938 , equation ( 21 )), leaving one or three independent 


(7-37) 
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components for each type of particle, and having the transformation properties of 
a scalar or a vector, respectively, under space-rotations. Associated with each such 
operator is an eigenstate of linear momentum, which may be normalized and used as 
the basis of a representation (the states in the vector case are mutually orthogonal) 
in which the momentum is diagonal. There is no ambiguity about the relative phases 
of the eigenvectors, since they can be fixed by the creation operators (Fourier 
components) operating on the zero state. 

One may then define a co-ordinate operator iMjSP. Its components obviously 
commute with one another. It can be veriSled that in both cases this operator is 
identical with the observable q, and that for the vector case (spin h) § is represented 
by the matrices 

/O 0 0\ I 0 0 ifi\ fO -in 0\ 

4= jo 0 -inj, ( 0 0 o), 0 01, (7-38) 

\o in 0 / \-in 0 0 / \o o o/ 

operating on the three components of the wave function. 

The foregoing analysis has dealt with charged particles. It may, however, be 
applied to neutral particles with very little change in the argument. T is then 
Hermitian, being the sum of creation and annihilation operators for the same 
particle instead of for particles of opposite charges. T(x) no longer commutes with 
T(x'). This introduces a factor 2 in the left side of equation (7-20), the consequences 
of which can be eliminated by normalizing T in such «^way that a factor 1/2 appears 
in the right side of (7'19). Y* must of course be replaced by T wherever it occurs. 
The operators 2. must be chosen symmetrical (not only Hermitian), irrelevant 
expressions are to be avoided. 


8. Photons 

The application of the foregoing ideas to particles of zero rest-mass presents some 
special features. The vectors q and S are given directly in terms of the Lorentz 
operators and, provided the energy is never zero, are always definable. But the factor 
occurs in the definition of X and S, (2-16), (2'17), and the factor in the defini¬ 

tion of q and §, (4-1 c), (4-2). They are therefore not definable when m is zero. 

The analysis of observables of photons can be carried out in amanner analogous to 
that for particles of spin h, since the equations of the electromagnetio field are m 
many ways similar to their wave equation. The analysis of the previous section 
cannot be taken over directly, however, as the equations become degenerate in the 
limit 

The electromagnetic field can be described by specifying the six components of the 
electric and magnetic fields, and The four potentials are not uniquely defined 
and are irrelevant to the present purpose. One may^therefore group the six field 
components into one six-component field quantity, 4>. It is rather more convenient 
to divide by for the purpose of normalization, and this will be assumed. One 
may further associate with the state of a photon a six-component wave function, <J>, 
satisfying the same wave equation, namely Maxwell’s equations in operator form. 
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Let matrices be defined as follows; 


== 


/o 

0 

0 

0 

0 

0\ 


/ ® 

0 

i 

0 

0 

/o 

0 

—i 

0 

0 



f 0 

0 

0 

0 

0 

1 ® 

i 

0' 

0 

0 

0 


-i 

0 

0 

0 

0 

1 ^ 

0 

0 

0 

0 


, T — 

i. ^ 

0 

0 

0 

0 


0 

0 

0 

0 

-i 



0 

0 

0 

0 

\o 

0 

0 

0 

i 

0/ 


\ 0 

0 

0 

— i 

0 


/O -i 


T® = 


0 

0 

\« 


0 

0 

0 


0 - 

0 

0 

0 


0 0 
0 0 


0 

0 

0 

0 

i 

0 


0 

0 

0 

-i 

0 

0 


:\ 

0 

.0 

0 

0 / 


p = 


0 

0 

0 

i 

0 

0 


0 

0 

0 

0 

i 

0 


0 

0 

0 

0 

0 

i 


-i 

0 

0 

0 

0 

0 


% = px = xp. 

The T-matrices satisfy the commutation relations 

tV®—= ir®, etc., 
and jk^j^T7nTlj.k ^ + 


( 8 - 1 ) 


( 8 - 2 ) 

(8-3) 


The ^-matrices also satisfy relations of the form (8-3), which is also the same as ( 7 * 2 ). 
The matrix p commutes with all the others and its square is the unit matrix. 

With their help the six Maxwell equations involving the time can be written in the 


Hamiltonian form o* o 

(8-4) 

The other two Maxwell equations 

div<? = 0 , div^ = 0 , ( 8 - 6 ) 

cannot be expressed directly in this form, but the derived equations , 

graddiv«f = 0 , graddiv^ = 0 , ( 8 ‘ 6 ) 

can be written jK®® ='( 5 .p)®<l» = (T.p)®<I>, ( 8 ' 7 ) 

where ^J'®=p®. ( 8 ' 8 ) 

This may be regarded as equivalent to ( 8 - 6 ), which can be derived from it if suitable 
boundary conditions at infinity are imposed. 

It is useful to define /i = J?-’-(T.p). ( 8 ‘ 9 ) 

It will be seen later that pH is the component of angular momentum about the 

direction of motion. It satisfies the characteristic equation 

p?-p. ( 8 - 10 ) 

Equation {8>7) can also be written /t®<l> = d>. ( 8 ’ 11 ) 


One sees that the eigenvalues of p are +1 and 0 , and that when p is operating on 
admissible wave functions only the eigenvalues ± 1 occur. 
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A state of a photon can be associated with a wave function satisf 3 dng 


, 

II 

(8-12) 


(8-13) 

II 

(8-14) 

corresponding to equations (7-4), (7-7) and (7*10), where 

H = l.p. 

(8-15) 

Equation (8-14) can also be written in the form 

II 

(8-16) 

from which (8*12) can be deduced, since 

(P/4)2 = flK 

(8-17) 


If tlr is any wave function, then n^ilr satisfies (8-12) and if Tjr itself satisfies (8-12) 
is identical with One may again define a formal observable as an operator 
which operates within the manifold defined by (8-12). The condition for an operator 


A to be a formal observable is (8-18) 

Two operators A, B represent the same observable if 

{8-19) 

The following identities are easily established 

Hm = H, ( 8 - 20 ) 

( 8 -. 21 ) 

^~p. (8-22) 

The commutation relations for 0 are 

<b{-&) a»(x') - <I>(x') <t>{x) = - 2in§‘ ^ ^(x - X') (8-23) 


(the products of ^>’s being outer products). The equation analogous to (7*20) is 


J<5(x)[Air5-jSirA]<I)(x)d®x = J<I>(x)[A5-5A]«I>(x)d8x, (8-24) 

A, B being symmetrical operators. It will be noticed that this differs from (7*20) by 
the factor m, owing to the diff erent normalization of 
The connexion between A and A, analogous to (7'22) is 

(8-25) 

The components of the energy-momentum tensor are 

jioft _ (1,^*4)^ = (8-26) 

the products of O’s being here inner products. It follows that the one-photon energy 
and momentum are JI andp (from (8*22) and (S'25)). 

The angular momentum is M~frxA5~XAp+^. (8-27) 

The vector N is given by N-'^^’x, (8'28) 

from which follows 

q ~ -{■ HxE-^H) ~ x+ KE-^ at- ^KE-^. 


(8-29) 
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The ‘inner angular momentum’ S is 

S (8-30) 

It is parallel to the direction of motion, "with eigenvalues + H. Both q and S are, of 
course, one-photon observables as well as formal observables. 

The alternative approach to one-particle observables mentioned at the end of § 7 
leads to particularly simple results for photons. The state of a photon is related to 
a normalized vector wave function whose divergence is zero. The divergence condi¬ 
tion reduces the effective number of components from three to two, corresponding to 
the two independent states of polarization of a photon. Only those operators which 
maintain the divergence condition correspond to observables. Multiplying by x does 
not, which corresponds to the non-existence of q. The expression for q is given by 
(8-29) with the imaginary term omitted, and the r-matrices being taken as the left- 
hand top quarter of ( 8 - 1 ) (which is a reducible, and in fact reduced, representation of 
the T-algebra). The expression for S is the same as (8‘30). 


9. CONOLUSION 

From the point of view of relativistic quantum mechanics the only ‘position 
vector ’ that has much interest is the one which is relativistically covariant, namely, 
X. The fact that its components do not commute leads to an uncertainty in their 
simultaneous measurement of order Klmc. This is related to the fact that localization 
of particles within a smaller region leads to uncertainties in kinetic energy of the 
amount needed for pair creation; but the connexion is not so direct that one could 
deduce the necessity of the uncertainty from the possibility of pair creation alone, 
for in the particular case of particles with no spin the components of X commute and 
perfect localization without pair creation is in principle possible. 

No attempt has been made to consider one-particle observables when the inter¬ 
actions with other types of field are taken into account, as the number of particles is 
then not constant and the concept of one-particle observables is difficult to define. 
It is possible, however, that a useful generalization to motion in a constant electro¬ 
magnetic field exists. 

Attention has been directed primarily to the position co-ordinates, but one could 
also consider 'the closely related particle densities, given, when the co-ordinates X 
commute, by S^(x—X). Such an expression can indeed be formed with but its 
properties under Lorentz transformation are far from simple. It is also possible to 
generalize the delta-function for non-commuting X. One such possibility is 

(2v)-aJJjexp[i5.(x-X)]d3^, 

whicli reduces to the delta-function if the components of X commute. With this 
definition the densities at different points do not commute, corresponding to the 
uncertainty of position of order of magnitude hjmc. Le Couteur ( 1948 ) has recently 
studied particle densities in meson theory. ^ 
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Appendix 

Transformation properties of the co-ordinates of a world-line 
Consider an invariantly defined world-line g^(s), s being some parameter varying 
along the line. Let the point P corresponding to s have the time co-ordinate t in one 
frame of reference, and the point P' corresponding to s' = s -i-ds have the same time 
co-ordinate t in another, shghtly different, frame of reference. The co-ordinates of P' 
in the two frames are related, to first order, by 

zi^{s') = z’t\s') + e'ii'''{s'), 

where are the coefficients of the infinitesimal Lorentz transformation connecting 
the two frames. One also has , ^ 

zi*{s') = z/*(s)+-^ds, 


whence, to first order, 


z'^(s')—z^(s) = ^ds— e^”, 


Now¬ 
and so 


z»(s) = z'«(s') = t, 

.. egg” egz- 
dz^/ds dtjds' 


Substituting this value of ds gives 


Az/‘=z'-“(s')—z^(s) = ej 


dt 




which is the required change due to the Lorentz transformation in the co-ordinates 
of the point whose time-co-ordinate is t. Applying it to the particular case of uniform 
translation in the ir-direction with velocity e for which ^ = 4 = others zero. 


gives 


Azi 




A^.ep. 


AS ‘^**1 

Az® = e-r-zS 
at 


which is the result implied in (3-7). 


Note added in proof (6 August 1948). I understand from Dr A. Papapetrou that 
he has published similar work under the title ‘Drehimpuls- und Sehwerpunktsatz 
in der relativistischen Meohanik’, 1939, Praktiha Acad. Athenes, 14, 640, and 
'Drehimpuls- und Sehwerpunktsatz in der Diracsohen Theorie,’ 1940, Praktiha 
Acad. Athines, 15, 404. 
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The generation of., radio-frequency radiation in the sun 

By M. Ryle, Cavendish Laboratory, Cambridge 
{Communicated by Sir Lawrence Bragg, FM.S.—Beceived 24 January 1948 ) 

Measurements of the radiation emitted by the sun at radio-frequencies have shown that the 
intensity greatly exceeds the value associated with a surface temperature of 6000 IC. 
linder normal conditions the radiation, which appears to be randomly polarized, has an 
intensity which corresponds to the radiation from a black-body source subtending the same 
solid angle as the solar disk and at a temperature of about lO*^ During the presence of 
sunspots very much more intense radiation is emitted by small areas of the solai* disk; the 
intensity at these times corresponds to radiation from a source at a temperature of 10** to 
10^0 and the radiation is circularly polarized. 

The experimental results are considered theoretically in this paper, and it is concluded 
that the radiation in both cases arises from the acceleration of electrons in the solar atmo¬ 
sphere. It is suggested that by the action of the permanent magnetic field of the sun and the 
non-uniform rotation of the surface matter, a high potential difference is developed between 
the poles and the equator. Under normal conditions this potential can only produce small 
• discharge currents through the solar atmosphere, although the electric field produced may 
be sufdcient to maintain a mean electron temperature of 10® to 10® °K in the levels likely to 
emit radio-frequency radiation. During the presence of sunspots much more intense electric 
fields can be made available in the solar atmosphere, and in the neighbourhood of the sunspots 
electron temperatures of the order of 10^® °K1 should be maintained. 

A high-temperature electron gas can only radiate appreciably at those frequencies at 
which it absorbs well. An application of the magneto-ionic theory to the solar atmosphere 
above a sunspot shows that there are several regions capable of absorbing radiation at each 
frequency. For one of these regions the absorption (and therefore the radiating power) is 
very great, put radiation emitted by the region can only be propagated towards the centre 
of the sun. This region cannot therefore be responsible for the high-intensity radiation 
associated with sunspots, although the asymmetrical flow of energy from the region must 
produce an outward radiation pressure; this pressure may be of importance in accounting for 
the elevation of matter in the solar atmosphere above sunspots. 

Two other regions have a high absorption (each region absorbing one of the two circularly 
polarized components) and radiation from both regions can escape from the sun. Owing to the 
differences of radiating power and electron temperature in the two regions, it is likely that 
the intensities of the two emitted waves will be different. The radiation which is observed on 
the earth will therefore appear circularly polarized, the sense of the polarization corre¬ 
sponding to that of the most intense wave. 

1. Intboditction 

In a previous communication (Ryle & Vonberg 1948) an account was given of 
measurements made on the radio-frequency radiation emitted by the sun. The experi¬ 
mental results were summarized in § 9 of that paper, and are reproduced here for con¬ 
venience in § 2. It is the purpose of this paper to suggest a theoretical explanation for 
these results, and to show how the theory might also explain other, non-radio, 
observations. 

The theory suggested supposes that the electrons in the solar atmosphere acquire 
a high energy by acceleration in an electric field produced by the influence of the 
permanent magnetic field of the sun on the surface matter by a mechanism which is 
described in §6. These electrons wiU. emit radio-frequency radiation, and in the 
presence of a magnetic field, two components of different polarization will be 
generated. The intensity of this radiation might attain a maximum value correspond¬ 
ing to the equivalent temperature of the electrons, but the escape of the two polarized 

[ 82 ] 
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components from different heights in the solar atmosphere raises some important 
problems which are closely related to the magneto-ionic theory of the terrestrial 
ionosphere. 

The application of the magneto-ionic theory to the sun is discussed in § 3, and 
possible mechanisms for the generation of radio-frequency energy in sunspot regions 
and in the undisturbed solar atmosphere are examined in §§ 4 and 6 . 

2. SUMMAEY OB' EXPBBIMENTAl RESTJLTS 

It has been found that the sun at all times emits radio-frequency radiation whose 
intensity exceeds that expected from a source at 6000° K. The minimmn intensity 
observed for frequencies less than 200 Mc./seo. corresponds to radiation from a black- 
body source at a temperature of the order of 10 ® °K and subtending an angle of J°. 
If the radiation can only escape from certain restricted areas of the solar disk, the 
equivalent temperature must be correspondingly higher. 

During the appearance of sunspots, particularly when these are near the meridian, 
the intensity may be much increased, reaching values corresponding to a ^° somce at 
a temperature of the order of 10® °K for 176Mc./sec., and 10® °K for 80Mc./sec. 
radiation. Experiments have shown that the radiation under these conditions is 
emitted from a region whose size is of the same order as the visual sunspot. The 
source regiqns must therefore have equivalent temperatures of at least 2 x 10 ® °K 
for 176Mc./sec. radiation. Measurements of the diameter of the source at lower 
frequencies have not been made, but it is possible that still higher equivalent tem¬ 
peratures may be necessary to account for the observed intensities. 

During the perioiis of greater activity, the radiation is characterized by sudden 
brief increases of intensity. These ‘ bursts ’ of radiation may have intensities as great 
as 100 times the mean value, with durations of a few seconds to many minutes. The 
larger bursts (which are usually observed nearly simultaneously on both 176 and 
80 Mc./seo. and are often accompanied by other evidence of solar activity) may 
represent an increase in source area, but it seems probable that sudden increases of 
the equivalent temperature must be involved. 

The radiation during periods of increased intensity has been found to be circularly 
polarized. 

3. ThB! MAGNBTO-IONIO theory APPLIBb TO THE STOT 
(a) General considerations 

The fact that the more intense radiation, associated with the presence of large 
sunspots near the meridian, is usually circularly polarized, and that the sense of this 
polarization is different for different sunspots, suggests that the rotation of electrons 
round the magnetic field of the sunspot plays a part in the production or propagation 
of the radiation. The passage of radiation through an electron gas in a magnetic field 
has been fuUy worked out, for the case of the terrestrial ionosphere, in the ihagneto- 
ionic theory of Appleton ( 1932 ). According to this theo]^, a wave traveUing in any 
direction relative to the magnetic field is split into two characteristically polarized 
waves, called the ordinary and the extraordinary, which are propagated with 

6-3 
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different velocities and undergo different absorptions. When a wave travels parallel 
to the direction of the magnetic field, the two characteristic waves are circularly 
polarized, in opposite directions; the iiame of ^extraordinary’ wave is given to that 
whose electric field rotates in the same sense as the freely gyrating electrons. The 
absorption of the waves is due to collisions of the accelerated electrons with atoms; 
where the number of atoms per cubic centimetre is large compared with the number 
of electrons, the absorption can be appreciable, but for a gas which is largely ionized 
the absorption is only high where the refractive index approaches zero. In the outer 
layers of the solar atmosphere, ionization is virtually complete, and thus it is, in 
general, only necessary to consider absorption processes in regions where the re¬ 
fractive index vanishes (a conclusion also reached by Martyn ( 1947 )). 

In the absence of a magnetic field, the refractive index {jj) of a region containing 
N electrons per cm.^ for a wave of angular frequency^, is given by 

. , 4c7tN 

where represents the permittivity of free space.* 

4c7t1S[ ^ 

It can be seen that propagation of a wave is only possible when — — <1. For 

larger values of electron density the region becomes over-dense, and a wave of 
angular frequency p caimbt be propagated. 

The presence of a magnetic field (H) alters the conditions, and for the case of 
propagation along the direction of the magnetic field, the refractive index is given by 


]jfi =1 


imNe^ 


4:7rNe^ 

e^mpip-ps) 


(ordinary wave), 
(extraordinary wave). 


( 1 ) 

(2) 


where (= Eeje^mc^) represents the natural frequency of gyration of the electrons 
in the magnetic field. Propagation of the ordinary wave is possible for all values of 


— providing 
p ^ ° e^mp‘ 


4:7rN 4e7rN ^ 

< 1 , and it can be seen that even for values of propa¬ 




gation is possible where Pjgrjp is large. The presence of a magnetic field therefore 
allows propagation of the ordinary wave even in an over-dense medium. 
Propagation of the extraordinary wave is only possible for values of 

Pb t j 1 * 4:7TNe^ 

— >1 and <1--- 


P 


e^mp^ 


For intermediate values oipj^jp propagation cannot occur. The passage of an extra¬ 
ordinary wave may therefore be prevented by the presence of a magnetic field having 
an intensity within a certain range. 

The simple magneto-ionic theory can be used to determine the passage of radiation 
through a region where the rate of change of magnetic field with height is small 
compared with the rate of change of electron density, as in the terrestrial ionosphere 

* The term €q is included so that the relations are valid in any system of units. 
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and in problems involving only the permanent magnetic field of the sun. In sunspot 
regions, however, it is probable that the change of re&active index with height is 
determined mainly by the magnetic field. 

The escape of radiation from a sunspot region has been considered in this manner 
by Saha ( 1946 ), who suggests that the presence of the intense magnetic field of a sun¬ 
spot opens, as it were, a window in the solar atmosphere, thus permitting the escape 
of one circularly polarized component of radiation from an underlying source of 
great intensity. This mechanism corresponds to the case, mentioned above, of 


4t:7rN 6 ^ ^ TT 

propagation of the ordinary wave in a region where- 1 and — > 1 ; the 

polarization of this wave is of opposite sense to that of a freely gyrating electron. This 
theory appears to present two diflGlculties: first, because it can only explain the very 
high observed intensities by supposing that the source, which on this theory must be 
situated in a layer of high density below the photosphere, is at a temperature of 
10® to 10^® °K; and secondly, because the magnetic fields observed in sunspots at 
photospheric levels, seem inadequate to satisfy the conditions for transparency, 

-- — 1 j in the much over-dense layers of the lower chromosphere.* 

’ In this paper an alternative theory is therefore put forward, in which it is suggested 
that the radiation is emitted by the acceleration of electrons in particular levels in the 
solar atmosphere. (The highest observed intensities of sunspot magnetic fields are 
insufficient to make the contribution of ions appreciable.) Owing to the low density 
of the solar atmosphere, it would be possible to maintain a sufficiently high electron 
temperature to account for the observed intensity of the radiation, in a region where 
the gas temperature is comparatively low. This departure from equilibrium could be 
maintained by the application of an electric field to the region, and a mechanism for 
the maintenance of such a field will be suggested in § 6 . 


( 6 ) Radiation from a magneto-ionic region 

As stated earlier, a wave travelling in a magneto-ionic region suffers absorption as 
a result of the electrons losing the energy which they have abstracted from the 
incident wave by collision with atoms. For the particular case of an extraordinary 
wave of frequency equal to the frequency of free gyration of an electron, the energy 
abstracted from the wave by each electron is greatly increased, and the absorption 
becomes very great, even when the electron density in ihe region is small. The 
ordinary wave, on the other hand, suffers no great absorption in the region. By 
considering Earchhoff’s law coimecting the radiating power and the absorbing power 
of a body, it can be seen that a heated electron gas will radiate a wave whose frequency 
equals that of the free gyration of the electrons, and whose polarization corresponds 
to that of the extraordinary wave, f Further, since the absorption is great, a relatively 

* In a recent paper Saha, Banerjea & Guha (1947) have also shown that, unless the magnetic 
field in the lowest levels attains a very high intensity over a small cross-section, it is unlikely 
that radiation at metre wave-lengths will be able to escape from regions below the base of the, 
chromosphere. 

t A mechanism first suggested by Kuepenheuer (1946). 
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thin layer of small electron density will be sufficient to produce a wave whose in¬ 
tensity corresponds to the mean temperature of the electrons. The propagation of 
a wave generated by such a process in the solar atmosphere will be considered 
in § 3 (c). 

A detailed analysis of the absorption of waves m the terrestrial ionosphere has been 
made by Booker ( 1935 ), in which it is shown that, for propagation paraUel to the 
magnetic field, the absorption coefficient is given by 

K = ^ -— I (extraordinary wave), (4) 

2cl-pslp\ P ) 

where v = coUisional frequency. 

It can therefore be seen that, in addition to the process just considered, the ab¬ 
sorption of a wave in a magneto-ionic region can become appreciable in regions 
where the refractive index is very small. The absorption coefficient will be much 
smaller than for the resonance case previously considered, and unless there is a con¬ 
siderable depth over which the refractive index remains small, the. overall attenua¬ 
tion of an incident wave will not be appreciable. The intensity of the radiation 
emitted by a heated electron gas in such a region will therefore be considerably less 
than the intensity corresponding to the mean electron temperature unless the 
gradient of refractive index is small. 

The absorption occurring in the solar atmosphere near regions where the refractive 
index vanishes will be discussed in § 3 (d) in order to determine, first, whether any 
such regions are likely to have sufficient radiating power to account for the observed 
intensities of radiation and, secondly, whether the radiation generated can escape 
through the overlying regions. 

(c) Generation of radiation in a region of ‘ resonance absorption ’ 

It was suggested in the previous subsection that circularly polarized radiation 
would be emitted by the free gyration of electrons rouifd the magnetic field of a sun¬ 
spot. Magnetic fields of 20 to 80 gauss are required for the generation of frequencies 
of the order of 60 to 200 Mc./seo. Assuming that the field of a t 3 q)ioal unipolar sun¬ 
spot has the form of that of a dipole situated one-tenth of a solar radius below the 
photosphere, and with a field strength at the photosphere of 3000 gauss, the fields 
required for the production of 60 to 200 Mc.'/sec. radiation will occur at heights of the 
order of 10 “ cm. above the photosphere. The possibility that electrons in such regions 
could have sufficient energy to give rise to the observed intensities of radiation will be 
discussed in§ 6 , and only questions concerning the propagation of radiation generated 
in this way will be considered here. 

As soon as radiation has been emitted by the gyrating electrons, it finds itself in 
a magneto-ionic medium, and for propagation in any direction it has precisely the 
polarization appropriate to that wave which has been called the extraordinary wave 
at a frequency equal to the gyro-frequency {p = p^). If the wave travels away from 
its point of origin, it wifi, move into a region where the magnetic field (and hence p 
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is different. With the previous assumption that the magnetic field of a sunspot 
approximates to that of a dipole situated below the point of origin, and with the 
further simplifying assumption that there is no permanent solar magnetic field, the 
intensity of the field (and hence decreases at distances farther from the sun, and 
increases towards the centre of the sun. Thus radiation travelling away from the sun 
finds itself in a region where pjgjp < 1, and according to equation (2) the refractive 
index is imaginary, so that the wave cannot exist as a travelling wave, but only as an 
exponentially attenuated ‘'evanescent’ wave. At a greater distance from the stm, 

however, p;^ has fallen to a suflS.ciently low value, for-^ < 1 — ^ and propaga¬ 
tion at all greater distances then becomes possible. It therefore appears that the 
gyro-wave could only escape from the sun by penetrating the over-dense ^barrier’ 
which lies immediately above the place where it is generated. There is, however, no 
dijffilculty in its propagation downwards, into tha sun, since increases in that 
direction, and the refractive index, according to equation (2), remains real. 

On this simple picture gyro-radiation will be produced at each level in the solar 
atmosphere, with an intensity equivalent to the electron temperature at that level. 
The radiation can only be propagated towards the centre of the sun, however, and it 
is now necessary to investigate other more complicated mechanisms which might 
permit escape in an outward direction. 


(i) Lmkage of the evanescent wave 

The exponentially attenuated wave might ^leak through’ the over-dense region 

where l>^>(l — — provided that this region is not too thick, but in- 

sertion of reasonable values for the quantities involved shows that there is little 
possibility of appreciable energy escaping in this way. 


(ii) Spread of gyro-frequency due to Doppler shift 
It has so far been assumed that a single frequency { = Ps) ^ generated at each 
point. Owing to the Doppler shift, a band of frequencies will be produced, and the 
higher frequency components in this band might be able to escape. Since electron 
temperatures of the order of 10^® ^ 10® V) must be involved, the Doppler spread 

is very considerable and the energy density at those frequencies which are capable 

of escaping j^> will be comparable with that on the centre fre¬ 

quency. There are, however, still diflSiculties in the way of an explanation along 
these lines, because the refl.ecting region will also contain high-energy electrons, and 
there will be a comparable density of electrons, having a high upward velocity, 
which are capable of selectively reflecting any radiation emitted from the region of 
generation. 


(iii) Relativity mass correction for high-energy electrons 
Experimental results have shown the existence of radiation corresponding to an 
electron temperature of 10® to 10^® and thus the mean electron temperature 
must exceed this value, and may be appreciably greater. For electrons of thia 
energy the relativity mass correction is important; an increase of electron mass has 
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thjB same efEeot on the refractive index as a reduction in electron density. It is 
unlikely that the effect would be sufficient to cause appreciable leakage of the 
evanescent wave, however, as a small fraction of low-energy electrons would still 
be capable of causing a prohibitive attenuation. 

From the above considerations it can be seen that the escape of gyro-radiation in 
an outward chrection can only occur with a very great attenuation, and it is therefore 
concluded that the high-intensity circularly polarized radiation associated with 
sunspots does not have its origin in the free gyration of electrons in the magnetic 
field of the sunspots. Radiation generated in this way can, however, be propagated 
towards the centre of the sun, and the significance of this asymmetry will be dis¬ 
cussed in §7. 

(d) Qeriercdim of radMtim by regions of low refractive index 

As stated ^rlier, and except for the ‘resonance’ case already considered, the 
absorption of waves in a highly ionized gas is only likely to become appreciable in 
regions where the refractive index is very small, and the total absorption will only be 
appreciable if the refractive index remains small over a large number of vacuum 
wave-lengths. The radiating power of an ionized gas therefore depends not only on 
the density, but on the gradient of the refractive index, and if this gradient is 
sufficiently small, the radiating power may be appreciable even if the gas density is 
low. It is therefore possible that in spite of the low density of the solar atmosphere, 
certain regions (other than the ‘gyrq-region’) may have sufficient radiating power 
for the intensity of the emitted radiation to become comparable with that corre¬ 
sponding to the electron temperatme. In this section an estimate will be made of the 
radiating power of certain regions of the solar atmosphere in which the refractive 
index approaches zero. An electron density which decreases continuously with height 
will be assumed. 

In the absence of a magnetic field, the refractive index would vanish at the height 

4c7tN^ 

at which the electron density was given by - = 1, The radiation at each fre¬ 

quency would therefore be emitted by a particular region, and if the radiating power 
were sufB.cient, the intensity at each frequency would correspond to the electron 
temperature at the corresponding height. 

In the presence of a magnetic field, it is necessary to consider the two polarized 
components separately, but the problem can be restricted to an investigation of the 
highest region at which the refractive index vanishes for each component, since 
absorption (and hence radiation) by these two regions only can be effective in the 
generation of radiation which can escape from the sun. It has been shown in § 3 (a) 
that the addition of a magnetic field can reduce the refractive index for the extra¬ 
ordinary wave, and so cause it to vanish at a lower value of electron density than in 
the absence of the field. Conversely, the refractive index for the ordinary wave is 
increased, and it will therefore not vanish except at greater values of electron density. 
It may therefore be seen that the application of a magnetic field in the solar atmo¬ 
sphere will increase the height at which the refractive index for the extraordinary 
wave vanishes, while the refractive index for the ordinary wave will vanish at a 
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smaller height than in the absence of the field. Generation of the two components by 
a heated atmosphere will therefore occur at different heights, and the relative in¬ 
tensities of the two components will depend upon the total absorption and on the 
electron temperatures in the two regions. As the intensity of the magnetic field is 
increased, the difference in the heights of the two regions becomes greater, and it is 
possible that the intensities of the two components will become very different. In 
these circumstances the resultant radiation escaping from the sun will appear nearly 
completely polarized. 

The possibility of accounting for the observed intensities of radiation emitted 
during the presence of large sunspots, by the mechanism just outlined, will be con¬ 
sidered in § 4. The application of the theory to the permanent magnetic field of the 
normal sun will be discussed in § 5. 


4, Development oe the theoey eoe eadiation erom sunspots 
(a) Estimation of absorption coefficient 

The theory will be applied to the region above a large unipolar sunspot. It will be 
assumed that the magnetic field of the sunspot has the form of that of a dipole 
situated at a depth of one-tenth of a solar radius below the photosphere, and pro¬ 
ducing a field of 3000 gauss at the photosphere. The electron density will be assumed 
todecreasefroma valueof lO^^cm.^^ataheightof 5 x 10® cm. above the photosphere, 
to a value of 10 ® cm.*"® at a height of 1*5 x 10^® cm. (see, for example, Hoyle ( 1946 )). 

For a wave of frequency 175Mo./sec., the refractive index in the absence of 
a magnetic field would vanish at a height of about 6 x 10 ® cm. In the presence of the 
magnetic field, the refractive index for the extraordinary wave vanishes at a height of 
about 1*6 X 10^® cm., while for the ordinary wave it vanishes at about 1-5 x 10® cm. 
The total absorption above each of these two regions will now be investigated, in 
order to determine the radiating power for the two waves. 

The absorption coeflBcient for waves propagated in a direction’ parallel to the 
magnetic field is given by equations (3) and (4). Since it has been shown that the 
absorption is only likely to be appreciable where the refractive index is small, these 
equations can be simplified: 

/^ordinary- 2c/il+PslP’ 

^extraordinary = ~ 2c/ll-i)slp' 

Let the value of i^Ne^je^rtyp^ at the reflecting height be denoted by aig, and the 
value at a height h above this point be denoted by x\ provided that {Xq—x)<^Xq, 
X can be written Xq—^ h, where yff is a constant. Similarly, the value of {PslP)h 
a height h above the reflecting height can be written {PbIp)o~°^^> ’where {ps:/P)o 
refers to the reflecting height, and a is another constant. 

The refractive index at a height h above the reflecting height is then given by 




Xq — ph __ Xq ph 
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The absorption coefficient for the extraordinary wave at this height may then be 

written--^-;— - ^ The total absorption coefficient in the region up 
2ch^{Xf^+ah)^(fi+af ^ 

to a height h above the reflecting layer is then given by 


'Jo c2/ 


1 


{Xq+ ah)^ (P +a)* 


dh = 


c[a(/^+a)]^ 


\ ®o* / 


Restricting the integration to the range for which the simplifying assumptions are 
valid (up to a height at which = 0-01), the'total absorption coefficient is approxi¬ 
mately 


v[0-01a/(/?-ha)]* 

c[a(/?-t-a)]* 


0-Iv 

cl^+a)' 


Similarly, the total absorption coefficient for the ordinary wave may be shown 
to be 

V 1 1 


r- 


{xq — ah)^ (^— 


dh. 


It has already been pointed ont that the highest region at which = 0 is of intetest 
in connexion with the generation of radiation which can escape from the sun; it is 
therefore only necessary to consider the case in which (/?—a) is positive (refractive 
index real with increasing height). For this region the total absorption coefficient is 
given approximately by 

j;[0‘01a/(/?-a)]i 0-lv 
c[a(/?-a)]^ “ c(j3^ay 


A wave travelling into the region from outside the sun will therefore be reflected 
with a loss ofintensity given by/ = Ifthe converse process is considered, 

the intensity of the radiation emitted by these two regions will approach the value 
corresponding to the mean electron temperature in the regions, when 0*2v/c(/? ± a) is 
of th^e order of unity. 

Consider the emission of 175Mc./sec. radiation by a solar atmosphere having the 
constants already assumed. The refractive index for the extraordinary wave vanishes 
at a height of 1*5 x 10^® cm. above the photosphere; at this height a = 8 x 10““^^ and 
/? = 1*7 X 10~^^, and the total absorption coefficient is — 0*03v. For collisional 
frequencies greater than about 15, the extraordinary wave emitted by the region 
will therefore approach the mean electron temperature existing at a height of 
1*5x10^® cm. 

The refractive index for the ordinary wave vanishes at a height of 1*6 x 10^ cm. 
(where a = 10“® and y? == 2*5 x 10”®). The total absorption coefficient is therefore 
^ — 2*2 X 10”^j/, and for collisional frequencies greater than 2x10® the intensity of the 
ordinary wave will approach a value corresponding to the electron temperature at 
a height of 1*5 x 10® cm. above the photosphere. 

An estimate of the collisional frequency to be expected in the solar atmosphere 
above sunspots win be made in § 4 (6). The values of the mean electron temperature in 
the two regions will be discussed in § 6. 
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(6) Effective collisional frequency 

In the terrestrial ionosphere, the number of atoms per cubic centimetre is large 
compared with the number of electrons, and in estimating the absorption of an 
electromagnetic wave it is therefore only necessary to consider collisions between 
electrons and neutral atoms. The collisional frequency can then be determined 
directly from the atomic cross-section and the thermal velocity of the electron. For 
a gas which is fully ionized, the process is more complicated, since the electrons are 
continually under the influence of the electric fields of neighbouring electrons and 
ions, and it is necessary to analyse more closely the manner in which the energy of the 
incident radiation is dissipated. 

The application of a periodic electric field to an electron gas accelerates the 
electrons, the radiation which is thereby produced being coherent with the incident 
wave. The electrons therefore modify the velocity of propagation of the wave, hut 
do not cause any attenuation. If, however, an electron is subject to a random 
acceleration which produces a change of momentum comparable to the momentum 
which has been imparted by the radiation field, the subsequent motion of the electron 
will result in radiation which is not coherent with the incident field, and the increase 
of kinetic energy of the electron caused by the radiation will be abstracted from the 
wave as an increase in the temperature of the electron. The effective collisional 
frequency must therefore be deduced from the cross-section of collisions in which the 
momentum change is comparable to the momentum given to the electron by the 
radiation field. A detailed analysis of this type of collision has not yet been made, but 
it seepas probable that the effective cross-section will be greater than the value for an 
unionized atom. A similar analysis has been made by Ginsburg ( 1944 ) for the 
terrestrial ionosphere, in which he finds that for the much lower electron temperature 
of 300® K. the effective collisional cross-section for ions is about 10 ® times the value 
for unionized atoms. Assuming that the solar atmosphere is composed entirely of 
hydrogen, the effective cross-section for a 10,000 V electron ( 10 ® ®K) is therefore 
likely to exceed lO'"^'^ cm.^. Little information is available on the density of the solar 
atmosphere above sunspots, but assuming that it is the same as for the undisturbed 
sun, the density of ions in the region respohsible for the generation of the ordinary 
wave at a frequency of 175Mc./seo. is about 10 ^® cm."”®. The effective collisional 
frequency assuming a cross-section of 10 “^'^ cm.^ should then be about 5x10^, whilst 
the corresponding value for the smaller density region which generates the extra¬ 
ordinary wave should be about 1*0 (assuming an electron temperature of 10 ^® °K, as 
will be suggested in § 6 ). 

It is possible that the ionization at a height of 1*5 x 10 ® cm. (ordinary wave) is in¬ 
complete (particularly as the atmosphere above a sunspot is likely to be at a lower gas 
temperature). It is therefore possible that for the ordinary wave the collisional 
frequency is greater than the value deduced. If the density of the upper solar atmo¬ 
sphere above sunspots is greater than elsewhere (as will be suggested in § 7), the 
collisional frequencies in both regions will be greater. 

It therefore seems possible that the absorption in both regions is of the right order 
for the intensity of the emitted radiation to approach the values corresponding to the 
electron temperatures in the two regions; this equilibrium is more likely to occur for 



92 


M. Ryle 

the lower region of high density which is responsible for the generation of the 
ordinary wave. If, however, the absorption in the upper region is also high, the 
intensity of the extraordinary wave which escapes from the sun is likely to exceed 
that of the ordinary wave, owing to the probable increase of electron temperature 
with height (see § 6 ). 

5. Application op theoey to xjndistttbbed sun 

It has been shown in the previous section that the application of a radial magnetic 
field in the solar atmosphere will cause the refractive index for the two circularly 
polarized components at each frequency to vanish at different heights, and that the 
absorption in at least one of these regions is likely to be sufiicient for the establishing 
of equilibrium between the electron temperature and the radiation. 

The presence of a permanent solar magnetic field will now be considered. The field 
will be assumed to correspond to that of a dipole at the centre of the sun, with its axis 
nearly parallel to the axis of rotation, and producing a surface field strength at the 
poles of 60 gauss. As in the case of the sunspot field, the two components of 
the radiation at each frequency will be absorbed at different heights, and thus if the 
absorption is sufficient the intensity of the two components will correspond to the 
electron temperatures at the two levels. An analysis by Martyn ( 1946 ) has shown 
that for frequencies less than 200 Mc./sec, most of the radiation which reaches the 
earth originates from near the centre of the disk. The conditions therefore correspond 
to propagation at right angles to the magnetic field, and the waves will be plane 
polarized in directions parallel to and normal to the magnetic equator. An estimate 
shows that the absorption coefficient at a frequency of 176 Mc./seo. for both waves is 
liliely to be sufficient for equilibrium to be established, but that the two waves are 
absorbed at nearly the same level; the electron temperatures in the two regions are 
therefore likely to be nearly equal. 

At lower frequencies, however, the difference in the intensities of the two waves 
might be sufficient for the resulting radiation to show appreciable plane polarization. 
If this theory is correct, measurement of the polarization of the radiation emitted by 
the undisturbed sun at a number of frequencies might provide information on the 
direction and intensity of the permanent magnetic field of the sun. 

6 . The MAINTENANCE OF A HIGH ELEOTEON TEMPEEATUEE 
IN THE SOLAE ATMOSPHBEE 

In § 4 it was shown that the existence of a high electron temperature at heights of 
10 ® to 10^1 cm. could cause the emission of the high-intensity radiation observed at 
frequencies of 60 to 200 Mc./sec„ 

The density at heights of 10 ® to 10 ^^ cm. is small enough fox the transfer of energy 
between gas and electrons to be insufficient to maintain equilibrium, and it thus 
becomes possible for a high electron temperature to exist together with a com¬ 
paratively low gas temperature. Such a state could be maintained by the presence of 
an electric field, as suggested by Martyn ( 1947 ). The mean free path of an electron 
for collisions involving an appreciable loss of energy will be considerably greater 
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th-diix tliflit corrosponding to the cffoctivo collisionsil fr6C3[U6]i.cy < 16 ( 11106(1 in cozmosloix 
with the absorption of radiation, and for a 10,000 V electron should be of the order of 
10® to 109cm. A potential gradient of lO-^V cm.-i would therefore be sufficient to 
maintain a mean electron energy of 10* to lOSV, corresponding to an electron 
temperature of 10® to 10® °K. 

A possible mechanism for maintaining such an electric field is discussed below. 

The effect of a non-uniform solar rotation ' 

On the assuihption that observation of the different rotational speeds shown by 
sunspots at different latitudes implies the existence of a true differential movement of 
the matter of the solar surface, it has been shown by Alfv4n ( 1937 ) that the presence 
of a permanent solar magnetic field will give rise to a potential difference between the 
poles and the equator. Assuming a dipolar magnetic field with axis coincident with 
the axis of rotation, and producing a surface field strength of 50 gauss at the poles, 
this potential difference is of the order of 5 x 10® V. In est ima ting the effects of such 
a field, it must be remem} 5 ered that currents can only flow in the solar atmosphere 
along lines of magnetic force, since in a field of 50 gauss the electromagnetic force on 
an electron having any energy greater than about 10 ~** V exceeds the force due to 
the electric field. If the magnetic and rotational axes are coincident, every line 6£ 
magnetic force will cut the surface of the sun at equal and opposite latitudes, and 
there will therefore be no potential difference which cah cause discharge currents in 
the solar atmosphere. If, however, there were a small angle between the magnetic 
axis and the axis of rotation, discharges through the solar atmosphere could occur, 
and for an angle of 7° a potential difference of 10 ® to 10 ’ V could appear between two 
points on a line of magnetic force. In the absence of space-charge effects, a potential 
gradient of 10 “® to 10 “® Vom.“* would be produced, which would be sufficient to 
maintain a mean electron temperature of the order of 10 ® to 10 ® °K in the regions 
capable of emitting radio-frequency waves. It is therefore possible that a permanent 
source of relatively feeble excitation for electrons in the solar atmosphere may exist 
as a result of the angle between the magnetic and rotational axes. 

With the superimposition of the magnetic field of a sunspot, however, the resultant 
lines of force may cut the surface of the sun at two points Of widely different potential 
(as has been considered by AJfv 6 n ( 1937 ) in connexion with the production of high 
energy particles). The potential difference may be appreciably mo^ed by surface 
movement in the sunspot, since the discharge currents will reach'the surface of the 
sun in regions of high magnetic field strength, and will therefore produce horizontal 
flow of the surface matter in a direction tending to reduce the potential gradient in 
the solar atmosphere. Initially a potential difference of about 10 ® V ■will be available, 
and the resulting field in the solar atmosphere ■will increase the electron temperature 
along the discharge path. In the absence of appreciable space-charge effects, the 
potential gradient would be nearly uniform over the greater part of the discharge 
path, and the mean electron energy at each point would then be proportional to the 
mean free path (for collisions involving an appreciable loss of energy). It is probable 
that at heights of more than lO* cm. the mean electron potential will be increased 
to at least 10 ® V (corresponding to an electron temperature of about 10*® °K.). 
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It therefore seems possible to account both for a normal electron temperature in 
the solar atmosphere of 10® to 10® °K, which arises from the non-coincidence of the 
magnetic and rotational axes, and for an increased temperature (of the order of 
10“ °K), in the neighbourhood of sunspots, which is due to the distortion of the 
permanent magnetic field by the field of the sunspot. It is to be expected that in both 
cases the.electron temperature will be proportional to the mean free path, and will 
thus show a continuous increase with height, although in certain regions space- 
charge effects may modify the electric field. 


7, The support op the solar atmosphere 


In this section the possibility of accounting for the support of the solar atmosphere 
by mechanisms arising from a h^h potential difference between the poles and the 
equator will be examined. 

It has been shown in subsection 3 (c) that an ionized gas in a magnetic field is 
highly absorbing to pne of the circularly polarized components of a wave of frequency 
equal to the free period of gyration of an electron in the magnetic field. Each point of 
a heated electron ^as in a magnetic field will therefore generate radiation at a 
frequency corresponding to the magnetic field at that point; it has also been shown, 
however, that this radiation can only escape in a direction of increasing magnetic 
field strength. The radiation from the gas above a unipolar sunspot can tj 3 .erefore be 
propagated freely towards the centre of the sun, but the escape in the outwards 
direction will be negligible. This asymmetrical flow of momentum will produce a 
mean upward force on each electron, and as a result of the electrostatic attraction 
between the electrons and positive ions, the gas as a whole will experience an 
upwards pressure. This process might be called ‘gyromagnetic radiation pressure’. 
An estimate will be made of its order of magnitude for solar conditions. 

The rate of loss of energy by an electron of velocity u is given by -r — r . For an 
electron orbiting in a magnetic field with angular velocity p, the downward rate of 
flow of energy is ^-f-. The mean upward force on each electron is therefore 

O 6n V 

1 

ejc* 

If T is the equivalent electron temperature of the region, u is given by 


= kT. 

For a magnetic field of 3000 gauss (corresponding to a frequency of about 
10,000Mc./sec.) and an electron temperature of 10® "K, the force on each electron is 
about 9 X10“®® dyne. It is possible that higher electron temperatures occur in sun¬ 
spot regions, and thus radiation forces greater than this value are to be expected. 

The gravitational attraction on a hydrogen atom near the photosphere is about 
6 X 10 ®® dyne, and it is thus clear that whilst gyromagnetic radiation pressure is 
not likely to play an.important part in the support of the normal solar atmosphere, it 
should be of great significance in regions of high magnetic field strength. 
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Near the photosphere in a sunspot the gyromagnetio radiation pressure should 
exceed the gravitational attraction on a hydrogen atom, and thus a continuous 
upward flow of a hydrogen atmosphere could occur. Simultaneously there would be 
an adiabatic expansion of gas from the surrounding photospheric regions into the 
sunspot, with the result that the gas temperature immediately above the photosphere 
would be reduced, the extent of the cooling being a function of the magnetic fleld. 

At greater heights m the solar atmosphere, the electric field itself may have a 
sufficiently large component along the lines of magnetic force to accelerate positive 
ions against the gravitational field. The regions in which such a process is lively to 
occur will depend on the polarity of the potential between poles and equator, and on 
the distortion of the electric field by the accumulation of space charge. It is possible 
that in this way the electric field may account for the high concentration of gas in the 
upper atmosphere of the undisturbed sun. 

In the atmosphere above a sunspot, the gyromagnetio radiation pressure may be 
sufi&oient to produce a column of increased gas density up to a height at which the 
component of the electric field (if of the appropriate polarity) can support the lighter 
positive ions. Under these conditions the discharge current will contain both 
electrons and positive ions. Such a process might account for the formation of 
visible prominences. 

For a line of magnetic force which originates in a sunspot and leaves the sun 
completely, electrons or positive ions (depending on the polarity of the electric field) 
would be able to escape from the sun. Since the polar regions of the sun will always be 
maintained at zero potential (owdng to conduction along the polar lines of magnetic 
force), the final energy of the emitted particles would depend upon the latitude of the 
sunspot, and for a spot near the equator could be of the order of 10® V. 

8. CONCLtrSlONS 

The non-uniform rotation of the solar surface, in conjunction with a permanent 
magnetic field, could give rise to a potential difference of about 5 x 10® V between the 
poles and the equator. With comcidence of the rotational and magnetic axes, this 
potential difference is not normally capable of producing appreciable discharges in 
the solar atmosphere, but if there is slight asymmetry of the magnetic axis a con- 
tmuous discharge will occur, which should be sufl&cient to maintaia a permanent 
excitation of the electrons of the upper solar atmosphere equivalent to a tempera¬ 
ture of 10 ® to 10 ® °K. During the appearance of sunspots, the distortion of the 
magnetic field can cause greatly increased potential gradients, giving rise to high 
excitation in the neighbourhood of the sunspot, with electron temperatures of 
10 ® to 10 ^® °K. In both cases the electron temperature wiU vary roughly as the mean 
free path, and will therefore increase with increase of height above the photosphere. 

A heated electron gas will emit ra^ation at those frequencies which are appreciably 
absorbed. The greatest absorption, and therefore the greatest radiating power, occur 
at the frequency of free gyration of the electrons in the magnetic field, and thus it 
would be expected that each region in the solar atmosphere above a sunspot would 
emit circularly polarized radiation whose intensity would correspond to the electron 
temperature at that level, and whose polarization would correspond to the extra- 
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ordinary wave of Appleton’s magneto-ionic theory. It is impossible, however, for 
this radiation to escape from the sun, although it can travel freely towards the centre 
of the sun. This process, whilst having great significance in connexion with the 
support of matter in the solar atmosphere, cannot therefore account for the in¬ 
creased intensity of radio-frequency radiation observed during the presence of large 
sunspots. 

In addition to absorption at the gyro-magnetic frequency, an electron gas of 
varying density in a diverging field has other absorbing regions for each frequency, 
and from two of these regions, circularly polarized radiation can escape outwards. 
One of these is situated in a low-altitude high-density region, where the absorption 
coefficient, and therefore also the radiating power, is appreciable. This region should 
therefore emit circularly polaiized radiation of an intensity corresponding to the 
electron temperature. The sense of the polarization of this wave corresponds to the 
ordinary wave of the magneto-ionic theory. The second region (which absorbs the 
extraordinary component) is situated at a greater height, where the absorption 
coefficient may be insufficient for the radiation to approach the equilibrium intensity, 
but if, as a result of the elevation of prominence material, the gas density is raised, 
and the absorption becomes complete the intensity of the radiation may exceed that 
of the ordinary wave, since the electron temperature will be greater than in the lower 
region. 

The lack of a sufficiently detailed knowledge of the density in the solar atmosphere 
above simsppts also prevents an accurate estimate of the variation of intensity with 
frequency, although the greater density in the regions which radiate the higher 
frequencies would be expected to result in lower mean electron temperatures. 

The sense of the polarization and the distribution of intensity with frequency 
which are predicted by the theory are thus in general agreement with the experi¬ 
mental observations; more detailed theoretical and experimental work is necessary 
before the agreement can be considered conclusive. 

The brief increases of intensity which are associated with sunspot radiation are, 
suggestive of the fluctuations in an electrical discharge which are caused by the 
building-up of space charges. Further study of these mcreases may assist in deter¬ 
mining the structure of the solar atmosphere in the neighbourhood of sunspots. The 
longer term variations of excitation may be due to a redistribution of the discharge 
currents along different lines of magnetic force; this redistribution could be caused 
by changes of the potential distribution across the sunspot surface, such as might 
arise from mechanical disturbances of the surface matter. The sudden increases of 
intensity which are sometimes observed may be the result of some violent disturbance 
of this kind; the simultaneous appearance of visible flares, either near the sunspot or 
at a more distant point (which may be the point at which the active magnetic Hues 
cut the solar surface again), would suggest that the discharge current was pro¬ 
ducing high excitation at the low-altitude high-density sections of the path. 

The author is indebted to Mr J. A. Ratcliffe and Dr H. G. Booker for their helpful 
criticism during the development of these ideas. The work was carried out during the 
tenure of an I.C.I. Fellowship. 
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The mechanism of isothermal distillation in the 
porous-disk osmometer 

By a. T. Willtamsoh 

Research Department, Imperial Chemical Industries Limited {Allcali Division)'^ 
{Communicated by F. A. Freeth, F.R.8.—Received 28 January 1948) 


This paper describes the theoretical investigations which have been made in an effort to clarify 
several well-established but unexplained observations by previous workers who have carried 
out experiments by the unusual osmotic-pressure technique known as isothermal distillation. 
The treatment is essentially thermodynamic, and leads to the derivation of equations which 
agree with the accumulated experimental evidence while showing how substantial improve¬ 
ments in performance can be achieved by designing the apparatus in accordance with the 
guidance given by the theoretical study. One of the derived equations stresses the importance 
of good thermal conduction between the solvent and solution inside the stillhead, while another 
* gives a quantitative relationship between thermostat temperature fluctuations and osmotic- 
pressure errors. A description is then given of the essential features of the experimental 
apparatus which has been built for the application of these theoretical advances to the 
measurement of the molecular weights of high polymers. 


PRraorpLES OF THE foeoits-disb: method 

The characteristic features of the isothermal still are shown in figure 1, where it is 
contrasted with the classical type of osmotic-pressure apparatus. The stillhead 
contains an annular space for the solution A, and a centrally disposed cup B bridged 
by a sintered glass disk from which pure solvent can be hung under tension. This 
operation is made possible by the existence of cohesive forces in liquids, which mani¬ 
fest themselves by the secondary phenomenon of surface tension. Provision is made 
for determining the rate of distillation between the two liquid phases, usually , by 

measuring the movement of the meniscus in the reference arm. The apparatus must 

' * 
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be thoroughly evacuated before introducing the liquids, and the latter require a 
preliminary degassing operation. When these conditions are fulfilled and the pore 
size of the disk is sufficiently small, the tension or ‘ hydrostatic drag ’ on the solvent 
can be increased to a value which balances the osmotic pressure of the solution, and 
at this point the net rate of distillation of solvent between the two liquid phases 
becomes zero. 



FiouEtn 1. Comparison of the classical osmometer and the isothermal still. 

It was the introduction of the porous disk and the principle of the adjustable 
hydrostatic drag by Frazer &, Patrick ( 1927 ) which made it possible to use the 
isothermal still as a practical alternative to the classical osmometer for molecular- 
weight determination. The latter requires a carefully prepared and truly semi- 
permeable membrane, and for some solutions of long straight-chain polymers it is 
impossible to achieve complete retention of the solute without reducing the rate of 
passage of solvent through the membrane to negligible values; In the isothermal 
still there is no such difficulty, because the two liquid phases are not in contact with 
each other, although distillation between them can take place through the common 
vapour phase. The sintered glass disk has a pore size of the order of 1 to 10^, which is 
far greater than the molecular dimensions of the common solvents, so it cannot 
interfere with the distillation process, and its purpose is merely to act as a porous 
support firom which the solvent can hang when hydrostatic drags are applied. 

The underlying theory of the isothermal still can be most easily understood by 
contrasting its operation with that of the classical type of osmometer. In the latter, 
the chemical potential of the solvent in the solution phase is depressed below its 
standard value Ol by the addition of solute molecules, and it is only when this 
depression is balanced by an equal and opposite change in the chemical potential. 
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brought about by the greater hydrostatic pressure of the column of solution orer the 
membrane, that equilibrium is attained. An interesting consequence of this state of 
affairs is that the solvent and solution in contact with the semi-permeable membrane 
must give identical vapour pressures at equilibrium, since vapour pressure is a 
manifestation of the chemical potential of a substance. 

In the isothermal still, the chemical potential of the solvent molecules in the 
solution phase is depressed by the solute molecules as in the classical process, but 
instead Of restoring equilibrium by the application of a positive hydrostatic pressure 
to the solution, the compensation is effected by applying a negative hydrostatic 
pressure to the solvent. When exact balance has been attained, the chemical poten¬ 
tials and consequently the vapour pressures of the solvent in the two liquid phases 
will be equal and distillation will cease. 

It can easily be shown that the two methods will give practically indistinguishable 
values for the osmotic pressure tt of the solution. In either case, the introduction of 
the solute molecules will reduce the chemical potential of the solvent by an amount 
which can be represented by the symbol LQ-^. The compensation which is effected 
by hydrostatic pressure m the classical method, or by a hydrostatic drag in isothermal 
distillation, obeys the fundamental thermodynamic relations 




in the pure solvent phase, and 




( 1 ) 

( 2 ) 


in the solution. Rearranging and integrating up to the limit n, which represents the 
equilibrium pressure or tension, we find 




VidP 

dP 


(3) 

(^) 


_ — 

for isothermal distillation, and A(?i == Vi( 

Jo 

for the classical method. _ 

Because of th^'extremely low compressibility of liquids, Vi and can be treated 
as constants, so -we find a /v * t 7 ' 

for isothermal distillation, and A 6 ^i = ttqVi ( 6 ) 


for the classical method. - 

Both A 6 ^i and which represent the balancing changes in chemical potential 

brought about by hydrostatic pressure or drag, are equal to the change in chemical 

potential arising from the presence of solute molecules, and they are therefore equal 

to each other. From equations ( 5 ) and ( 6 ) we then find 
\ _ 

This ratio is very nearly unity, even at relatively high solute concentrations, for 
a wide variety of systems (Meyer, WolflF & Boissonnas Wolff 1940 ; Hagger & 
yan der Wyk 1940 ). But even if it is found that Ti 4 =Ti over part of the concentration 

7-2 
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range, this ■would, not affect the calculation of molecular weights from the osmotic 
data, because this invol'ves an extrapolation to infinite dilution. As the diliition is 
increased, ^ approaches asymptotically, until in the limit the two become iden¬ 
tical (Lewis & Randall 1923, p. 44) and from equation ( 7 ) it is obvious that the 
method by which it is obtained does not matter. 

The extrapolation to infinite dilution is a simple matter when there is no appre¬ 
ciable interaction between solvent and solute (Meyer et al. 194°! Wolff 1940; Hagger 
& Van der Wyk 1940; Boissonnas & Meyer 1937; Caspar! 1914; Schulz 1936). If 
such interaction occurs, extrapolation formulae of greater complexity are available, 
and should be preferred (Powell, Clark & Eyring 1941; Elory 1942; Huggins 1942,1943; 
Alfrey & Doty 1945; Elory 1945; Zimm 1946). 

Van’t Hoff’s osmotic pressure equation 



is not always valid at finite concentrations, but it is a precise limiting law, even for 
imperfect solutions,^ when infinite dilution is approached (Lewis & Randall 1923, 
chap. 20). Substituting for (the mole fraction of the solute) in terms of c (concen¬ 
tration by weight), equation (8) can be rewritten in the form 


7T BTM, 
mn- = XT 
e-i-O C Tj 


( 9 ) 


and since at high dilutions, there wiU be no distinction between the results 

given by classical and isothermal distillation data. 

A very thorough thermodynamic comparison of these two osmotic methods has 
been given by Wohl (1937), and his paper should be consulted for fuller details. Its 
value is enhanced by the fact that it clarifies some obscurities in an earlier publica¬ 
tion by Thiel (1937), and his treatment of the problem confirms what has just been 
■written about the essential similarity of the results obtained by the two techniques. 

In isothermal distillation, the datum from which the hydrostatic drags are 
measured is the level of the solution, rather than the level of the sintered disk. The 
underlying reason is that equilibrium can enly be attained wheb the vapour pressure 
exerted by the stretched solvent in the disk differs from the vapour pressure of the 
solution by an amount which just balances the weight of the vapour between the 
two levels (figure 1, height ‘h’). Thomson (1870, 1871) and Poynting (1881, 1896) 
showed that such a vapour-pressure difference is estabhshed by the hydrostatic drag 
of a column of liquid of the same height, and this correction term must always be 
introduced in order to arrive at true osmotic values. Its introduction is automatically 
arranged if the datum is tie solution level. 

The behaviour of the solvent in the pores of the disk raises some interesting pro¬ 
blems. The suspended column is held by surface tension, and it follows that the 
max imum hydrostatic drag is a function of the diameter of the ■svidest pore. As soon 
as the maximum value is exceeded, the solvent ■wiU fall away from this pore, and 
a vapour bubble -will de-velop under the disk and spread until the column breaks 
away completely. But in the region where the hydrostatic drag is far less than this 
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value all the pores will be filled completely, and the curvature 9f the liquid surface 
at the top of each pore will adjust itself in conformity with the magnitude of the drag 
so as to develop the reduced vapour pressure which is thermodynamically calculable 
from this magnitude. As the drag approaches zero, the reduction in vapour pressure 
must also approach zero, and the liquid surfaces must become flat in the limit. At 
the other end of the working range, when the drag has been brought close to its 
limiting value, the liquid in the widest pores may move to positions below the top ' 
of the disk, but here again the curvature of the surfaces will be determined by the 
immutable relation between the drag and the reduction in vapour pressure. 

Similar considerations apply to the solvent in the reference arm. Figure 1 shows 
an arrangement of the apparatus in which this arm is closed, and the hydrostatic 
drag has been adjusted to the equilibrium value tt. If the top of the arm is connected 
to the vapour space in the stillhead, the equilibrium will not be disturbed, because 
the dijfferences between the vapour pressure of the pure solvent in the arm and the 
reduced vapour pressure of the solution in the stillhead will be exactly balanced by 
the weight of the column of vapour over the height tt. Even when the reference arm 
has an internal diameter of 1 or 2 mm. only, which is usually the case in practical 
equipment, the solvent experiences a small capillary rise which is associated with 
a curved surface and reduced vapour pressure, but the latter is exactly equal to 
the reduction in the vapour burden overhead. Correction for this effect is achieved 
simply by adding the calculated capillary rise to the observed drag. 

All these considerations apply to a perfectly'insulated isothermal still; in which 
equilibrium has been attained. Its behaviour under these conditions is controlled 
by simple thermodynamic principles, and the apparent complexities in the inter¬ 
relation of levels, vapour pressures and hydrostatic tensions can easily be resolved by 
applying the classical formulae which were originally derived for the solution of 
problems involving curved surfaces and surface tensions. In this case, however, 
these two variables are incidentaJfs, and it is sufficient to ]aiow that they adjust 
themselves suitably in any givto situation. The variation of vapour pressure with 
hydrostatic drag is the really important factor, and the principles of Thomson and 
Poynting can be applied to solve any problem of this sort. 


Experimental baokgrotjnd 

Before the porous-disk method was developed there was an alternative technique 
which was generally described as ‘isothermal distillation’. It was similar to the 
newer method in so far as distillation took place through a common vapour phase 
from one isolated liquid phase to another, but it differed by using a reference solution 
with known colligative properties which was equilibrated agaiast the solution 
under examination (Barger 1904; Berl et al. 1930; East 1921; Signer 1930), and the 
attainment of equilibrium was a very slow process. 

Gee {1940) has described a method of measurement which embodies features of 
both types of isothermal distillation, but does not include facilities for the establish¬ 
ment of hydrostatic drags. Consequently, it lacks the flexibility of the porous-disk 
method. 
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In the rest of this paper, the subject-matter will be restricted to the field of porous- 
disk osmometry. The classical work of Frazer & Patrick (1927) was extended by 
subsequent investigators in the U.S.A. (Eichelberger 193^! Martin & Schulz 193 
Townend 1928) and Germany (Wohl 1937; Hess& Suranyi 1939; Ulmann 1931,1933), 
but the essential features were preserved. In all cases the measured osmotic pressures 
were sufficiently large to justify the use of a column of mercury in the reference arm 
for the measurement of the hydrostatic drag, whereas figure 1 in this paper shows an 
allrsolvent system that is more suitable for low osmotic pressures. But whatever 
the manometric arrangements, the experimental procedure is always the same. 
Distillation rates are measured at different hydrostatic drags, and when the results 
are plotted they are found to lie on a straight line which intersects the zero-rate axis 
at a point corresponding to the osmotic pressure of the solution. On diluting the 
solution and repeating the measurements, the plotted results once again fall on a 
straight line with a different intercept but with the same slope. This significant and 
frequently confirmed observation can be generalized by saying that a given iso¬ 
thermal stiU will exhibit a definite ‘ distillation velocity constant ’ which is indifferent 
to the nature or concentration of the solute in relatively dilute solutions, but depends 
substantially on the design of the apparatus and the nature of the solvent. Once 
this constant has been determined, the interpolation and extrapolation of experi¬ 
mental results can be carried out with enhanced accuracy. These practical advantages 
have been fully recognized, but their theoretical significance has been overlooked 
'by previous investigators. A quantitative treatment of the problem is given in the 
next section of this paper. 

There is general agreement about the need for unusually precise thermoregulation 
of the stillhead. The theoretical aspects of this problem will be discussed in a sub¬ 
sequent section, and in the meantime two typical examples will be quoted to 
indicate the importance of good temperature control. Hess & Suranyi (1939) 
observed a marked improvement in the consisteflcy of their osmotic-pressure mea¬ 
surements when the temperature fiuctuations were reduced from 0-0030 to 0 - 0005 ° C, 
and Eichelberger (1931) found that much more reliable results were obtained when 
the control limits were altered from ± 0-0005 to ± 0-0002° C. Such observations 
emphasized the need for unusually careful thermostat design, and stimulated the 
author’s efforts to place the problem on a sound theoretical basis so that the errors 
in a given osmotic-pressure determination could be calculated as a function of the 
temperature aberrations. 


MBCHAUnSM OB’ THE DISTILLATION PB.OOBSS 

Wohl (i 937) has published experimental data for the distillation velocity constant 
which show that it is relatively insensitive to temperature. This observation was 
reported with the comment that it was difficult to understand or explain, his expecta¬ 
tion being that the greatly increased vapour pressure and vapour-pressure differences 
of the system would give much faster distillation rates at the higher temperatures. 

Although this expectation was a plausible one, examination of the factors con¬ 
trolling the distillation process shows that an entirely different sort of temperature 
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coefficient can be predicted. The real rate-controlling factor is the resistance to 
thermal flow exerted by the undisturbed liquid layers and the glass walls of the 
solvent container. If the stillhead and its contents are imagined to be initially at a 
constant temperature throughout, and to be perfectly insulated against extraneous 
thermal disturbances, a state of affairs exists which can only be reached when the 
hydrostatic drag is at its equilibrium value. As soon as the drag is readjusted to 
a value not equal to tt, a momentary vapour-pressure difference will be set up between 
the two liquid phases, distillation will begin, and the transfer of latent heat of 
vaporization will cool one liquid and warm the other. This will reduce the initial 
vapour-pressure difference to a vanishingly small value, because the vapour mole¬ 
cules win have quick and easy access to both liquids, and the absence of inert gas 
means that there will be no diffusional resistance to their migration. Consequently, 
after the first transitory disturbance following the resetting of the drag, distillation 
will proceed at a steady rate, the vapour-pressure difference will be negligible in 
comparison with its calculable isothermal value, and a temperature difference will 
be established between the two liquids. This temperature difference, which is 
maintained by the evaporation and condensation of the distilling molecules, keeps 
the condensing phase warmer than the diatillirig phase, and heat will consequently 
flow from the former to the latter by conduction through the liquid layers and the 
glass waU which separates them. The steady state will then be maintained with heat 
transferred by evaporation and returned by conduction at equal rates. Qualitatively, 
the behaviour of the apparatus is similar to that of a wet-bulb thermometer, which 
establishes a steady temperature depression by elimmating a vapour-pressure 
difference. The isothermal still, however, is much more efficient in this respect, 
because of the absence of inert gas. 

Consider an example in which the hydrostatic drag P is greater than the osmotic 
pressure tt. Distillation will then take place from the solution to the solvent, the 
initial vapour-pressure difference wiU become vanishingly small, and the solution 
win be maintained at a temperature T, with the solvent'at a higher temperature 
T -1- AT. Now calculate the steady-state temperature difference AT as a function of 
the hydrostatic drag. Let 

(?i = chemical potential of the pure solvent at T. 

AGi- = change in the chemical potential attributable to the solute. 

(A(?i)-** = change in the chemical potential caused by the hydrostatic drag. 

(A(?i)^ = relative change in the chemical potential between the solvent and the 
vapour phase caused by the temperature rise AT. 

When the steady state has been reached, the two vapour pressures will be identical 
with the vapour pressure of the common vapour phase, and the following relation 
wfll hold: _ 

solution solvent 


= AGi-{AG:,)P. 


(11) 
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But it was shown above that A(?i = 7tJ{, (6» 6) 

and by similar methods it can be proved that 

(AG,)^ = FV„ ( 12 ) 

so after substituting these two relations we find 

(A(?i)2’ = (7r-P)Fi. (13) 

The drag values tt and P are intrinsically negative in isothermal distillation, but if 
we adopt the convention that the negative sign is to be ignored, we have 

(AGi)^ = (P-77)Fi. (13o) 

The term (AGj)^ represents the relative gain in chemical potential of the solvent 
with respect to the vapour phase in contact with it when it is heated from T to 
(T+AT). It can be transformed by means of the famihar thermodynamic relation 


dAG 

dT 


= -AS, 


(14) 


and since this operation is to take place reversibly, we can use the symbol for 
the molal heat of vaporization and write 

A^ = -^. (16) 

When equations (14) and (16) are combined and introduced into (13a), we find 

y rp 

AT = -^{P-7T). (16) 

This equation shows that the steady-state temperature diEference between the 
solvent and the solution will be directly proportional to the term (P—tt), which 
represents the magnitude of the unbalanced portion of the hydrostatic drag. At the 
true balance poiut, where P = tt, the temperature difference will vanish. 

An independent equation for AT can now be set up by considering the steady-state 
conditions associated with the transfer of the latent heat of vaporization. Let us put 

Qj) = rate at which heat is transferred by distillation, 

Qq = rate at which heat is conducted back to the distilling phase. 

The former must be equal to the volumetric distillation rate multiplied by the 
latent heat of vaporization per unit volume, i.e. 



and the conducted heat will obey the familiar law 

Qo = hoAT. ■ (18) 

The quantity k(j is the effective theimal conductance of the glass wall separating 
the solvent from the solution, plus whatever portions of these Hquid phases ate 
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traversed by the conducted heat. In the example which we are considering, con¬ 
duction takes place from the surface of the solvent to the surface of the solution, 
and the process is simplified by the fact that local distillation processes can quickly 
eliminate any temperature irregularities across the surface of each liquid. As a result 
of these phenomena, the process of pure conduction proceeds by the shortest path 
from part of one surface to part of the other, and the local distillation processes are 
self-cancelling. 

When the main distillation is proceeding steadily, Qq = Qj^, and we can combine 
equations (17) and (18) to give 


AT^ 


Ai ldv\ 


(19) 


When this equation is combined with (16), AT can be eliminated, and we finally 


All the empirical results collected by previous investigators can be explained by 
appl 3 dng this equation. At any given temperature the terms inside the square 
brackets are functions of the apparatus and solvent only, provided that the solutions 
are not too concentrated. They consequently form a proportionality constant, 
which can be identified as the slope of the distillation velocity curves when (dvjdt) 
is plotted against P. The presence of the (P—n) term correctly predicts zero dis¬ 
tillation rates when P =s7r, and also shows that the velocity of distillation will be 
proportional to the amount of hydrostatic unbalance in all other oases. 

The presence of the T term indicates that the velocity constant should vary 
directly with the absolute temperature, apart from any modifications attributable 
• to small alterations in k(y, TJ and A^. Howeyer, the temperature coefficient wiU be 
far smaller than Wohl expected it to be on the assumption that it would follow the 
exponential course of the vapour-pressure curve. This is most clearly shown by 
comparing Wohl’s experimental data with the distillation theory embodied in 
equation (20). Since aqueous solutions were used, the appropriate physical constants 
for water at several temperatures were substituted in this equation, and since is 
unknown, it was assigned an arbitrary value to bring the cmrve into the field covered 
by Wohl’s results. ■ 

Figure 2 shows the results graphically. The soM line represents the effect of 
temperature as predicted by equation (20), and the individual points are Wohl’s 
observations. When allowance is made for the experimental uncertainties which are 
manifested by the scattering of these points, it is apparent that they are in reasonable 
agreement with the theory which has just been presented. 

On the other hand, as Wohl himself reluctantly concluded, the assumption*that 
the rates of distillation are proportional to the vapour-pressure differences caqnot 
be substantiated. In a perfectly isothermal system, the,difference between the 
chemical potentials of the solvent in the two liquid phases is proportional to the 
hydrostatic unbalance (P—n), the exact relation being 


AGi = (P-Jr)Fi. 


(21) 
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If we write ^0 for the vapour pressure of the unstretohed solvent, j? for its vapour 
pressure at osraotic equilibrium, and^' for its vapour pressure when the hydrostatic 
drag is P, we can set up the following vapour-pressure analogue for equation (21): 

= = (22) 

with Ap representing (p —pO? i*®* very small difference in vapour pressure between 
solvent and solution caused by the hydrostatic unbalance (P —tt). The value of the 
bracketed term in this equation is so close to unity that the following approximation 
can be used: a ^ 

* (23) 

and the quantity p' will be so close to Pq for all dilute solutions that we can sub¬ 
stitute to give ■ 

= (24) 



temperature (® C) 

Figure 2. Test of theoretical mechanisms against Wohl’s observations. @ Observed points; 
— theory given in this paper; —— vapour pressure difference theory. 

E l i min ating AG^ from equations (21) and (24) we find 

' AP=^(-P-7r). (25) 

Tor any giren value of (P—n), the calculable isothermal vapour-pressure dif¬ 
ference Ap will therefore be proportional to PqVjJBT. It has already been shown that 
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the distillation process would make it impossible to realize these isothermal con¬ 
ditions, but for the present we shall persevere with the assumption that the rates of 
distillation are proportional to Ap, in order to test it against experiment. Since Ap 
is proportional to"poVJIiT, the latter has been evaluated for water at several tem¬ 
peratures, and each result has been multiplied by a common arbitrary constant to 
bring the final curve to mid-scale in figure 2. The results are given by the dashed 
line, which obviously bears no relation to the observed trend of the velocity constants 
with temperature, so any idea that the distillation rates might vary directly with the 
vapour-pressure differences can be discarded. 

On the other hand, the mechanism which has been postulated in this paper, based 
upon steady-state temperature differences instead of vapour-pressure differences for 
off-balance operation, is theoretically tolerable and is in reasonable agreement with 
the scattered experimental results given by Wohl. Equation (20), which embodies 
the new theory, is susceptible to experimental confirmation, and it is hoped that' 
suitable investigations will soon be carried out to establish its validity. 

Apart from its role in explaining the low temperature coefficient of the distillation 
velocity constant, equation (20) shows the factors' that must receive attention if 
increased distillation velocities are to be attained. First in importance is the hitherto 
neglected thermal conductance term ko. If the value of this term is increased, e.g. 
by using a thin separating wall of a highly conducting material between the solvent 
and solution, there would be a corresponding mcrease in the rate of distillation, all 
other things being equal. Care must be taken, however, to remove other thermal 
bottlenecks at the same time, such as the relatively poorly conducting portions of 
the liquids which must be traversed by the migrating heat. For example, it has been 
found that if the level of the solution is either higher or lower than that 6f the disk, 
there is a marked decrease in the distillation velocity constant, whereas maximum 
rates are attained when these levels coincide. Such results would be inexplicable 
were it not for the guidance given by equation (20). With its help, it is easy to see 
that the variations can be attributed to the changes in k^f, because the thermal 
conductance will pass through a maximum when the conducting path is shortest, 
i.e. when the levels coincide. 

One of the barriers to easy heat flow resides in the porous disk itself, and the use of 
a structural material with thermal properties better than those of glass is desirable. 
Sintered metal disks with the desired porosity have recently been marketed, and 
their metal casings could easily be provided with metal fins stretching out into the 
solution zone. Many other refinements are conceivable, once the overriding import¬ 
ance of the thermal conductance term has been grasped. ■ 

Another method of accelerating the distillation process, and thereby reducing the 
time required for each observation, is to choose a solvent with a high molal volume 
and a low molal heat of vaporization. According to equation (20), the velocity of 
distillation varies with the square of the ratio of these quantitiesj and when numerical 
data for some of the common solvents are examined it is found that many organic 
compounds fall into a group with fairly similar values for (Ff/Af), while water lags 
far behind them. This is unfortxmate, since there is often no satisfactory alternative 
to an aqueous medium, but whenever such a possibility does exist, the physical 
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properties of the alternative solvent should be evaluated to see whether an appre¬ 
ciable increase in the distillation velocity is probable. In all oases, the contributory 
effect of the solvent to the overall value of should also be borne in mind. 

Equation (20) was developed for dilute solutions, and it is implied that the 
physical properties of these solutions are practically identical with those of the pure 
solvent, so that no alterations need be made in and However, it should be 
pointed out that the diffusion of the solute molecules may often affect the rate of 
distillation, although no simple generalizations can be made to cover the wide range 
of concentrations and solute types that may be involved. Concentration gradients 
would be significant at high distillation velocities only, and would vanish at the 
point where P = tt, so at the worst they could only alter the slope of the distillation 
curve without affecting the zero-rate intercept. In most of the isothermal stills so 
far built, distillation is so slow that diffusion of the solute can easily keep pace with 
It. A different situation may arise when distillation is accelerated by attending to 
the factors which have been discussed in this section. 

But no matter how the off-balance rates of distillation are accelerated or retarded 
by the design of the apparatus, or by the properties of the solvent and solute, it 
must be emphasized that the true balance point will be unaffected. At this point the 
rate of distillation becomes zero, the temperature difference between the solvent 
and solution vanishes, and the whole system is in a state of complete isothermal 
equilibrium, which is unaffected by kinetic factors. The corresponding hydrostatic 
drag is equal to the osmotic pressure of the solution. 


The BEEECT or TEMPEEATUBB ELtJOTXJATIOHS 

In the calculations which have just been presented, it was assumed that the 
solvent and solution were isolated from the influence of external temperature varia¬ 
tions. This assumption made it possible to examine the fundamental kinetic and 
thermodynamic features of the distillation process, but in order to make the treat¬ 
ment complete it must now be ascertained what occurs when these parasitic dis¬ 
turbances from the surroundings* are superimposed on the processes which occur 
inside the stillhead. 

We shall first calculate the steady-state conditions when the system is operating 
^ under a hydrostatic drag P greater than tt, so that distillation takes place from 
solution to solvent, and consider what must occur when an accidental fall in the 
thermostat bath temperature causes heat to flow from the stillhead. The solution 
in the annular space will be cooled before the disturbance reaches the solvent, which 
is inside the annulus. Eventually, however, a steady state will be reached in which 
the original temperature difference A5P (characteristic of a perfectly insulated still¬ 
head in which distillation is occurring at a finite rate) will be changed to a different 
value (AT 4- AT*). To simplify the problem, the flow of heat to the thermostat will 
be imagined to occur at such a rate as to maintain this disturbed temperature dif¬ 
ference for a fimte time, which means that the solvent and solution temperatures 
wiU fall at the same rate as soon as the temperature difference (AT -f AT*) has been 
established between them. 
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The fundamental problem is to discover how far the hydrostatic drag on the 
system must be altered when the thermal disturbance occurs in order to keep the 
rate of distillation constant, i.e. to calculate the relation between the parasitic 
temperature disturbance and the compensating alteration in the drag. Let 

Qa = rate of conduction of heat from solvent to solution in the undisturbed 

system. 

Q% = the same quantity when the thermal disturbance occurs. 

Qj) = rate at which heat is transferred by distillation in the undisturbed 

system. 

Q% = the same quantity when the thermal disturbance occurs. 

Q%. = rate at which heat leaves the stillhead to the unbalanced thermostat. 

= temperature of solution. 

= temperature of solvent. 

Icq . = thermal conductance of the separating waU between the solvent and 

solution. 

hgx = thermal conductance of the external wall of the stillhead. 

Cx = total heat capacity of the solution. 

Ca = total heat capacity of the solvent. 

A iT = steady-state temperature difference between the solvent and solution 

in the undisturbed stillhead. 

(AT -f AT*) = the same quantity during the thermal disturbance.' 

In order to establish an equation for AT* we must carry out a heat-balancing 
operation on the two liquid phases. The steady-state conditions are given by 

/J'P 

Ox^^Q*a-Ql-Q% (26) 

in' 

and C,^=Q%-Q%, . (27) 

and since dT^jdi = dT^dt, we can equate and rearrange with the following result; 

(28) 

For we can substitute k(y{AT-h AT*J, and since we have stipulated that the 
hydrostatic drag is to be readjusted to keep the di^illation rate constant, it follows 
that Ql) = Qj), But and Qq - so we can put Q%= ko^T. When 

these substitutions are made in equation (28), we obtain 



Since (7i, and kg are substantially constant, it follows that the alteration in the 
temperature difference between the two solutions will be directly proportional to 
Q%,. Hence, the magnitude of the temperature shift can be diminished by reducing 
Qga; for a given bath-temperature aberration, i.e. by insTdating the exterior of the 
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stillhead. Equally well, the equation shows that a similar effect would be obtained 
by increasing the value of Tcq^ which appears in the denominator, and since it has 
already been shown that such an increase is desirable to assist distillation, this second 
factor enhances the importance of good conduction between the solvent and solution. 

The intrusion of the parasitic temperature disturbance will alter the difference in 
chemical potential between the solvent and solution, and we must therefore intro¬ 
duce an equal and opposite change in chemical potential by changing the hydrostatic 
drag to a new value P* in order to preserve the status guo. 

The necessary thermodynamic relations have already been introduced and dis¬ 
cussed in this paper. The enhancement of the chemical potential of the solution with 
respect to the solvent, following the temperature disturbance AP***, is given by 

. (30) 

and the compensating alteration in the chemical potential of the solvent, which is 
effected by changing the hydrostatic drag, is 

(A(?i)^ = -{P*-P)Fi. (31) 

Balance is restored when (A(?i)^ = (A(?i)^, i.e. when 


<P-P*) = Aap*. , (32) 

We now have a general relation which can be used to calculate the alteration in the 
hydrostatic drag as a function of the temperature disturbance. It depends entirely 
on the constants Aj, TJ and P, so it is independent of the concentration of the solution, 
the type of solute and the distillation rate. 

The most interesting application of these calculations is to the special case where 
the distillation rate is zero, since this is the point at which the osmotic pressure is 
determined. In the case of a completely isolated stillhead it has been seen that when 
distillation ceases AP = 0 and P tt. 


But when thermostatic imperfeetions upset this state of complete balance by 
altering the temperature difference from zero to AP*, a false distillation will occur. 
It can be stopped by readjusting the hydrostatic drag to P*, and if we were.to 


conclude that the absence of distillation at this point was a sufficient criterion that 
the hydrostatic drag equalled the osmotic pressure we could put P* = zr'*'. However, 
by applying equation (32), which is a general relation for the disturbed state, we 


should find 


TT — 7r* Ai 


(33) 


This equation makes it possible to calculate the shift in the osmotic pressure from 
the true value tt to the false value tt* as a function of the parasitic temperature 
difference AP*. When numerical values are introduced for typical solvents in con¬ 
sistent units, it gives an impressive idea of the refined temperature eontrolthat must 
be attained for satisfactory osmotic-pressure determinations. For example, one of 
our projects involved measurements on solutions of certain polymers in toluene at 
75 C. Equation (33) shdwed that the term A^/PT^ had a value of 6500 mm. Hg per 0 
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under these conditions, i.e. a temperature disturbance of 0-001° C would lead to an 
osmotic pressure error of 6-5 mm. Hg. This would not be serious in many investiga¬ 
tions, but the solutions in which we were interested exerted osmotic pressures of 10 
to 15 mm. Hg only, so that a fluctuation of 0-001° C caused by faulty thermostating 
would introduce an osmotic pressure error of about 50 %. With solutes of bi gliftr- 
molecular weight or lower concentration this relative error would have become 
proportionately more serious, although the absolute error would still vary with the 
temperature disturbance as predicted by equation (33). Better results could be 
achieved by extending the time allowed for each experiment, so that the fluctuations 
represented by the LT* term could take on positive and negative values which 
would to some extent be self-cancelling, but this would be a tedious and not 
altogether satisfactory expedient. The method which we actually adopted includes 
some novel features and will be described in the final section of this paper. 

In all previously published examples, the stillheads have been immersed directly 
in the thermostat liquid, so the bath fluctuations must have been communicated 
fairly rapidly to the solution chamber. We have already shown that equation (29) 
represents the consequences of a drift of the thermostat bath temperature from its 
mean value. This equation can be rearranged to give 

= (34). 


But, if kg^ is the thermal conductance of the outer wall which separates the still- 
head from the thermostat bath liquid, and if is the temperature difference 


across this wall, then 


Qex hgt. 


(36) 


By eliminating from equations (34) and (35) we find 

AT* hg,l 0, \ 

Ai;^ ko\o^+cJ- 


(36) 


Equation (36) resembles its parent equation (29) in suggesting the desirability 
of diminishing and increasing he in order to reduce the magnitude of the; dis¬ 
turbances reaching the stillhead from the thermostat fluid. Such disturbances are 
the only ones which require attention in most isothermal stills, but in some cases 
stirrers have been used inside the stillhead to agitate the solutions, and the energy 
which they dissipate must inevitably introduce additional thermal errors. When 
small osmotic pressures are being measured these errors can be serious, so it is 
preferable to avoid the use of any stirring mechanism in this part of the apparatus. 

The theoretical importance of good thermoregulation has not been generally 
appreciated, and it is because of this oversight that so little has .been done to extend 
the isothermal distillation technique to the high-polymer field, where the osmotic 
pressures are low, and the fluctuations , in bath temperature are vesy important. 
When equation (33) is applied to the problem, it is easy to understand why several 
workers have reported an empirical qualitative relation between bath-temperature 
fluctuations and osmotic-pressure errors. But with the eieeption of Wohl, who 
compared the coUigative properties of ideal aqueous solutions, and emphasized the 
quantitative relation between boiling-point elevation and osmotic pressure, no one 
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has grasped the theoretical importance of temperature regulation in isothermal 
distillation. , WohLalso appreciated the fact that there must be a temperature dif¬ 
ference between the solvent and solution whenever distillation occurred, but failed 
to see that this would explain the low temperature coefficients which he had found 
experimentally. It is only by sorting out the regular temperature differences (AT) 
which accompany ideal distillation from the temperature differences which have 
been modified by thermostat deficiencies (AjP-H AT*) that a complete picture of the 
interrelation of temperature and osmotic pressures can be presented. 

The design oe an improved isothermal still 

The theoretical studies which have just been presented were actually brought to 
completion before specifications were drawn up for an isothermal still, with the 
object of extending its field of usefulness to the high-polymer region. A quantitative 
approach was necessary in order to show what factors controlled the distillation 
rates and the osmotic-pressure aberrations. When this theoretical investigation was 
finished, the most essential equations—^particularly (20) ayid (33)—^were used as 
guides through the design stage. 

The stillhead itself was the first component to benefit from the preliminary 
investigation. It is clear that a high value for the distillation velocity constant is 
desirable, since it reduces the time required to complete a given experiment, and 
gives a better ^ cut ’ on the zero-rate axis when the rates are plotted against the hydro¬ 
static drags. Consequently, an effort was made to obtain improved thermal con¬ 
ductance between the solvent and solution, since equation (20) had shown that the 
distillation rate varied directly with Tcq. Attempts to seal a sintered-glass disk into 
a thin silver or copper tube were abandoned because of the difficulties involved in 
strain elimination, but a satisfactory all-glass design was finally evolved which 
differed from earlier models in so far as a high proportion of the solvent was contained 
in several coils of thin-walled small-diameter tubing, bathed on the outside by the 
solution. Measurement of the distillation velocity constants obtainable with this 
type of stillhead have confirmed its superiority over those previously described in 
the literature, even when allowance is made for differences in the F and A values of 
the solvents employed. 

The relation between temperature fluctuations and osmotic-pressure errors, 
which is given by equation (33), was of overriding importance when the thermo¬ 
regulation of the stillhead was being considered. The first requirement was to measure 
osmotic pressures of the order of 10 to 20inm. Hg with an accuracy of ±1 %, using 
typical organic solvents. The theoretical equation showed that this specification 
could not be met unless the parasitic temperature fluctuations were reduced to 
± 2 X 10~® ° C, and a survey of the literature indicated that such refined temperature 
control was unlikely to be achieved with the usual type of thermostat. It was even¬ 
tually decided that the most hopeful alternative was to apply the conclusions already 
drawn from equation (36), i.e. to insulate the stillhead so efficiently that the 
parasitic temperature shifts inside it would be negligible in comparison with the 
fluctuating temperature differences across this insulating layer. 



113 


Isothermal distillation in the porous-dish osmometer 

Apart from this insulated stillhead, it was necessary to provide a thermostat 
which would reduce the temperature fluctuations to as low an order of magnitude 
as possible. This apparatus was designed hy Messrs Towuson and Mercer Ltd. of 
Croydon, Surrey, and was constructed in the workshops of the Alkali Division 
Research Department of Imperial Chemical Industries 
Ltd. It consists of two concentric independently con¬ 
trolled water-baths, isolated from each other by an 
unplasticized ‘Perspex’ box, with separate stirring 
systems employing high-velocity jets fed by centrifugal 
pumps. The outer bath is controlled to + 0 - 01 ° C by 
the familiar ‘off-on’ method, using a mercury-toluene 
thermoregulator with a portion of,the heater load fed 
back to the regulator as radiant energy to reduce time- 
lags. The inner bath has an all-electric proportional 
control system based on a temperature-sensitive Wheat¬ 
stone bridge immersed in the bath and connected to an 
external valve amplifier which in turn feeds a thyratron 
phase-shift control circuit. The valve circuit is essentially 
similar to the one described by Bancroft (1942), but a 
decoupler has been mtroduced into the first stage of 
amplification and an adjustable centre-tap to earth in the 
valve heater circuits m order to reduce pick-up and to 
improve the stability of the amplifier. Protracted trials 
have been carried out on the complete thermostat, usmg 
a separate temperature-measuring circuit consisting of 
a platinum resistance thermometer of the Diokinson- 
Mueller type (Dickinson & Mueller 1923; Sligh 1922) with 
a fundamental interval of 10 ohms, and a Smith bridge 
(Smith 1912) capable of detecting changes of 10“®ohm. 

These have shown that the inner bath can easily be 
controlled within limits of + 0-001° C for days at a time, 
and any slow superimposed drift can be eliminated by Fiotob 3. CrossHseetion of 
readjusting a fine control on the thermoregulator circuit the stillhead. 

at weekly intervals. . , 

The final step was the provision of a silvered Dewar jacket, which surrounds the 
stillhead and provides the necessary insulation. This simple and effective component^ 
is connected to an auxiliary system which can be used to maintain an extremely 
good vacuum or to provide an atmosphere of hydrogen in the jacket. Pigure 3 shows 
the complete stillhead on a reduced scale. 

Since all the components are joined together by seals at the lower end only, close- 
fitting spacers extend to the surrounding walls at strategic points to stiffen the 
assembly. The tube marked ‘pumps’ connects the Dewar gap and the auxiliary 
high-vacuum equipment, but it can also be switched oyer to the hydrogen supply 
system. This gas is introduced whenever improved thermal conductance is desired, 
e.g. when a fresh sample of solution has just been introduced into the stillhead; 
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When the sample has reached substantial temperature equilibrium with the 
thermostat bath water, the hydrogen is removed and a hard vacuum is established 
in the jacket, which then becomes a very efficient insulator. The time constants 
of the Dewar gap and the glass wall separating the solvent and solution have both 
been determined experimentally from cooling-curve data, and the following 
approximate values have been found: 

Dewar jacket, with at 1 atm. r = 20 min. 

Dewar jacket, evacuated r = 1000 min. 

Solvent-solution system t = 6 min. 

From the last two values it can be shown that the evacuated jacket will reduce the 
amplitude of any bath-temperature fluctuation by a factor of at least 200 , so that 
the maintenance of temperature limits of + 0 * 001 ° C in the thermostat will be 
associated with AT* values not greater than 5 x 10 ~®° 0 inside the stillhead. The 
corresponding osmotic-pressure errors, as deduced from equation (33), will never 
exceed ± 0-03 mm. Hg. 

Such errors are unimportant for substances with molecular weights of the order 
of 50,000. or less; and the averaging out of the temperature aberrations during each 
distillation would probably permit us to extend the useful molecular-weight range 
to even higher values. But if polymers with molecular weights of the order of several 
hundred thousand are to be examined, the effect of this small residual error becomes 
relatively more important. Fortunately, it can be evaluated quantitatively so that 
it can be converted into a correction term, with the help of the exact equations 
developed by Callender ( 1946 ) for heat flow in such a system. His work has shown 
that the parasitic internal temperature differences can be evaluated provided that 
we know the course of the bath temperature as a function of time, and the two time 
constants of the Dewar-jacketed stillhead. Both these constants have been deter¬ 
mined, and the bath temperature can be followed in any experiment with the help 
of the platinum resistance thermometer circuit, so the method is a feasible one. Its 
practical realization has been simplified by the construction of a simple differential 
analyser, which was developed from Callender’s double-hatchet planimeter. This 
instrument scans the plotted bath-temperature curve and generates the curves for 
the solvent and solution temperatures from which AT* can be worked out as a 
function of time. The corresponding values for (tt—tt*) or (P —P*) are then easily 
worked out from the error equations which have already been given, and the 
appropriate corrections can then be added to the observed drag values. 

In subsequent papers, fuller details will be given of the experimental aspects of 
this work. The theoretical subjectrmatter has been presented first in order to clarify 
the imusual features of the design which followed from its application, and it is 
hoped that the quantitative nature of the theory will stimulate further experimental 
work in this field. 

The author is greatly indebted to Mr A. Callender for his generous assistance and 
advice on many problems which arose during the development of the underlying 
theory. 
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The conductivity of lanthanum ferricyanide in water has been measured at 18, 25 and 30® C. 
k In dilute solutions the salt shows the behaviour of a comparatively weak electrolyte, and 
when the limiting Debye-BCiickel and Onsager eq[uations are applied to thirty measurements 
at ionic strengths lower than 0 - 002 , a constant value K = 1-82 x 10 “* is found for its dissocia¬ 
tion constant at 25® C. The dissociation constants at 18 and 30® 0 have also been calculated, 
and hence AH, and LS for dissociation. 

At the higher concentrations the conductivity curve shows abnormalities which find a 
reasonable explanation in the theory that the degree of dissociation falls to a minimum value 
of approximately 0 - 6 , and increases again at higher concentrations. 

The composition of the hydrate stable at room temperature is found to be LaFe{CN) 0 , 5 H 2 O. 

One molecule of water is readily lost over concentrated sulphuric acid, and this may account 
for the lower degrees of hydration reported in the literature. 

The object of this work was to add to existing knowledge of aqueous salt solutions 
by studying the conductivity of a ter-tervalent electrolyte. Lanthanum ferricyanide 
was chosen as being a typical salt, not subject to hydrolysis in dilute solutions, and 
■with a reasonable solubility. 

% 

Pebparation and composition op the hydrate 

Lanthanum oxide was purified by three times precipitating the oxalate from 
neutral solution and igniting the well-washed oxalate at 960® C. It was then dissolved 
in the stoichiometric quantity of dilute hydrochloric acid, and the solution filtered, 
cooled and diluted to give a concentration of 1 g. La^Os per 25 ml. solution (of. 
Prandtl & Mohr 1938). The calculated volume of cold saturated potassium ferri- 
oyanide solution, prepared from the recrystaUized salt, was added, and the solution 
allowed to stand in the dark. Crystallization was complete after 4 days, and the 
crystals were drained off, washed with cold water, and allowed to stand in a desic¬ 
cator over a partly dehydrated specimen of the salt. Constant weight was attained 
after 6 weeks. 

The composition of the crystals was deitermined by estimating the ferricyanide 
content iodometricaUy, as recommended by Kolthoff (1922). Two separate samples 
gave mean results of 100’20 and 99'94 % LaPe(.CN)j,5H20, and this formula was 
therefore adopted (m = 440*89). Prandtl & Mohr give the formula of the salt as 
LaPe{CN)6,4|H20; their salt was dried over concentrated sulphuric acid. Grant 
& James (1917), who also prepared the salt, do not give their method of drying 
but state that the composition is ‘practically in agreement -with’ the formula 
LaPe(CN)0,4H2O. To discover whether these discrepancies are due to the method 
of drymg we allowed, ■two samples of o^ur salt to stand over concentrated sulphuric 

[ U6 1 
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acid in a vacuum desiccator. They steadily lost in weight, and an apparent equi¬ 
librium was reached after 1 month, when the final weights were 96-16 and 96-11 % 
of the respective original weights. This is consistent with dehydration from 
Lare(CN) 8 , 6 H 20 to LaFe(0N)8,4H2O, which would require a decrease to 96-92 % 
of the original weight. 

ExPBRrMBiirTAL methods’ 

The conductivity measurements were made with the apparatus and technique 
> previously described (Davies 1937 ). Temperatures were checked by two thermo¬ 
meters calibrated at theNationalPhysicalLaboratory. Conductivities weremeasured 
at two or more frequencies. For the most dilute solutions a Hartley & Barrett cell 
with ‘greyed’ platinum electrodes was employed; this was standardized by carrying 
out several series of measurements Mtdth potassium chloride at concentrations 
extending up to one-thousandth normal, and comparing the results of these with 
conductivities calculated from the interpolation formula 

A = 149-92-93-85(7*-|-60a 

(Davies 1937 ). For the more concentrated solutions cells of the Washburn type were 
used, modified as recommended by Jones & Bollinger ( 1 ^ 31 ). These were calibrated 
by means of Jones & Bradshaw’s ( 1933 ) value for O-OID potassium chloride at 26° 0. 

The density of the crystals was determined for the purpose of buoyancy correc¬ 
tions, and found to be 2-046 at 26° C. Ma-rsh ( 1947 ) has recently reported the value 
2-044. Density measurements were also rfiade for the more concentrated solutions 
studied, using 6 ml. pyknometers of the Sprengel type. Within the needed accuracy 
the densities at 26° C are represented by thd equation df = 0-9^707-1-0-090(7, 
O being the equivalent concentration. 

The measured conductivity was corrected in every case for the conductivity of 
the solvent, allowance being made in the correction for interionio attraction effects 
(Davies 1929 ). The corrected results are in figure 1 and in tables 1 , 2 and 3. Tables 
1 and 2 give all our measurements at 18 and 30° C, but, to save space, interpolated 
values are given in table 3 for the more dilute solutions at 25° C, 

Diltjtb solutions at 25°C • 

At 25^ 0 an independent value of the conductivity at infinite dilution may 
be calculated from the relation A 0 LaCl 3 +AoK 3 Fe(CN )6 —AqKCI = AoLaFe(CN)e. 
Unfortunately, there is ^a considerable uncertainty in the result of this calculation, 
rdainly on account of the long extrapolation involved in obtaining the lanthanum 
chloride value from Jones & Bickford’s data ( 1934 ); Owen { 1939 ) derived the 
value 145*8, whereas Hartley & Donaldson ( 1937 ), from the same data, obtained 
a value more than a unit lower. An independent Aq value is of advantage, however, 
in a preliminary discussion of the results, and we will temporarily combine Owen’s 
value for lanthanum chloride with Hartley & Donaldson’s figure Aq ^ 174*4 for 
potassium ferricyanide, and Aq = 149*9 for potassium chloride (Davies 193 ?) 
give the approximate value Aq = 170*3 for lanthanum ferricyanide. We derive 
a value from our own measurements later. • 
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In figure 1 are plotted aU our measurements below one-thousandth normal. The 
figure also shows the line predicted for the completely dissociated salt by Onsager’s 
equation which, using the physical constants given by Birge (i94i)> takes the form 
A = 170-3- 918-30*. It will be seen that the experimental conductivities can only 
be reconciled with the limiting value, and with the theoretical limiting slope, by 
attributing to the salt a conductivity curve of the type characteristic of weak 
electroljH^es. We have accordingly treated the data in the way now commonly 
applied to weak acids (Davies 1937 ). The degree of dissociation is calculated from 
the equation a = A/[170-3-918-3A/(aO)], and the logarithm of the apparent 



Figubb 1 . Equivalent conductivity at 25® C.-Onsager slope. 


dissociation constant, K' = a^(7/3(l — a), derived in this way, is plotted in curve 1 
of figure 2 agafiist the square root of the ionic strength (/ — 3a(7). The line through 
the points is drawn with the slope required by the limiting Debye-Hfickel equation 
~log/|;= 9*164J^, and the agreement with'experiment is very good except at the 
lowest concentrations (m < 0-00006), where the slightfallingaway of the experimental 
points can be fully explained by the possible error in the Aq value used. If, therefore, 
the ions of this ter-tervalent salt obey Onsager’s equation at high dilutions, as was 
assumed in calculating the degrees of dissociation, then they also obey the Bebye- 
Huckel limiting equation. Doubts have been expressed of the applicability of the 
limiting equations to highly charged ions, but clearly the probability here is that 
both equations are obeyed, as they are by ions of lower charge, though ovef a more 
restricted concentration range. That the points shown in figure 2 lie on straight lines 
up to the highest ionic strength shown (0*002) does not imply that the limiting 
equations jiold accurately up to this value; rather it may be supposed that the 
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higher terms omitted from both of the limiting equations counterbalance one 
another closely in this concentration range, just as do the whole mobility and 
activity corrections in the Arrhenius treatment of a sufficiently weak electrolyte. 



Figubb 2. Logarithms of apparent dissociation constants at 25° C. Curve 1, Ao=s 170-3; 

curve 2, Aq = 168-9. Curve 1 is displaced downward by 0-1 unit. -Debye-Hixckel 

limiting slope. 


Dilute solutions at 1 § and 30° 0 

At 18 and 30° C we have no way of calculating Aq independently of our own 
experiments. However, the results at 25° 0 show that a normal dissociation equi¬ 
librium holds good, and Davies ( 1933 ) and Fuoss & Kraus ( 1933 ) bare given methods 
of extrapolating the experimental results for an incompletely dissociated electrolyte. 
We have used the former’s method, which gives the best fit of the experimental 


Table 1. Equivalent conductivity at 18°0 


i5CH.oXl0« 

CxlO* 

100 Gi 

* A 

KxW 

0-434 

1-8798 

1-371 

114-51 

1-967 


2-7779 

1-667 

108-19 

' 1-966 


3-6487 

1-910 

103-53 

1?972 


5-0223 

2-241 

97-77 - 

1-964 


7-6565 

2-767 

90-06 

1-963 

0-447 

1-5042 

>1-226 

117-99 

1-996 


3-3987 

1-844 

105-01 

1-993 

0-582 

1-5307 

1-237 

117-83 

2-009 


4-7370 

' 2-176 

99-21 

2-003 


6-3879 

2-527 

93-59 

1-987 


8-0953 

2-845 

89-16 

1-979 

0-572 

3-3923 

1-842 

104-89 

1-976 


4-5958 

2*144 

99-50 

1-981 


7-6624 

2-768 

90-12 

1-973 

0-712 

2-4646 

1-570 

110-43 

1-956 


3-8046 

1-950 

102-97 

1-995 

0-501 

2-5677 

1-602 

109-71 

1-988 


6 
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points on the assumption that the limiting Onsager and Debye-Hxickel equations 
simultaneously a»pply to these dilute solutions. The values obtained are: at 18° C, 
Ao = 144-1; at 30° C, Ao = 188-0. 

Apparent dissociation constants were next calculated, as was done at 25° C, and 
the logarithms of these plotted against the square root of the ionic strength. In 
both cases agreement with the theoretical Debye-Hiickel slope was very satisfactory. 
Finally, values of the thermodynamic dissociation constants were calculated for 
each individual point, and these are given in the last columns of tables 1 and 2 . 
The mean values are: at 18° C, = 1*980 x 10“^, and at 30° C, = 1-725 ^ 10“’^ 
the average deviation from the mean, at each temperature, being 0-01 x 10 ”*, 


Table 2 . Equivalent conductivity at 30° C 


, rmx 

Ah.oX10® 

0x10^ 

100 04 

A 

AxlO^ 

1 

0*407 

0*8871 

0*942 

160-16 

(1-628) 


’ 

1*3326 

1-164 

163*57 

1-710 



.3*0276 

1-740 

136-02 

1-700 



4*4058 

2*099 

127-16 

1-702 

2 

0*462 

1*7124' 

1-309 

149*06 

1-744 



2*6406 

1-625 

139-80 

1-763 



4*3712 

2*091 

127-98 

1-746 



6*5309 

2*666 

118-20 

1-739 



8-5010 

2*916 

111-76 

1-733 

a 

0-692 ' 

10-258 

3-203 

107-01 

1-716 

4 

0*463 

1-1622 

.1-073 

156-32 

• 1-712 



2-4349 

1-660 

141-37 

1-733 



3*3436 

1-829 

* 134-09 

1-729 



4-8437 

2*201 

126-26 

1-736 



6-2092 

2-492 

119-20 

1-724 



7-1684 

2*677 

116-65 

1-723 


Intercomparison of the results at 18, 25 and 30° 0 

It has been mentioned that the independent Aq value at 26° C is subject to con¬ 
siderable uncertainty. Before comparing our results at §5° C with those at the other 
two temperatures it was therefore necessary to derive a more precise Aq value from 
our own measurements. This has been done in three ways: 

( 1 ) by using the extrapolation method suggested by Owen ( 1939 ), which has been 
appKed successfully to other electrolytes in which ion-association is marked; 

( 2 ) by extrapolating in the same way as at 18 and 30° 0 ; 

(3) by interpolating from the results at^lS and 30° C. The equation of Johnston 
( 1909 ) should hold very accurately over this short temperature range, and the 
values at 18 and 30° C give the constants in this equation as Ao = 1-831^6®*®^®^, 
where <f> is the fluidity of water. 

AH three methods give the value Aq = 168-9, corresponding to a mobility of the 
lanthanum ion at 25° 0 of 68 - 1 . Using this value instead of 170-3, calculation gives 
curve 2 of flgure 2 , in place of curve 1 , and the dissociation constant at 26° 0 becomes 
1-825 x 10 ”* ±0-015x10"*, 
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By inserting our three dissociation constants in the van’t Hoff isochore, assuming 
constancy of AH over these small temperature intervals, we derive the values: 
AH = -2-Oikcal. between 18 and 25° C, - 2 - 03 kcal. between 25 and 30° 0, and 
- 2 - 02 koal. between 18 and 30°C. We further obtain = 5094cal., and 

^'^ 298-1 ~ “ dissociation process. An interesting feature of these 

results is that the values found for AH and AS are comparatively small; although 
the range studied is insufficient to give a rehable figure for AOp it seems clear that 
this also has a small value. The formation of an ion-pair, therefore, does not seem to 
involve a very drastic alteration in the large hydration ener^ of the lanthanum ion. 

The same conclusion is reached when the results are examined in the light of the 
ion-association theory of Bjerrum ( 1926 ). When our dissociation constants are 
inserted in Bjerrum’s equation the values obtained for the closest distance of 
approaph of the ionic centres are: at 18° C, 7-23 A; at 25° C, 7-23 A; and at 30° C, 
7-23 A. The quantitative accuracy of the Bjerruin treatment can be questioned on 
several grounds; nevertheless, the value obtained does suggest that at least one 
molecule of water is included in the effective radius of the lanthanum ion. Moreover, 
the constancy of the mean ionic diameter shows that Bjerrum’s electrostatic treat¬ 
ment, employing the normal dielectric constant of water, is adequate to explain the 
temperature dependence of the dissociation constant.. 


More concentrated soLtmoNs 

Measurements at 25° 0, extending almost to saturation, are shown in table 3 
and in curve 1 of figure 3. 


Table 3. Equivalent conductivities at 25° C 


Ox 10* 

A 

<7x10* 

A 

Ox 10* 

A 

1-0 

144-2 

46-048 

68-83 

270-65 

49-19 

2-0 

132-3 

94-568 

59-23 

292-01 

48-76 

5-0 

11 ‘2-1 

130-73 

55-16 

294-08 

48-70 

10-0 

98-1 

138-86 

54-82 

348-48 

47-68 

12^040 

94-09 

176-95 

52-58 

438-72 

46-69 

21-118 

82*64 

199-51 

51-35 

578-40 

45-51 

29-376 

76-47 

213-97 

50-78 




The curve is quite unlike those of weak uni-univalent electrolytes in the way that 
it flattens out at moderate concentrations; between 0-025 and 0-06n the conduc¬ 
tivity decreases by less than three units. Now the equivalent conductivity curve is 
governed by two factors, changes in ionic mobilities due to interionic forces, and 
changes in the extent of ion-association;’the latter, if govenjed by a mass-action 
equilibrium, depends in turn on changes in the activity coefficients and the con¬ 
centration. To explain the almost constant conduQtivity (without recourse to an 
ad hoc assumption of the appearance of new ionic species) we must therefore postulate: 
(d) almost constant values for both mobility and degree of dissociation at the higher 
concentrations; this would imjply mobility and afctivity equations quite unlike those 
gove rning electrolytes of lower valence types at comparable ionic strengths; 
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(b) ionic mobiKties increasing with increasing ionic strength; this is even more 
nnUkely; or (c) degrees of dissociation increasir^g with increasing concentration. 

Evidence for postulate (c) has already been found for other electrolytes (Davies 
1945 ), and we think that the behaviour of lanthanum ferricyanide is to be explained 
in the same way. The equations given in the paper quoted predict for lanthanum 
ferricyanide a minimum degree of dissociation a = 0’486 &t 0 = 0-01164. Values 
of a at other concentrations can be obtained from the equation 

where ~ ~ ^( l^/* ~> 

and the results of such calculations are shown in curve 2 of figure 3. The empirical 
extension of the Dehye-Hiickel limiting equation that is used in this treatment has 
been extensively tested for electrolytes of other valence types, and has been shown 



Figure 3. More concentrated solutions at 25® C. Curve 1, equivalent conductivity; curve 2, 
calculated degrees of dissociation; curve 3, sum of ionic conductances, calculated. 

(Davies 1938 ) to be in reasonably good agreement with the one set of activity data 
available for a ter-tervalent salt (LaMer, King & Mason 1927 ). We think, therefore, 
that curve 2 gives a fairly reliable picture of the way in which a changes with con¬ 
centration. Curve 3, which is derived from it by the relation aA^ = A, shows the 
sum of the ionic mobilities, plotted against the square root of the ionic concentration. 
The curve follows on smoothly from the Onsager limiting slope, and shows a 
curvature of the sign and order of magnitude to be expected. 
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An investigation of the neutrons produced in 
the deuteron-deuteron reaction 

By D. L. Livesby, St John^s College^ and D. H. Wilkinson, Jbbus College^ 

University of Cambridge 

{Communicated by Sir John Cockcroft, F.R.S.—Received 27 February 1948). 

Some properties of the fH + JH reaction are investigated by the photographic 

plate technique for a bombarding deuteron energy of 920 keV. Thick deuterium targets only 
are used, and the following quantities measured: 

(а) The„0 value—^found to be (3-23 ±0*02) MeV. 

(б) The neutron spectra at various angles of neutron emission. 

(c) The angular distribution of the neutmns. ' 

The problems arising in the application of the technique to the precision determination of 
neutron energy are discussed and the previous precision determination of the Q value by 
Bonner is criticized. The present results are in good agreement with the Q value of the 
reaction JH+fH =:®H+JH and the maximum energy of the fH y?-spectrum. The neutron 
spectra are in accord with those calculated from the ballistics of the reaction and the known 
excitation function. The neutron angular distribution shows a marked maximum in the 
forward direction and a minimum at 90° to the deuteron beam. 

Introduction 

The emission of neutrons in the disintegration of deuterons by deuterons was first 
reported by Oliphant, Harteck & Rutherford ( 1934 ), who ascribe4 it to the reaction 

|H+|H = iHe+jTO. ' . 

This reaction is extremely important because of the simplicity of the particles 
involved, and because it has been widely u^d to provide sources of fast neutrons 
of known energy. The properties of the reaction have been investigated by several 
authors, and the most important results are summarized below. 
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(i) The ener^ release (Q value) of the reaction is single-valued for the raiige of 
bombarding energies below iMeV. The most accurate determination of this quan¬ 
tity was that of Bonner ( 1941 ), who obtained Q — (3'31 i0’03)MeV. Bonner used 
a cloud-chamber filled with methane to observe proton tracks produced by neutrons 
emitted from a thick deuterium target at 0 ° to the primary deuteron beam, which 
was accelerated through 0-52 MeV. The result is open to objections because the 
neutron emission was studied at one angle only, and the calculation of the energy 
release was rtot carried out with sufficient care. 

(ii) The excitation function has been determined for energies below 1 MeV by 
Amaldi, Hafstad & Tuve ( 1937 ), who employed an activation technique. More 
recently Bennett, Mandeville & Richards ( 1946 ) have extended the measurements 
up to 3 - 5 MeV using an electrometer method, which, however, is open to serious 
objections. The results indicate that the neutron yield increases monotonically 
with inpreasing bombarding energy, and no resonance effects have been detected. 

(iii) The angular distribution of neutron yield is important because it may provide 

information concerning the spin relationships of the nuclei involved. The first 
indication that the distribution is anisotropic was obtained by Kempton, Browne 
& Maasdorp ( 1936 ), who used a thick target and a bombarding energy of 6-40 MeV. 
It has been assumed by Richards ( 1941 ^) and by Bennett et ail. ( 1946 ) that the 
distribution, when referred to the co-ordinate system in which the centre of mass of 
the reacting particles is stationary, takes the form = 1 -|-.d cos® These authors 

deduced values of A from measurements of the neutron flux emitted from a thin 
target at two angles only, namely, <p = 0“ and ^ = 90°, and their results therefore 
afforded no direct evidence concerning the reliability of the function gi'^). 

It is clear, in view of the fundamental importance of the D -f- D reaction, that 
further information is required concerning the energy release of the process and the 
fi.ngn 1 fl.r distribution of neufron yield. In addition, the reaction has important 
• practical applications as a neutron source, and for this purpose thick targets are 
nearly always used. The energy distributions of neutrons emitted at various angles 
from a thick target have not previously been determined. Consideration of the 
dynamics of the dismtegration process leads to the conclusion that the shape of 
the neutron spectrum must vary appreciably with the angle of emission. It therefore 
becomes of interest to determiue the neutron spectra directly over a range of 
angles, and to derive the various quantities which are of practical importance, for 
example, the mean neutron energy and the energy hmits of the spectrum at each 
angle. 

This paper describes an investigation of the neutrons emitted from a thick 
deuterium target bombarded by a deuteron beam of energy 0-92 MeV. The photo¬ 
graphic plate technique was used. Its application to neutron investigations has 
previously been described by Powell ( 1940 , 1943 ) and by Richards ( 1941 a), but this 
■ experiment represents the first attempt to employ photographic plates for precise 
measurements of fast neutron energy. The results obtained include an accurate 
determination of the energy release of the reaction, measurements of the neutron 
spectra at eight different angles to the primary deuteron beam, and the angular 
distribution of emission of the neutrons. 
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OUTLISTE OS’ THE EXPEEIMENTAL METHOD 

Ilford half-tone plates* -were irradiated by the neutrons emitted from a thick 
target of heavy phosphoric acid, D 3 PO 4 , bombarded by a deuteron beam of energy 
0-92 MeV provided by the Cavendish Laboratory high-tension set. The plates, 
which were coated with 100 /< emulsion layers, were placed at eight different angles 
to the beam, between 0 ° and 160°, and were irradiated simultaneously. After being 
processed,.the plates were examined under a high-power microscope, and.measure- 
ments were carried out on the proton tracks produced by elastic scattering of the 
neutrons in the hydrogenous material of the emulsion. 

In order to estimate the energy of a proton from its observed range, it is necessary 
to upe some form of range-energy relation. In the standard half-tone emulsion, the 
concentration of silver bromide is small compared with that of gelatin, so the greater 
part of the material is composed of light atoms (hydrogen, carbon, nitrogen, oxygen). 
The range-energy function for such a medium does not differ appreciably in form 
from that obtaining for air. It has been customary to determine the stopping power 
of the emulsion relative to air by calibration with a-particles and to use the factor 
obtained, in conjunction with the known range-energy relation for air, in estimating 
proton energies from the range measurements. Detailed experiments by Guggen- 
heimer, Heitler & Powell ( 1947 ) with half-tone plates have confirmed the reliability 
of the assumptions implicit in this procedure. The stopping-power calibration was 
carried out by the determination of the mean range, in the half-tone emulsion, of 
the 6*3 MeV a-particles emitted by polonium. 

The neutron energy distribution at each of the eight angles of irradiation was 
derived from the proton track measurements, and the corresponding thin-target 
energy was obtained by means of a thick-target correction formula. From these 
data the energy release of the reaction was calculated. The large number of indepen¬ 
dent determinations was an advantage in providing a check on the internal con¬ 
sistency of the results and on the constancy of the stopping-power factor. 

It was assumed that no neutrons due to the phosphorus and oxygen of the target 
were recorded. The yield from the phosphorus could scarcely be appreciable com¬ 
pared with that from the deuterium, while no neutrons could come from the oxygen 
because the {d,n) reaction in this element is endothermic,by 1-7MeV. The results 
can safely be interpreted in terms of the D+D reaction only. 

In the course of the microscope observations, the number of protons, per unit 
area of the plate, scattered within a defined range of angles relative to the direction 
of the incident neutrons was determined at each angle of irradiation. The total 
proton abundance was proportional to the product of the neutron ^ux and the total 
scattering cross-section, cr„p. The latter quantity was calculated froin the formulae 
of Elittel & Breit ( 1939 ),! and the angular distribution of neutron yield was obtained 
by estimating the flux at each angle of irradiation, relative to the flux at 0°, 

• The superior Ilford ‘ Nuclear Research ’ 6 in,ulsions had not been developed when this work 
was carried out. - 

t The deviations of these formulae from the more recent results of Bohm & Bichman ( 1947 ) 
are not sufficiently great noticeably to affect the final results. 
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Stoppikg-powbr oalibeatiok 

The stopping power of the half-tone plates for polonium a-particles was deter¬ 
mined as follows. Plates were immersed for 1 hr. in a weak solution of polonium in 
6 % acetic acid; afterwards they were washed for 1 hr. before being dried rapidly. 
The plates were left in a dry condition for a week, and during this period a-particle 
tracks were produced by radioactive decay of the polonium. The majority of the 
tracks were thus formed while the emulsion was dry. This precaution is important 
because the stopping power of an emulsion when wet differs appreciably from its 
stopping power in the dry state. At the end of the decay period the plates were 
processed. 



Figueb 1 . Polonium track length distribution. 

Range measurements were carried out by two observers, using the same micro¬ 
scope system as that later employed in the examination of the plates exposed to 
D-fD neutrons. Tracks were selected which lay entirely within the focj/l plane of 
the microscope and which were situated more than I5ju, below the surface of the 
emulsion. The latter criterion was adopted in order to reduce the effects of any small 
variation of the emulsion properties near the surface. 900 tracks were measured by 
two observers, and the combined range distribution is shown in figure 1 . The mean 
range of polonium a-particles in the emulsion is 

26-0 ± 0 - 2 /^. 

This yields a stopping power, relative to air, of 

1463 + 10. 

♦ ■“ 

This result agrees closely with that found by Powell ( 1943 ), namely, 1460,* and it 
was used in all subsequent range-energy conversions, in conjunction with the 
range-energy relation for protons in air published by Livingston & Bethe ( 1937 ). 

It should be noted that, because of the finite grain spacing in the observed tracks, 
the range quoted above is not equal to the true a-particle range in the emulsion, but 
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is essentially less. However, the ^apparent stopping power’ quoted is nearly the 
same for a-particles and protons, because the grain spacing in proton tracks exceeds 
that in a-particle tracks. Calculations show that the error introduced into the final 
Q value by the use of the apparent stopping-power factpr cannot be more than 0*5 %. 


ExpostTee of plates to D-hD nbxttrons 


It is possible to obtain very accurate geometrical conditions in the irradiation of 
photographic plates with fast neutrons, owing to the small dimensions of the 
recording volume. In this experiment, the cross-section presented to the neutron 
beam by the parts of the plate subsequently examined was an area approximately 
1-0 by O'l mm., at a distance of 12 cm. from the neutron source. The source dimen¬ 
sions were restricted to an area 5 by 7 mm. by use of a molybdenum sheet wMch 
covered the phosphoric acid layer apart fibm a narrow central region; this region 
alone was affected by the deuteron beam. The average uncertainty in the angular 
definition of neutrons incident upon the plates was therefore less than 1°. The 
effect of angular straggling of the proton tracks was negligible, and in this respect 
the experimental method has distinct advantages over other methods of neutron 
investigation. ^ 



Figure 2 . Irradiation geometry. 


The plates (6 by 2 cm.) were enclosed in light-tight boxes made of thin metal sheet, 
and each box held two plates. The boxes were supported in position near the neutron 
source by a light brass ring, which was marked with lines making angles of 0, 30, 
45,60,75,106,120 and 150"^ with the direction of the deutearon beam. At each position 
a box was placed so that the right-hand edges of the enclosed plates were alined with 
the angle-defining mark. The angle at which^measurements were made differed by 
2° in each case from the angle quoted; this enabled the observers to examine parts 
of the emulsion away from the plate edges. The actual angles investigated were 
2, 28, 47, 68, 77, 107, 118 and 148^^. The experimental arrangements are shown 
diagrammatically in figure 2. 

During the exposure, which lasted for 1 hr. the total beam current averaged 
70/iA and the energy of the bombarding deuterons was 0*920MeV, this fiigure being 
accurate to better than 1 %. 
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After being irradiated, the plates were processed. In order to ensure a uniform 
development throughout the sensitive layer, which was 100 /a thick, each plate was 
developed for 2 hr. in a solution of I.D.19 X-ray developer diluted to the extent of 
1 part in 15 parts of water. The plate was then washed for 2 min., placed for 10 min. 
in a metabisulphite stop-bath, and fixed for 1 hr. in hypo solution. Finally, it was 
washed thoroughly and dried. 

Obsebvation oe proton tracks 

The microscope used in this work was a Zeiss instrument fitted with a ^in. Leitz 
oil-immersion objective and an eyepiece x 15. The eyepiece carried a calibrated 
internal scale and, in addition, a pointer moving over an external scale marked in 
degrees; this was arranged so that the angle a in the focal plane between the incident 
neutron beam and any recoil proton track was read directly when the interval scale 
was placed parallel to the track image. The angle of dip in the emulsion was estimated 
* by measuring the vertical distance h between the ends of the track, and this was 
referred to the projected length of the track a in the focal plane. For each selected 
track, A, a and a were recorded, the range and angle of projection y of the proton 
were deduced, and the neutron energy was calculated. It is not possible to esti¬ 
mate accurately unless y is small. Accordingly, the limits of acceptance of proton 
tracks were fixed by selection of those tracks which made angles of 10 ° or less in the 
vertical and horizontal planes with the incident neutron direction. In addition, 
tracks which crossed either boundary plane of the emulsion were rejected. 

The total number of tracks measured in a plate varied between 450 and 200 
according to homogeneity of the neutron-energy distribution. The area of plate 
examined in each set of observations was recorded. Two observers shared the micro¬ 
scope work, and a comparison of the two sets of results revealed no systematic 
discrepancies. On completion of the track measurements, the number of tracks 
recorded in successive intervals of 0*01 MeV on the E^ scale were tabulated. In order 
to reduce the effects of statistical fluctuations the distribution was smoothed by 
regrouping the numbers of tracks at intervals of 0-03 MeV. 


The neutron spectra 

It is possible to calculate the shape of the D -f- D neutron spectrum at any angle 
if it is assumed that the form of the neutron yield curve is similar to that of the 
excitation function for total yield, as determined by Amaldi et ah ( 1937 ). This 
procedure is not very reliable, but it gives reasonably accurate approximations to 
the actual thick-target spectra. The results of such calculations are shown as 
HheoreticaV spectra in figure 3 for the eight angles of irradiation investigated in 
this experiment. 

The experimental spectra differ from the true neutron spectra because of the 
straggling effects caused both by the intrinsic range straggling of the protons and 
by the fimte size and separation distance of the silver grains in the developed emul¬ 
sion. The latter straggling effect is quite pronounced in standard half-tone plates, 
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FiGXJitE 36. Comparison of theoretical and experimental neutron spectra. 

(Each spectrum has its own scale of ordinate, the maxima being adjusted to equality,] 
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and for this reason it is not possible to deduce the thin-target energies corresponding 
to maximum bombarding potential simply by inspection of the experimental 
spectra. This difficulty was overcome by the use of a correction formula, which is 
described in the next section. 

The neutron spectra were derived from the data which expressed the abundance 
of proton tracks as a function of the neutron energy, The ordinates were cor¬ 
rected for the variation of the total neutron-proton scattering cross-section with 
energy with the aid of the formulae of Kittel & Breit ( 1939 ). The corrected ‘ experi¬ 
mental’ spectra are shown in figure 3 a, and may be compared with the approximate 
‘theoretical’ spectra, in figure 36. It is apparent from the graphs that, when the 
various straggling effects are taken into account, the agreement between the two 
sets of curves is very close. 



OJiia degrees) 

Figure 4. and E as functions of 6. (920 keV deuteron beam.) 


The experimental neutron spectra were used to calculate the mean neutron 
energy E at each angle. This appears in figure 4, together with the thin-target or 
‘cut-off’ energy, E^,, as a function of the angle of emission; E^ was derived from the 
Q value determined in the next section. 

The energy release oe the reaction 

- In order to calculate the energy release of the reaction it was necessary to deduce 
the thin-target energy, E^, from each of the experimental thick-target spectra. The 
procedure adopted consisted in the calculation of the form of the neutron spectra, 
taking into account the straggling effects already described. To a sufficient degree 
of accuracy, the theoretical neutron spectrum at any angle may be represented, 
near the thin-target energy E^, by the function 

f{y) = 
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where y = \ E-E^\, E ^ neutron energy. If, now, a Gaussian error function with 
variance cr^ is superposed on the exponential function in order to account for the 
straggling effects, the following expression is obtained: 



exp 



dx 


= Ke~^^y^ — erf I Ao* — ~ 


This function was found to fit the experimental spectra closely when A and cr were 
chosen correctly for each case. In practice, A was derived from the theoretical 
spectra, and the most satisfactory value of cr was found to lie between 0*10 and 
0*20 MeV in all cases. 



FiaxjRE 5. Thick-target correction, a, theoretical integrated spectrum. 
A = 0'75MeV”’^; o* = 0*1 MeV. 6, experimental integrated spectrum. 


With A and cr chosen to give the best fit, the thick target correction was derived 
from the integrated spectrum, as shown in figure 5, which shows the results for the 
2 ° position. The experimental integrated spectrum was plotted and the straight 
part of the graph was extrapolated to cut the axis at a point corresponding to 
energy E\ The theoretical function F{y) was similarly treated, and the difference {y') 
between the extrapolated intercept and the origin (y = 0 ) was found. The cor¬ 
rection y' was then applied to the experimental data to obtain the thin-target 


The correction was in all oases less than 0*09 MeV, and the error in E^ from this 
cause was less than 1 %. 

This procedure failed at the 107° angle, where the theoretical spectrum is sharply 
defined, because A could not he estimated accurately. However, the experimental 
spectrum was very nearly symmetrical about the mean at this angle, and E^, was 
assumed to be equal to the mean energy. 

The thin-target energy E^ and the an^le of irradiation 6 are related by the 

expression 4.025£!e = [0-922 + 2 + 3-016^. 
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This relation, which is based upon the atomic masses quoted by Mattauch ( 1942 ), 
was used to calculate the Q value. The results are tabulated below: 


6 (degrees) 

2 

28 

47 

S8 

77 

107 

118 

148 

E' (MeV) 

4-04 

3-94 

3*62 

3*30 

2*97 

— 

2*09 

1*78 

2 /' (MeV) 

0*04 

0-07 

0-06 

0*07 

0*04 

— 

-0*08 

-0*06 

E, (MeV) 

4-00 

3*87 

3-56 

3*23 

2*93 

2*34 

2*17 

1*84 

Q (MeV) 

3*23 

3*28 

3-28 

3*16 

3*25 

3*22 

3*21 

3*19 


The consistency of the results may also he demonstrated by plotting (4-026.©^) 
against the expression in brackets above, when a straight line is obtained, as is 
shown in figure 6 . 



-Figuee 6 


The mean Q value was determined with equal weights assigned to the eight 
independent determinations. The probable error calculated from the Q value figures 
above was + 0 - 0 lMeV. Taking into account the errors in the stopping-power 
calibration, the total error was ± 0 > 02 MeV. 

The adopted value is Q = (3-23 ± 0-02) MeV. 

This result is somewhat lower than that of Bonner ( 1941 ), namely, 

Q = (3*31 ± 0-03) MeV. 

However, in calculating the Q value from his data, Bonner used whole-number 
atomic masses. If the accurate ntasses are employed, the Q value obtained is 
3-29 MeV. Moreover, Bonner’s thick-target correction, amounting to 0*03 MeV, 
seems to be too low, in view of the considerable straggling shown in his published 
integrated spectrum. A careful retreatment of his results by the method described 
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in this paper yields a correction of 0-06 MeV, and the thin-target energy at 0 ° to the 
0"62MeV deuteron beam becomes 3*65MeV. The Q value determined from these 

<3 = (3-27 ±0-03) MeV. 

This agrees with the photographic plate results. 

The energy release of the D + D reaction may be employed in calculation of the 
difference in mass between the 'isobaric' nuclei fH and |He. The Q value of the 
proton-producing D + D reaction has been determined by Oliphant, Kempton & 
Rutherford ( 1935 ), who obtained: 

+ =fH +1H 4 -(3-97 ±0-02) MeV. 

Compare: fH + fH = |He -h -h (3*23 ± 0 - 02 ) MeV. 

Hence: fH- |He = {In - JH) ~ (0-74 + 0-03) MeV. 

The neutron-hydrogen mass difference is 0*76 MeV, according to Mattauch ( 1942 ) 
and Stephens ( 1947 ). Hence 

?H-|He = ( 0-02 ±0-03) MeV. 

If the neutrino has zero rest mass, this result is consistent with the ^observed 
maximum energy of yff-rays emitted by fH, which is 0-011 MeV according to Watts 
& Williams ( 1946 ) and 0*016 MeV according to O’Neal & Goldhaber ( 1940 ). Bonner’s 
published Q value (3-31 MeV) is much less satisfactory, since it leads to an estimate 
of ( 0-10 ± 0-04) MeV for the yff-ray energy. 

The best value for the energy release of the D + D reaction is obtained by taking 
the mean of the corrected results obtained from Bonner’s data and the photographic 
plate results. The figure obtained, namely, 

Q =. (3*25 ±0-02) MeV, 

is consistent with the maximum energy of the /?'-rays emitted by fH. 

Angulab disteibtjtion of nbitteon flux 

In the measurements carried out on proton tracks in the exposed plates, the 
observers recorded all tracks which were contained entirely by the emulsion, and 
which made angles of less than 10 ^, in the principal planes, with the direction of the 
incident neutrons. The results of Dee & Gilbert ( 1937 ) indicate that neutron- 
proton scattering is isotropic in the D + D energy region, and under this assumption 
the density of proton tracks counted is proportional to tlie product of the neutron 
flux and the mean scattering cross-section, apart from a small escape correction 
factor. A rigorous calculation of the escape correction showed that the use of the 
simple formulae due to Richards ( 1941 a) caused no appreciable error in the flux 
estimates. The mean scattering cross-section at each angle was calculated from the 
observed neutron spectra, and hence it was possible to determine the flux at each 
angle relative to the flux at 2 °. 

The final distribution is represented graphically in figure 7, together with a broken 
line representing the same distribution determined by four "other methods (Allen, 
Livesey & Wilkinson, unpublished). It appears that, for angles less than 100 ®, the 
agreement is quite close. Some discrepancies occur at higher angles, where the 
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photographic plate results are lower than those obtained by other methods. These 
lixay be ascribed to errors arising in the course of observation, since no effective 
check on the proton counts was imposed, and a more recent determination by 
Gibson & Livesey (unpublished) has shown that the photographic plate method is 
in essential ^^greement with other methods. In general, the photographic plate 
method may readily be adapted to the determination of angular distributions of 
neutrons emitted in nuclear reactions. 



0 20 40 60 80 100 120 140 160 180 


8 (in degrees) 

Figxjbe 7. Neutron angular distribution. O—O present results. - other methods. 

This work was performed in 1944r-5 under the auspices of the British Atomic 
Energy Project, and was published in a report of May 1945 entitled ‘A photographic 
plate study of neutrons from the D-D reaction’ (see Nature, 159, 411 (1947)). The 
authors would like to thank the authorities responsible for its declassification. 
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The sensitiveness of solid high explosives to impact 

By E. K. Rideai,, E.R.S., and A. J. B. Robertson, Ph.D. 

The Davy Faraday Laboratory, The Royal Institution 

{Received 4 May 1948 ) 


Oscillographic methods have been used to examine the periods between impact and explosion 
and impact and reboimd in the explosion of several solid high explosives confined between 
steel surfaces and subjected to the blow of a falling weight. Impact-explosion times up to 
several hundred /isec. were observed, the time increasing with diminishing impact sensitive¬ 
ness of the explosive and with lower impact energies. The impact-reboimd time always ex¬ 
ceeded the impact-explosion time in the same experiment. The effect of foreign substances 
on the times was examined; the time lag before explosion was diminished by adding quartz 
but could not be increased by the addition df soft materials. The mean velocity of blast- 
wave propagation from explosion was observed to increase with the impact-explosion time. 

The conditions for the growth of a hot spot in a volume of explosive are formulated in terms 
of thermal and kinetic data, and critical hot-spot temperatures computed for several ex¬ 
plosives show a correlation with impact sensitiveness. The calculated time of hot-spot 
reaction is much less than the impact-explosion times. Viscous flow under high pressures 
is postulated as a possible mechanism of hot-spot formation, the impact-explosion period 
being mainly the time required for the pressure to rise to the necessary high value. A direct 
demonstration of the occurrence of high-flow velocities under impact was made. 


Inteodtjction 

The view advanced by Berthelot (1883), that the initiation of explosives by shock is 
due to a transformation of mechanical energy into heat, has been supported by a 
number of later investigators, although Carl (1940), noting a laek of correlation 
between the reported ignition temperatures and impact sensitiveness of explosives, 
»has advanced criticisms, while Taylor & Weale (1938) consider explosion by impact 
to be brought about by the establishment across a thin layer of explosive of a stress 
greater than a critical value and the consequent setting up of tribochemical action 
at the interfaces between component particles. A direct demonstration of the 
initiation of explosion in liquid explosives by small hot spots has, however, been 
given by Belajev (1938), who suddenly heated very thin platinum wires in nitrogen 
trichloride and nitroglycerin, and by Bowden, Mulcahy, Vines & Yoffe (1947), who 
obtained hot spots in liquid explosives by the adiabatic compression of gas bubbles 
under impact conditions. 

We have made an experimental examination of the impact test for solid explosives 
with special reference to the time interval involved between impact and explosion 
and the subsequent rebound of the falling weight. It is then possible to make some 
estimate of the localized temperature rises which might occur through viscous flow 
preceded by partial liquefaction of the explosive, at a temperature usually higher 
than the normal meltiug-point on account of the pressures developed. The con¬ 
ditions for the development or extinction of a hot spot in an explosive can be 
formulated in terms of kmetic and thermal quantities which are known for a 
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number of explosives, and are reducible to the specification of a critical temperature 
for a hot spot of a given size in a given explosive, which must be exceeded to avoid 
extinction of the hot spot by heat loss. These critical temperatures are found to be 
of a magnitude attainable through liquefaction and flow, and, furthermore, a com¬ 
parison in a series of explosives of the critical temperatures for various hot-spot 
sizes with the sensitiveness to impact reveals a high degree of correlation. It there¬ 
fore seems probable that the formation of hot spots is a prime factor in the initiation 
of high explosives by impact. 


ExrEBIMBN-T4L 

Materials 

The cyclotrimethylenetrmitramine, pentaerythritol tetranitrate and tetryl were 
finely crystalline purified samples firom Woolwich Arsenal. Nitrogen iodide (NI3NH3) 
was prepared by addition of 10 ml. of ammonia of sp.gr. 0*88 to 200 mg. of iodine 
dissolved in 2 ml. of M-potassium iodide. The precipitate was washed with dilute 
ammonia and portions of 5 to 10 mg. transferred while wet to circular pieces of 
mica. The material when dry could then be placed with the mica in the impact 
machine without premature explosion. 

Impact machine 

The sample of explosive was enclosed between the fiat surfaces of two |in. 
HoflEinann steel roller bearings, these being held vertically by a cylindrical piece of 
metal containing two 6 mm. diameter tubes bored along a diameter to allow the 
explosion gases to escape. A third tube entered one of these tubes at right angles at 
the end next to the explosive, dowm which detecting electrodes for the ionization 
accompan 3 dng the explosion were inserted, being thereby brought to within 2 mm. 
of the explosive. The lower roller acting as anvil rested on a steel base of 3 cm. 
thickness supported on a heavy cast iron base 13-5 cm. thick weighing 80 kg. The 
upper roller acting as hammer was struck by the plane end of a freely falling cylin¬ 
drical steel weight 33 cm. long weighing 4075 g., released from aii electromagnet. 
The weight underwent some plastic deformation at* its striking end; however, no 
difference in the results could be detected immediately after smoothing it. The 
explosive was distributed in a thin uniform layer between hammer and anvil. 

Measurement of time intervals 

Electrical contact made between the falling weight and the hammer was used to 
operate a single stroke time base applied to the X plates of a cathode-ray tube, the 
, first moment of impact being therefore marked by the initial position of the light 
spot. A simple device was added to the ordinary time-base design to prevent the 
bouncing of the, weight off the hammer causing the electron beam to fly back again. 
The essential features are shown in figure 1. Contact between the weight and 
striker discharged the condenser through the small resistance (i?i) of the leads 
and contact, while the condenser (O 2 ) formed by the grid and cathode of the thyratron 
was discharged through the 100,000f2 resistance (iJa). When contact was broken 
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the grid voltage only regained its original value by the charging of Cy through the 
2 mO resistance with a time constant of 2 sec., a slow change which did not influence 
the anode, circuit. An exponential-sweep was used with a half-traverse time of 
1 •'A msec. The smallest measurable time interval was about 20/tsec. (Jmm. on the 
photographic record). It is important to consider the time lag between the making 
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of contact and the moment when the thyratron becomes conducting. If V is the 
voltage across C 2 as a function of time (f) and Vq is the original voltage across Cg, an\ 
elementary analysis neglecting in comparison with E^O^+EiCi leads to the 
equation 


F = 


jRoCrt 




exp 



r t 


from which the two time constants were each of the order of 1 /tsec. The delay in 
the starting of the time base was therefore negligible compared with the periods to 
be investigated (usually over lOO/esec.). To detect the explosion the ionization 
accompanying it was used to form a slightly conducting path between two copper- 
plated iron wires about 1 mm. apart. A potential of 200 V between these electrodes 
and two stages of amplification gave pulses of several hundred volts from explosions 
of 10 mg. of explosive. The apparatus was also sensitive to the small spark produced 
by the making of contact between the weight and hammer, but no difficulty was 
found in distinguishing this from the effect of the explosions. 

To observe the moment of rebound of the falling weight from the hammer a 
modified time base was used whereby a 30 V potential was removed from one of the 
T plates at the moment of contact and applied again at the breaking of contact. 
With a double-beam cathode-ray tube the three moments of contact, explosion and 
rebound were observed in a single experiment. A pressure-recording condenser 
operating in a tuned circuit with amplifying arrangements was used for observing 
the arrival of shock waves from the explosions. To investigate wave forms at some 
distance firorU the source it was convenient to have a time base with a variable delay 
period between the moment of contact and the moment of actuation. This was 
achieved very simply by allowing the sound wave produced by the impact of the 
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weight on the hammer to strike a moving-coil microphone at a variable distance 
from the hammer, the voltage developed being amplified and arranged to give a 
positive pulse at the grid of a thyratron to actuate the time base. 

Each experiment was recorded photographically on a stationary piece of sensitive 
paper. The time base was cafibrated with a beat-frequency oscillator, confirming 
the calculated time constant. The satisfactory nature of the timing methods was 
shown by experiments with nitrogen iodide (a test suggested by Professor W. E. 
Garner). The time between the first contact and the explosion was too short to be 
observed with accuracy and could be estimated as less than 20/tsec. 


Results 

Impact-explosion times 

The time between contact and the arrival of the ion cloud at the detecting elec¬ 
trodes was somewhat , variable, and it was necessary to carry out a number of 
experiments under each set of conditions. In table 1 some results are given for 
nitrogen iodide, pentaerythritol tetranitrate (PETN), cyclotrimethylenetrini- 
tramine (cyclonite) and tetryl for the same impact conditions. The degree of vari¬ 
ability in the results can be seen from the collection of values for separate experi¬ 
ments. These results show a tendency for the impact-explosion time to increase as 
the sensitiveness of the explosive diminishes. In the case of PETN the meap. time 
is independent of the quantity present in the range 10 to 50 mg. With cyclonite the 
shorter time for the larger quantities is hardly of significance in view of the variations 
of individual results, but it might be due to faster burning of the thicker layer once 
it is initiated. The exact geometry of the impact did’not seem to be crucial in deter¬ 
mining these times; thus quite similar results were obtained with PETN when the 


Table J. Impaot-bxplosioit times 


4 kg. from 69 cm. 



mean time 

individual values of time 

substance 

(/^sec.) 

(/4sec.) 

nitrogen iodide 

<20 

< 20 in 4 experiments 

PETN (60 mg.) 

230 

220, 270, 190, 240, 270, 220, 240, 160 

PETN (25 mg.) 

240 

360, 170, 240, 190, 180, 260, 260 

PETN (10 mg.) 

230 

340, 240, 650, 220, 130, 160, 190, 130, 160, 290, 130 

cyclonite (50 mg.) 

260 

240, 240, 260, 310 

cyclonite (25 mg.) 

340 

390, 270, 320, 250, 380, 410 

tetryl (50 mg.) 

360 

360, 420, 430, 190, 480, 320, 240 

tetryl (35 mg.) 

320 

330, 310 


falling weight was dropped through a tube so that the impacting surfaces were 
about 2° from parallel. The explosions were then often rather feeble, leaving an 
appreciable quantity of the explosive remaining between the hammer and anvU. 
Similar results with both cyclonite and PETN were obtained on replacing the heavy 
iron base of the impact apparatus with a brass block 7'6 cm. thick of weight only 
17 kg. With no block underneath the apparatus explosions could not usually be 
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initiated. A large increase in the impact-explosion time was brought about by 
decreasing the height through which the weight was dropped, as can be seen from 
table 2, 

Table 2. Impact-explosion times 
4 kg. from 34 cm. 

mean time individual values of time 

(jusec.) (/isec.) 

390 520, 250, 320, 480 

380 520, 380, 250 

460 600, 330, 630 

jEI^ecf of foreign substances 

It is well known that explosives are made more sensitive to impact by adding 
hard bodies to them, and less sensitive by adding certain soft bodies such as waxes. 
The effect of sensitization on the impact-explosion time was examined using PETN 
containing 18 % of powdered quartz. The mean time was reduced by 80/tsec. for 
a 4 kg. weight falling through 70 cm. It seems probable that the grinding of quartz 
particles against one another and against the hard steel confining surfaces enables 
local hot spots of sufficient temperature and size to initiate explosion to arise at an 
earlier stage of the impact than that which must be reached for the initiation of the 
pure explosive. No corresponding increase of impact-explosion time was observed 
on diminishing the impact sensitiveness with beeswax and stearic acid. The height 
through which a 1*5 kg. spherical falling weight had to be dropped to give a prob¬ 
ability of explosion of ^ for 25 mg. of cyclonite was raised from 31*5 to 39 cm. by 
deposition on the explosive crystals of 1*2 % of beeswax, but the mean impact- 
explosion time for the conditions of table 1 was 300/6sec., essentially the same as 
that for the pure explosive. Again an extremely pronounced desensitization to 
impact was brought about by depositing a thin layer of wax on both hammer and 
anvil of the impact apparatus; cyclonite, for example, with 1*2 % beeswax applied 
in this manner, had a 50 % explosions height of 72 cm. (explosions being detected 
by ear). The effect of such layers on the impact-explosion time was investigated 
using PETN and a stearic acid layer 5 x 10-^ cm. thick on both hammer and anvil, 
when a 4 kg. weight falling through 59 cm. produced no readily audible explosions 
although decomposition could be detected by the ionization produced and by ex¬ 
amination of the residues. The mean time from impact to ionization was 240 /6sec., 
very nearly the same as that for the PETN alone. These findings indicate the 
quenching of hot spots and the prevention of their propagation to be important 
factors in the action of desensitizing waxes. The extreme efficiency of desensitizers 
when applied to the confining surfaces suggests that hot spots may be mainly formed 
on or near these, although there seems to be no clear experimental demonstration 
of this. 

Impact-rebound times 

In the absence of any substance between the hammer and anvil the impact- 
rebound period for the 4 kg. weight falling through 59 cm. was 460/^sec. and was 
fairly reproducible (maximum deviation ± 20/fisec.). A diminution of the height of 


substance 

PETN (25 mg.) 
PETN (10 mg.) 
cyclonite (25 mg.) 
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fall to 10 cm. increased the time to 690 jmeo. Replacement of the normal iron base 
of the apparatus by the thinner brass base reduced the time to 420/isec. for 4 kg. 
falling 61 cm. The time could be increased to 3 to 4 msec. by placing a rubber sheet 
3*5 mm. thick under the 3 cm. steel base on which the anvil rested, but with the 
usual impact-energy explosion of PETN and cyclonite could not then be brought 
about. The presence of a thin layer of material between the hammer and anvil had 
a marked ejffect in increasing the impact-rebound time, similar increases being 
produced by both explosives and inert substances. Thus with 50 mg. of finely crystal¬ 
line PETN the mean time became 730/6sec. compared with 725/^sec, for the same 
quantity oi finely crystalline potassium chloride (for 4 kg. falling 59 cm.). With large 
crystals of potassium chloride a longer time was observed, the increase with crystal 
size corresponding within the hmits of error to the time taken for the falling weight 
to travel through the small extra distance the hammer was elevated by the dififuse- 
ness in packing of the large crystals. Hence it seems that the initial work done in 
crushing the large crystals to a more uniform layer of powder does not appreciably 
diminish the velocity of the weight. The total quantity of substance present, how¬ 
ever, was of importance, the times decreasing uniformly with decreasing quantity 
of material; thus with 15 mg. potassium chloride the time was 550/^sec. The dura¬ 
tion of the impact was nearly the same with 50 mg. tetryl (650/^sec.), which flowed 
so readily as to be almost completely squeezed out from between hammer and anvil, 
and 50 mg, quartz (610/ise/^.) which did not flow. The presence of the stearic acid 
layer on hammer and anvil and the addition of beeswax to the sample did not 
significantly alter the impact time. A considerable number of experiments with the 
light brass base gave very similar results. 

In nearly one hundred experiments under varied conditions in which both the 
moment of explosion and of rebound were observed, explosion invariably preceded 
rebound. No other relation was observed between the two time intervals. In the 
case of a very sensitive substance exploding almost immediately on impact without 
great violence, it might be expected that the time of impact would be nearly the 
same as that with no substance present, since a weight which has fallen through 
50 cm. moves 0*034mm. in lO/tsec. and cannot therefore subject the explosive 
layer to very great compression if it is transformed to gases in this time. This was 
investigated using nitrogen iodide without the complication of mica; through 
premature explosions only one measurement was finally made, which gave 480 /esec. 
for the impact-rebound time, in good agreement with the theoretical expectations. 

Velocity of ion cloud and shock wave from explosions 

A few observations on the velocities of the ionized gases and the shock wave 
produced by impact-initiated explosions showed these to be of a much more violent 
nature than those arising with high explosives like PETN and cyclonite from uniform 
heating of similar quantities of material at atmospheric pressure. In measuring 
these velocities an earlier form of impact apparatus was used containing four tubes 
at right angles of length 1*5 cm. and diameter 3 mm. to liberate the gases produced. 
By observing the mean time between contact and the arrival of the ion cloud at the 
electrodes when placed at two different distances beyond the end of one of these 
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tubes, the average velocity of the ion cloud for 1'3 cm. beyond the end of the tube 
was found to be 120m./sec. for explosions of 60 mg. PETN initiated by 4 kg. falling 
70 cm. To estimate the mean velocity of shock-wave propagation through the air 
the moment of explosion was recorded by ionization and the arrival of the shock 
wave recorded by the condenser placed 14 cm. from the end of one of the tubes along 
a line m a,king an angle of 46° with it. Mean velocities considerably greater than that 
of sound were then observed. A tendency was observed with both PETN alone and 
in admixture with quartz for the wave velocity to increase as the impact-explosion 
timft increased, as is evident from the figures in table 3. In calculating these velocities 
the flame and pressure effects were assumed not to be significantly separated during 
their travel to the electrodes. These results suggest that as the impact proceeds the 
explosive layer ^becomes aggregated and packed into a layer of greater density 
which, with the increasing pressure as impact proceeds, causes explosions initiated 
at a later moment of impact to be more violent. 

Table 3. Impact-explosion times and mean velocities 

OP SHOCK WAVE PEOPAGATION 

4 kg. falling 70 cm., 60 mg. PETN 

time lag (/isec.) 100 220 230 240 

mean velocity (m./sec.) 380 420 520 ' 670 

60 mg. PETN -f-11 mg. quartz 

time lag (/^seo.) 80 110 130 140 

mean velocity (m./sec.) 370 380 400 460 


320 

540 


280 

450 


During the period between impact and explosion no gas evolution from either 
PETN or cyclonite could be detected with the pressure-recording condenser in free 
air even when it was brought to within 5 cm. of the explosive, and with a time scale 
of 3 cm. per msec, the explosion initiation still appeared to be a rather sudden process. 
The reactions occurring must therefore proceed at least some 10® or 10^ times as 
fast as those involved in the explosions of small quantities of these substances 
which arise spontaneously from slow thermal decomposition at atmospheric pres¬ 
sure. The impact explosions are, however, limited in violence by the smallness of 
the sample used; thus the maximum pressure exerted on the condenser by the 
explosion in the impact apparatus of 50 mg. of PETN or cyclonite at a distance df 
2 m. was only about 2 mm. of mercury. 


Badial flow velocities 

With the organic explosives inspection of the residues after impact when explosion 
did not occur showed a considerable proportion of the sample to have flowed radially 
out of the space between hammer and anvil. In view of the short duration of impact 
high flow velefeities must be attained. This was confirmed by direct measurement 
with cyclonite mixed with a small, quantity of polyisobutene. This prevented the 
complete disintegration of the sample, and quite large particles (up to 10 mg.) were 
ejected from the impact apparatus at right angles to the direction of impact althoi^h 



142 


E. K. Rideal and A, J. B. Robertson 

no explosion could be detected. The trajectory of such particles was readily observed 
by allowing them to penetrate Very thin paper screens and observing the holes, and 
at once gave the initial velocity. An impact of 1-5 kg. falling 7*6 cm, gave particles 
with a hori 2 ;,ontal velocity of 1500 cm./sec. 

Disotjssiojt 

The experiments reveal the existence of a time interval between the first moment 
of impact and the resultant explosion which for typical high explosives is of the 
same order of magnitude as the total time of nnpact. This time interval includes both 
the time elapsing before explosion is initiated and the time required for propagation 
of the explosion to the point when the ion cloud reaches the detecting electrodes. 
The experimental observations suggest this latter time to be relatively short. The 
increased velocity of shock-wave propagation with increased impact-explosion time 
observed with PETIT shows the explosions to be more powerful after longer delays, 
whereas the opposite behaviour would be expected if the delay was primarily due 
to the slow development of explosion. If, on the other hand, the delay is primarily 
due to a late initiation of explosion the experimental observations are explicable as 
already indicated. The fact that very weak explosions can be obtained in the presence 
of stearic acid layers without increasing the impact-explosion time also shows the 
lack of correlation between weak explosions and long impact-explosion times. 
Again the observation that no explosions are detected after the rebound of the 
falling weight suggests the delay period before initiation to be relatively long. An 
explosion will clearly not be initiated after the weight has bounced off the hammer, 
but there seems to be no reason why a slowly propagating explosion, even if stopped 
by the rebound of the weight, should not be detected by the ionization method at 
a moment later than that of rebound. The hypothesis of a relatively short duration 
of the stage of explosion is also supported by the high velocities of the shock wave 
and the ion cloud and by the abrupt break in the pressure-time curves obtained from 
impact explosions, and in addition is in general agreement with the observation 
that more sensitive substances explode after shorter delay periods. 

Bowden & Gurton ( 1948 ) have studied with a high-speed camera the growth of 
explosion of several solid explosives initiated at a small gas space included during 
the impact, and a typical photographic record for PETN shows that a time of some 
2 ^ 0 / 6 seo. would elapse between the initiation of the explosion and its detection 1 cm. 
from the point of initiation. This is much less than the time intervals reported here 
for continuous films of explosive, when the impact energy required to give explosion 
has been shown by Yoffe ^( 1948 ) to be greater than that required for the explosive 
distributed as an annulus so as to include an air or vapour space. Bowden & Gurton 
observed rather variable initial burning rates which could be as low as lOOm./sec,, 
and thus in an extreme case when such burning occurred for 1 cm. a delay of 100 /tsec. 
could arise before detection of the explosion by the ion cloud. Thus the variability 
of impact-explosion times may be partially due to variations in burning rate, although 
the increased energy and longer delay periods required for initiation of continuous 
films of explosive projbably result in initial burning at the faster rates observed by 
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Bowden & Gurton (up to 600m./sec. for PETN) on account of the greater external 
pressure on the explosive layer. 

It seems probable that the forces exerted on the layer of explosive will become 
greater as the impact proceeds, reaching a maximum after a time greater than half 
the duration of the impact. It may be noted that the duration of impact is consider¬ 
ably greater than the time required for elastic waves to traverse the various parts 
of the apparatus, and some analogy-may be drawn with a weight striking an imperfect 
spring. From this viewpoint the impact-explosion lag consists chiefly of the period 
during which the force or pressure exerted on the explosive is increasing until it 
attains a value sufficient for initiation; consequently, the time lag is greater for 
lower energies of impact, and for less sensitive explosives at constant impact energy. 
In considering the sensitiveness of explosives to impact attention should be given 
not only to the kinetic energy or momentum of the falling weight but also to the 
rate at which the forces are applied to the explosive, which as judged from the total 
duration of impact increases with increasing height of fall. This may have some 
bearing on the question sometimes discussed of whether the kinetic energy or the 
momentum of the falling weight is of importance in the impact test. If, as suggested 
here, hot spots arise by partial liquefaction and viscous flow of the explosive the 
pressure exerted on it is of primary importance, and hence the rate at whioh the 
falling weight loses momentum. Since, however, the time intervals become shorter 
with larger heights of fall, experiments with different masses and velocities may 
show an apparent dependence of initiation efficiency on the kinetic energy of the 
falling weight or on a quantity intermediate between this and momentum* 

Theoretical discussion of explosion initiation by hot spots 

It is of interest to examine the conditions for the growth of a small hot volume of 
explosive situated inside a volume of the same explosive and to compare the resiflts 
for different explosives with the sensitiveness to impact. The condition for survival 
of a hot spot will be taken as being the same as that for an ordinary thermal explosion, 
namely, that heat evolution by chemical reaction should exceed heat loss. The hot¬ 
spot problem is essentially one of an unsteady state, since both heat loss and heat 
evolution are a function of time and temperature, and the exact treatment is 
difficult. The rate of heat evolution in the hot spot, however, varies much more 
rapidly with temperature than the heat loss by conduction, and the critical tem¬ 
perature which a hot spot must exceed to avoid extinction can be calculated by an 
approximate method. To make possible a treatment in terms of experimentally 
determined quantities oifly, a number of assumptions are implicit in the theory. 
The hot spot is assumed to consist of liquid explosive in agreement with the state¬ 
ment of Bernal ( 1938 ) that the intervention of a liquid phase is usually essential in 
the reactions of solids brought about by grinding or friction. To simplify calculation- 
only sharply defined spherical hot spots are considered, situated in an infinite shell 
of explosive. The heat actually conducted to points at an appi^eciable distance from 
the hot spot is negligible, so that calculation for infinite quantities of explosive must 
be very closely valid for small quantities. The small size of the hot spots and the very 
short time intervals involved make it milikely that convection will be important in 
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determining heat loss from the hot spot, and when this is surrounded by solid 
explosive heat loss must occur mainly by conduction; calculations are therefore 
made with Fourier’s equation for heat conduction assuming the thermal con¬ 
ductivity and diffusivity of the liquid and sohd explosive to be the same. The rate 
at which reaction occurs in the hot spot is calculated from an Arrhenius expression 
for the spontaneous decomposition rate of the explosive determined at lower tem¬ 
peratures and ordinary pressures, no allowance being made for a possible alteration 
of reaction rate under the high pressures prevailing in the impact, which should not, 
however, be very great according to the general findings of Perrin (1938). The heat 
of reaction is assumed to be the same as in the ordinary thermal decomposition; 
some observations made in collaboration with Yoffe on the similarity of the gaseous 
products from the controlled thermal decomposition and the impact-initiated 
explosions of several explosives demonstrated the approximate validity of this 
assumption. ^ 

Consider a spherical hot spot to be formed at zero time. The temperature at any 
point outside the hot spot distant r from its centre will increase after time % by 
the Fourier equation in spherical polar co-ordinates allowing for spherical synoimetry 
being 

^ 2W\ 

dt pc\dr^^rdr)^ 

where p and c are the thermal conductivity, density and specific heat of the 
explosive respectively. If the radius of the hot spot is a and at zero time it is at 
a uniform temperature Oq above that of its surroundings, the appropriate boundary 
conditions for equation (1) are 

6 — 0 , when ^ = 0 for r>a, 

6 = when ^ = 0 for 0 < r < a. 

The solution of the equation is (see Carslaw & Jaeger 1947) 


2r^{7T{klpc)t}, 


r (r-r')n r 


jr + r')^- 
4 :{kjpc) 


which by suitable substitution may be written in the more convenient form for 
calculation 


-^r 


wmpe)t) 


9tV{(klpe)t} 


r^7T 


{r—aY~ 
4 :(klpc) t_ 


(r+o)^~ 
^[kjpc) t_ 


After the lapse of a small interval of time t a concentric spherical shell of thickness 
dr at a distance r {> «) from the centre of the hot spot has gained an amount of heat 
inr^dpcdr. Hence the heat lost from the hot spot is 


heat lost = 

•where 6 is given by equation (3). 



(4) 
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The heat evolution by chemical reaction has been neglected here, but for small 
intervals of time the heat loss from a reacting hot spot must be essentially the same 
as that from a similar hot spot which is not reacting. In finding the explosion 
condition the heat produced by reaction must be introduced. If t is much less than 
the half-life of the reaction at the temperature of the hot spot {T°K), and most of 
the hot spot is still near its initial temperature, requirements which are easily 
satisfied with an appropriate value for t, the heat evolved by the hot spot during the 
same interval is evolution = , (5) 


where q is the heat of reaction per unit mass for the decomposition of the explosive 
and is the Arrhenius expression for the reaction rate. Trom equations (4) 

and (5) a critical value of T for a hot spot of a given size can be found such that heat 
evolution just balances heat loss, is determined by T if the initial temperature 
of the hot-spot surroundings is fixed. Equation (5) neglects any heat evolution in 
the surroundings of the hot spot; it can be seen, however, from equation (3) that for 
all finite values of 0 in the region T>a never exceeds ^6^. This makes any heat 
evolution in the surroundings of the hot spot during its early life quite negligible. 

The treatment lacks in elegance, particularly in the use of the arbitrary time 
interval t. In applying the equation to explosives this is not serious, since t can be 
varied by a factor of 10 without altering the calculated hot-spot temperature by 
more than a few parts in a hundred. Thus for hot spots of 10"® cm. radius in penta- 
erythritol tetranitrate, taking t = 10/6seo., the critical temperature is found to be 
370° C,'and with ^ = 100 /tsec. it is 360° 0. A more elegant and satisfactory treatment, 
however, would be to solve the general equation 

2 ^\ . . 

9^ pc \9r® r dr) ^ c ^ 

where TfK is the initial temperature of the explosive surrounding the hot spot, 
when the explosion condition should emerge naturally from the mathematical 
treatment, the additional term in (6) as compared with (1) making allowance for 
the chemical reaction. 

The reaction-rate constants and some analytical data for several explosives were 
determined in separate investigations and are briefiy summarized below. 

In computing heats of reaction from the analytical data some uncertainty arises 
through lack of knowledge of the amounts of water and aldehydes formed, and in 
addition the organic explosives leave solid residues of an'unknown nature after 
decomposition. Hence it is necessary to estimate the amounts of water and aldehyde 
formed from available data, and to. assume the heat of formation of the residue to be 
the same as that of the explosive. The calculated heats of reaction refer to the 
various substances in their standard states and should strictly be corrected to hot¬ 
spot conditions; the necessary specific- and latent-heat data are not, however, 
known, and no correction has been made for the organic explosives, which have 
heats of reaction very much larger than the likely correction. Although the heats of 
reaction are thus somewhat uncertain, the final critical hot-spot temperatures are 
not very sensitive to this quantity; a variation in heat by a factor of 2 only alters 
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the critical temperature by about 4 % for the larger hot spots and up to 10 % for 
the smallest ones. 

Ethyleneddniframine. The liquid explosive decomposes according to the uni- 
molecular equation with a velocity constant from 184 to .254° C of 

yfc(sec.-i) = 1012-8 

The decomposition products at 195° C are summarized by the equation 

C2HJN4O4 = 0-ioNO+ 1 - 4 ^ 20 + 0 - 391 ^ 2 +o-oescOg 

-t- 0-028CO+-water+acetaldehyde -t- residue. 

The -water and acetaldehyde were detected but not determined. An estimate of the 
heat of formation can be made from the data collected by Kharasch { 1929 ). The heat 
of combustion of liquid ethylamine exceeds that of liquid ethylnitramine by 
36kcal./gmol., whence the heat of combustion of liquid ethylenedinitramine may 
be taken as 72kcal. less than that of liquid ethylenediamine. Taking this as being 
the same as that of the hydrate and estimating the latent heat of fusion of ethylene- 
dinitramine as 5-5kcal. gives 19kcal. for the heat of formation of the crystalline 
explosive. If 0 - 9 CH 3 CHO and 1 - 2 H 20 are formed in the decomposition, the heat 
of reaction is 86 kcal./gmol. 

Tetryl. The initial decomposition rate before appreciable accumulation of auto¬ 
catalyst over the range 211 to 260° C is given by ^ = ioi 5 -*e~ 88 ,*oo/«r_ Results on 
the decomposition products at 174° 0, kindly communicated by (Miss) K. Sullivan, 
give the equation 

C 7 H 5 N 5 O 8 = 0-26NO -h 0-013NaO + 0-69N2 -f 0-37CO2 

-t-0'17CO-|-0-096HCHO-+-0-224 picric acid- 1 -residue. 

Taking the heats of formation of tetryl and picric acid as — 4*7 and 56kcal./gmol. 
respectively, as quoted by Marshall ( 1932 ), gives for the heat of reaction 65kcal./ 
gmol. 

Gydonite. The decomposition follows the unimolecular equation, -with 

jj. _ IQIS-S Q-4.7,miST 

from 213 to 299°,C. The analytical results at 267° C are represented by 

CsHeNgOe = 0-75]SrO + 0-76N2O-l-1-03112+0-44CO2+0-29CO 

+ O-O 6 H 2 -t- water -+■ formaldehyde residue. 

Assu ming IHCHO and 1 - 8 H 20 to be formed, and using —19 fecal./gmol. for the 
heat of formation as quoted by Marshall ( 1932 ), gives 191 kcal./gmpl. for the heat 
of reaction. 

Cyclotetramethylenetetranitramine. The decomposition follows the unimolecular 
equation -with 


Jc = 10^®-'' e“82'’®®/*^ (determined from 271 to 314° C). 
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The decomposition products at 280° 0 are represented by 

C^HglsrsOs r 0'95NO +1*51^20+ M 6 ]Sr^ +0*5700 

+ 0*64002 + water and formaldehyde + residue. 

If 1-2HOHO and 2 - 4 H 20 are formed, the heat of reaction is 253kcaL/gmol., taking 
the heat of formation of the explosive as — 25kcaL/gmoL, a value computed by 
assuming the heat of combustion to be 4/3 that of cyclonite. 

Pentaerythritol tetranitrate. The urdmolecular constant for the initial decom¬ 
position over the range 161 to 233° 0 is given by i; ioi 9-8 0 - 47 ,ooo/J?!r^ decom¬ 

position products obtained in a closed system at 210 ° C are given by the equation 

CgHsNAa - 0*52N02 4-2*11NO + 0*42N20 + 0*07N2 + 0*28C02 

4 - 0*9300 + 0*09H2 + water + formaldehyde -f- residue, 

although about twice as much nitrogen peroxide can be obtained if the decom¬ 
position products are continuously swept away. The gas is reduced by secondary 
oxidation processes, which will, however, also occur to some extent in a hot spot, 
•so the above equation may be used for estimating the heat of reaction. If l*5HCHO 
and 2 H 2 O are formed, this is 74kcal./gmol., taking for the heat of formation 
100*5 kcal./gmol. as quoted by Marshall ( 193 ^). 

Ethylenediamine dinitrate. The initial decomposition rate over the range 230 to 
357° 0 before marked autocatalysis occurs is given by = iqiz-i 
known products are given by the equation 

CgHioNA = 0-4NO + 0-13N2O + l-OeNg + O-OlHg + O-OeCO 

-h 0*29002 + water+residue. 

If 4 H 2 O are formed the heat of reaction is 129 kcal./gmol., taking the heat of forma¬ 
tion as 163 kcal./gmol. This last quantity was estimated from the heat of combustion 
of ethylenediamine, taken to exceed that of the dinitrate by 84 kcal./gmol. from the 
figures given by Matignon ( 1893 ) for guanidine and guanidine nitrate, a correction 
being made for the latent heat of fusion of ethylenediamine. 

Ammonium nitrate. The decomposition follows the unimoleoular equation with 
Ic— 1 013*8 e’- 4 o, 5 oo/i?j' temperatures (e.g. 350° 0) nitrogen peroxide and 

nitrogen are observed from the decomposition together with nitrous oxide and water, 
but there is some evidence that their formation is favoured by dissociation of the 
ammonium nitrate and gas-phase reactions. Under the high ppssures of impact 
conditions the decomposition at high temperatures is therefore taken to occur 
according to the usual equation 

NH 4 NO 3 = NgO + 2 H 2 O (gas), 

which gives 10*6 kcal./gmol. for the heat of reaction at 25° C. This value is sufficiently 
small to justify a correction for the latent heat of fusion and for the various heats 
of transition of form IV to I to give a value for the liquid of 13*5 kcal./gmol. 

The hot-spot temperatures were found to be rather insensitive to such changes in 
thermal conductivity, specific heat and density as might occur between one ex- 
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plosive and another, and these quantities were taken to be 2*4 x 10*“^, 0*3 and 
1 ■ 3 c.g,s. units respectively for all the explosives. The quantity t was given the values 
10 ”^, 10-”®, and 10“'^® sec. for the radii 10-®, 10-^, 10-^ and cm. respectively. 
The calculated temperatures for the surrounding explosive at 20° C are shown in 
table 4, with a figure giving the insensitiveness of the explosive to impact. A good 
correlation between the calculated critical hot-spot temperatures and the sensitive¬ 
ness of the explosives to impact is at once apparent from this table. At first sight 
the rather high hot-spot temperatures for cyclotetramethylenetetranitramine seem 
to present an anomaly; this explosive, however, has an unusually high melting-point 
(276° 0), so that once liquid explosive is formed by frictional effects the further 
heating required by viscous flow is correspondingly less than that required for 
explosives of lower melting-point. A precise correlation between impact sensitive¬ 
ness and hot-spot temperatures is not to be expected, as other factors must be 
involved; thus the ease with which burning is initiated from a small volume of hot 
gas probably differs between one explosive and another. 


Table 4. Critical hot-spot temperatures (°C) 


explosive \ 

pentaerythritol tetranitrate 360 

cyolonite 385 

cyclotetramethylenetetramtramine 405 

ethylenedinitraimne 400 

tetryl 426 

ethylenediamine dinitrate 600 

anunonium nitrate 690 


hot-spot radius (cm.) figure of 

-^--— - -^ insensitive- 


10-* 

10-“» 

10~« 

ness 

440 

660 

730 

40 

486 

620 

820 

60-60 

600 

625 

806 

60 

690 

930 

1776 

61 

670 

816 

1260 

70 

836 

1255 

2226 

over 120 

826 

1230 

2180 

over 120 


Time for hot-spot decomposition 

The oscillographic measurements lead to the conclusion that the time of hot-spot 
decomposition must be very short. This is entirely in accordance with theoretical 
considerations based on the thermal and kinetic data. Letting m = be the 
original quantity of explosive, in the hot spot and x be the amount decomposed in 
the hot spot after a time t, the differential equations for temperature (T) and 
decomposition in the hot spot are 


mcdT = {m-x)qAe-^l^^dt-b{T-To)dt, (7) 

and dx =: {m’-x)Ae^^^^^dt, (8) 

where the specific heat (c) of the material in the hot spot is taken to be unchanged by 
the decomposition occurring, and heat loss from the hot spot is approximated to 
by introducing a constant 6, the time variation of which is neglected and a mean 
value used. The temperature rise and decomposition in a hot spot can then be cal¬ 
culated by numerical methods when the initial conditions are known. Tor a hot spot 
in cyclonite of 10-^ cm. radius at a temperature of 400° 0 (16° 0 above the critical 
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temperature) with b calculated from equation (4) to be 6-2 x 10“-® cal. per ° C per sec., 
the reaction time is only 10/^sec, For smaller hot spots the reaction time will be 
much less. It is clear that ample time for hot-spot reaction is available during the 
impact. 

Heating by viscous flow 

To attain the critical hot-spot temperatures considerable heating of the explosive 
above its normal melting-point is necessary. Under the high pressures in the impact 
region the melting-point may be raised quite considerably, and an additional factor 
tending to produce small volumes of hot liquid may be viscous flow of the liquid 
explosive through very minute spaces between solid particles at high velocities, or 
viscous flow of the explosive in bulk. To examine this possibility more exactly, flow 
through a uniform capillary may be considered. For a liquid of viscosity tj, density 
p and specific heat c flowing through a tube of length I and radius a with an average 
flow velocity F, the temperature rise 6 from Poiseuille’s equation for laminar flow 
with constant viscosity is 

6 = SlTjVIJa^pc, (9) 

where J is the mechanical equivalent of heat. The compressibihty of the liquid and 
heat loss by conduction are neglected hjsre, but may be disregarcted in calcidations 
concerned only with orders of magnitude. ^ # 

With Z = 0*1 cm., tj = 0*3 o.g.s. unit, V = 10® cm./sec., a == lO'^^ cm., p = 1*3 g./cm. 
and c = 0-3 cal./g. ° C, 0 is 1470° C. With these quantities Eeynolds’s number is 
only of the order of 1, so laminar flow is clearly to be expected. Flow velocities 
of the order of 10® cm./sec. under impact can be demonstrated experimentally, as 
already mentioned. A mechanism of capillary flow can therefore lead to the formation 
of the postulated hot spots if sufficient pressure is produced in the impact. With 
the quantities above the pressure required to produce such flow is of the order 
10 ^® dynes/sq.cm. Now a 2 kg. weight falling th^S.iif^50 cm. (adequate to explode 
cyclonite and PETN) and then being brought to rest in 2 x 10“^ sec. with uniform 
deceleration will exert a uniform pressure of about 10® dynes/sq.cm, over an area of 
1 sq.cm. Considering the non-uniformity of pressure and deceleration, somewhat 
greater local pressures are to be expected. .It seems clear, therefore, that the impact 
energies required to explode solid high explosives are great enough to produce by 
viscous flow sufficiently high temperatures for hot-spot initiation. The temperature 
rise is determined by the pressure difference producing flow; hence if the viscosity 
of the liquid explosive increases very much with pressure rather larger capillaries 
cduld be postulated and the same final temperature rises obtained. 


We have pleasure in thanking Mr J. W. F. Canning for collaboration in developing 
the electronic methods, and Dr C. E. H. Bawn, Mr L. A. Wiseman and Mr G. K. 
Adams for several discussions on the decomposition products of explosives. This 
work was carried out at the Department of Colloid Science, Cambridge, in the 
period 1942—4, and is published by permission of the Chief Scientist, Ministry of 
Supply. 
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The electrokinetic potential of barium sulphate 
By A. S. Buchanan and E. Hbymann 
Department of Chemistry,. University of Melbourne, Australia ' 
{Communicated by Sir David Bivett, F.B.S.—Received 8 March 1948) 

[Plate 4]. 

The electrokinetic potential of barium sulphate, recrystallized from hot concentrated 
sulphuric acid and subsequently ignited, was investigated against its saturated solution in 
water by the streaming potential method. The potential is positive and reproducible. 

The potential of natural barite is also positive but smaller than that of the recrystallized 
barium sulphate. The difference is not due to impurity in the natural barium sulphate, but it 
is more likely to be due to irregularity of the surface and consequent distortion of the 
lattice of the recrystallized barium sulphate. The greater the distortion, the higher is the 
^-potential. 

The influence of most electrolytes on the potential is completely reversible if there has been 
contact only at room temperature. Irreversible electrolyte effects are found after prolonged 
treatment at elevated temperatures. 

Barium salts and sulphates have a stronger influence on the potential than most other 
inorganic ions, including multivalent ions such as lanthanum. The potential is a logarithmic 
function of the activity of the electrolyte solution, but the slope of the curves is smaller than 
that expected for a thermodynamically reversible electrode. 

The magnitude of the influence of electrolytes on the potential of recrystallized barium 
, sulphate and of natural barite is very much the same, in spite of the fact that the absolute 
values of potential of the two types are very different, which is contrary to expectation on 
the basis of a purely electrostatic theory of ion adsorption. 

The potential of barium sulphate in its saturated solution cannot be wholly explained by 
selective adsorption of ions from the solution, but the relative tendencies of the ions to be 
released from the crystal lattice must be taken into cofasideration. 

1. Introductioit 

In order to investigate relations between the electrokinetic potential and the 
physical and chemical nature of a solid, it is desirable to choose a system in which the 
potential-determining ions originate from the solid, and in which these ions are 
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♦ , 

supplied in a number sufficient to build up a diffuse double layer, so that accidental 
impurities do not play a predominant part. Barium sulphate fulfils these require¬ 
ments. 

Precipitated samples, which are usually microcrystalline, although used by many 
investigators, are not suitable for investigation by the streaming poteiitial and 
electro-osmosis methods, since the electrokinetic equations become invalid when the 
average distance between the particles, i.e. the effective' pore size ’ of the plug, comes 
into the order of magnitude of the thickness of the electric double layer. We therefore 
aimed at preparing barium sulphate of macroscopic particle size. 


2 . Eleotrokinetic equations for roroxjs plugs 


The Helmholtz-Smoluchowski equation used in the calculation of ^-potentials 
from streaming potentials has been amended by several authors. There is general 
agreement (Briggs, 1928; Rutgers, 1940) that in the equation 




4:7n] Ek' 
D P ^ 


( 1 ) 


where rj is the viscosity, D the dielectric constant, E the streaming potential and P 
the pressure under which the liquid is forced through the plug, we must insert the 
specific conductivity of the hquid whilst it is contained in the capillary or porous 
plug (/c'), and not the bulk conductivity (/c). /c' thus includes bulk conductmty and 
surface conductivity. It is determined experimentally from the measured resistance 
(P) across the plug and the cell constant (( 7 ). 

Since /c' = ( 7 /P, the 'modified’ Helmholtz-Smoluchowski equation is 



iTTTI EC 



( 2 ) 


All the quantities in this equation are amenable to experimental determination. 
Neale {1946) has recently derived, and recommended in preference to equation (2), 


an equation of the form 


o Ti 7 


D BPa{l-F)T’ 


( 3 ) 


where EjB is the streaming current, a the cross-section of the plug, (l — F) the 
fraction of plug volume not occupied by the soM and I the distance between the 
electrodes. The term t takes into consideration, the fact that flow as well as iordc 
migration in the plug must foUow a tortuous path. It may be calculated by making 
certain model assumptions concerning the shape and orientation of the particles in 
the plug, whilst a, Z and F may be determined experimentfilly. 

We have shown recently (Buchanan & Heymann 1948) that, for a non-sweUing 
solid, Neale’s equation ( 3 ) and the modified Helmholtz-Smoluchowski equation (2) 
are identical. This is seen on considering that 



I 

a(l—F)T’ 


(4) 


where a{l — F)is the effective cross-section, and Z/t the average length of the effective 
path, available for ionic migration. We can therefore see no aidvantage in calculating 
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^ from equation (3) in preference to equation (2), particularly as any model assump¬ 
tion required in the calculation of the shape and orientation factor r inevitably 
involves approximations. We therefore used equation ( 2 ). 

The value of t, calculated from Q by equation (4), may serve as a check on the 
invariability—or otherwise—of the mode of packing of the crystals in the plug; 
There was rarely a variation of more than ± 1 % for the same sample of BaS 04 ; 
T lay between 0'64 and 0-61 for all samples of recrystallized BaSO^ and between 0*64 
and 0-57 for weE-formed crystals of natural barite. Manegold and co-workers ( 1931 ) 
calculated theoreticaUy a value of t = 0-67 for a plug with rectangular crevices 
oriented at random. 

3. ExPEEIMBNTAL TECHNIQUE 

The streaming potential was measured in an apparatus shown in figure 1 . A plug 
of BaSOi crystals was contained between two stout platinum electrodes (a, a') of 
1-2 cm. diameter, into whichja large number of smaE holes of about 0-6 mm. diameter 



Fio-ube 1 . Streaming cell. 


were drEled. The electrodes were coated with AgOl by sEver plating and anodic 
“ polarization in a HCl solution according to Dole ( 1941 ). These AgCl electrodes 
proved to be unpolarizable with respect to aE electrolytes investigated. Small 
amounts of AgCl that may dissolve from the electrodes do not affect the ^-potential 
of BaSOi, shovm by paraEel measurements "with blank platinum electrodes.* The 

* When blank platiniim electrodes are used, polarization is appreciable; it can be corrected 
for by subtracting the ‘rest potential’ (determined immediately after the streaming experi¬ 
ment) from the experimental streaming potential. 
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position of the upper electrode was adjustable, but in most experiments the distance 
between the two electrodes was 3*0 to 3-6 cm. The length of the BaS 04 plug had no 
ejffect on the value of To prevent crystals escaping through the holes of the elec¬ 
trodes, there was a layer (about 2 mm.) of coarse crystals (about 200 to 500 [i) next to 
the electrodes which kept the main part of the plug consisting of finer crystals 
(100 to 170/t) in position. Compressed air was used to drive the liquid through the 
plug. The rate of streaming was of the order of 1 to 2 ml./min./cm. Hg. 

Well-steamed soda glass was used for the apparatus, pyrex being unsuitable 
because of the need for sealing in the platinum leads to the electrodes. Absence of 
joints or seals of any organic material (rubber, pitch, resin) and of greased taps is 
absolutely essential, otherwise small quantities of surface-active material may be 
adsorbed by the BaS 04 crystals and completely vitiate the results. Double distilled 
water (with acidified IMn 04 added during the second distillation) kept absolutely 
free from surface-active impurities was used. Neglect of any of these precautions 
leads to variable results. 

The streaming potential was measured with a Cambridge valve potentiometer. It 
varied linearly with the driving pressure, as expected from the electrokinetic equa¬ 
tions. The resistance of the plug was never higher than 10 megohms and in only a few 
cases exceeded 3 megohms, and the upper electrode was well insulated. The re¬ 
sistance between the two electrodes across the path outside the cell waa several 
hundred times greater than the internal resistance, and current leakage was therefore 
negligible. 

For low-resistance plugs (< 0*5 megohm), the resistance was measured with a 
Wheatstone net using Tinsley precision resistances, a Sullivan ratio arm and 
a 1000-cycle oscillator. For plugs with resistances greater than 0-5 megohm, a 
^Philoscope’ measuring bridge (Philips Type T.A. 160), containing a ^magic eye’ 
detector, proved to be of greater sensitivity. This instrument was checked jfrequently 
against standard megohm resistances. The cell constant of the plug was measured by 
displacing the solution with N/6O-NH4OI solution. 

Usually the surface conductivity of our samples of Ba 804 did not exceed about 
2 to 3 % of the bulk conductivity. 

We estimate the overall accuracy of the electrical measurements as of the order of 
1-5 % up to electrolyte concentrations of 10 “^k, but less at*lfigher concentrations.* 

We prepared BaS 04 of large crystal size by recrystaUization from hot concentrated 
H 2 SO 4 . BaS 04 precipitated at very high dilution jErom A.R. Ba 0 l 2 and A.R. H 2 SO 4 
was dissolved in pure concentrated H 2 SO 4 (solubility about 15 % by weight) and 
evaporated in a silica dish to a small volume until crystals of BaS 04 formed. The size 

* The streaming potential can be determmed with an accmacy of 1 mV. In systems con¬ 
taining BaS 04 and its satiarated solution only, it is of the order of several hundred mV for 
10 cm. pressure of Hg, and the accuracy is thus about 0*5 % or better. The driving pressure can 
be measured with an accuracy of 0*5 %. At higher concentrations of electrolytes, an accuracy 
of only 3 to 5 % is obtainable because the streaming potential is very much smaller. The 
accuracy of the resistance determinations is about 0*5% up to 0*5 megohm, but only 1 to 
1*5 % at higher resistances. Thus in the low conductivity range the accuracy of the streaming 
potential measurement is high, whilst that of resistance is rather low; in the high conductivity 
range the position is reversed. 
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of the crystals was of the order of 0-6 to 2 mm. diameter. The crystals were thoroughly 
washed and ignited in a platinum crucible at 700° C in an electric furnace in order to 
destroy any acid sulphate that might he present. The purity iwas checked at various 
stages by spectroscopic analysis. 

These crystals were ground and sieved, and two suitable fractions selected, the 
minor one of large crystals for retaining the plug, and the major one of smaller 
crystals for the main part of the plug (sizes given previously). These two lots were 
thoroughly washed, dried and ignited at 700° C and packed into the cell, using an 
ignited glass rod. 

With painstaking control of the above factors, it was possible to obtain ^-values 
for BaS 04 against its saturated solution which did not vary by more than + 0* 5 mV 
for a given sample. No variation of ^ with temperature greater than that correspond¬ 
ing to our experimental accuracy was detected between 16 and 25° C. 

The spectroscopic analyses were carried out by Miss Marie Gardner of the Munitions 
Supply Laboratories, Maribymong, Victoria, and the gravimetric analyses by 
Mr D. J. Swame in this Department. 


4. ReoEYSTAUCIZED BAEITJM STJLPHATB in WATBE and ELBCTEOLYTB SOLUTION'S 

A nuipber of samples of recrystaUized BaSOi was investigated (samples 1, *3 and 4). 
Spectroscopic examination revealed traces* of metals, such as Ca, Pb, Si, Cu, Mg, 
Ag and Pe, most of which originated from the BaClg (B.D.H. A.R.) employed, in 
spite of repeated recrystallization. Sample 3 contained a strong trace of Pb. How¬ 
ever, the results obtained with purposely contaminated samples (§ 5) suggest that the 
amounts present in samples 1,3 and 4 are unlikely to influence the ^-potential beyond 
the range of experimental accuracy, or to explain the small difference in ^ between 
various samples. Table 1 shows some typical results. The liquid employed was a 
satura'ted solution of BaSO^. Small amounts of COj dissolved in water had little 
influence on The solid phase is, in all cases, positive with respect to the liquid.f 




P 

Table 1 

E 

temp. 

G 



(megohm) 

(cm. Hg) 

(mV) 

r c) 

(cm.-i) 

(mV) 

sample 1 

1-76 

10-95 

544 

24-0 

8-70 

24-2 

sample 3 

1-85 

A. 7-20 

419 

26-0 

8-56 

26-0 

sample 4 

2-78 

8-75 

648 

18-5 

10-80 

26-6 


For 'tj and D, the values for water at the experimental temperatxire were used. 


The temperature of ignition of the BaSO^ had practically no influence on pro- 
■vided that it was above 400° C (to eliminate organic matter). Even i gniting at 1400° 0, 
whereby decomposition is noticeable, caused no change of the ^-potential provided' 
that the decomposition products were removed by treatment with HCl and water. 

* Probably not more than 0*01 %. 

t Some previous investigators obtained variable negative ^-values; we suspect that surface- 

potential more negative may have been responsible for such 
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Wood ( 1946 ) observed that some time elapsed before SiOg assumed an equilibrium 
potential in water, which he attributed to ejBFects amounting to a hydration of the 
surface. No such effect was observed with BaS 04 . 

The influence of twenty electrolytes on the ^-potential of BaSO^ was investigated 
(figure 2 ). All electrolyte solutions employed were saturated with respect to BaS 04 . 



Figure 2 . Plot of the ^-potential of reorystallized BaS 04 (sample 4) against the 
concentration (in equivalents x 10“^ per litre) of various electrolytes. 

At the end of each series, the electrolylie solution under investigation was displaced 
by a saturated BaS 04 solution, and in each case the original potential for BaS 04 in 
contact with its saturated solution was obtained (table 2 ). This potential must there¬ 
fore be regarded as a property of the sample. The influence of rnost electrolytes* 
investigated on the structure of the electric double layer is thus completely reversible, 
provided the time of contact does not exceed 24 hr. It is thus unlikely that at room 
temperature the adsorbed ions are firmly built into the crystal lattice. 

It is seen from figure 2 that the strongest depressions of the potential are effected 
by the alkali sulphates, MgS 04 and H 2 SO 4 , independently of the cation. Similarly, 
the strongest increase is produced by barium salts, independently of the nature of the 
anion, provided the salt is not spaiingly soluble. These pronounced effects of ions, 
which are of the same kind as those constituting the crystal lattice, are due to a 
preferential adsorption of Ba++ and S07> whilst the anions of the barium salts and 
the cations of the sulphates remain in the mobile part of the double layer. 

The sulphates of Ca, Sr and Pb also depress but to a smaller extent than the other 
sulphates. The depressing effect of SO 4 is counteracted by the bivalent cations in the 

* With alkali and alkaline earth salts no change of pH occurred on streaming through the 
plug. There is thus no indication of hydrolytic adsorption mth these salts. 
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order Mg < Ca < Sr < Pb, which is the order of decreasing solubility of the sulphates. 
A fraction of these ions is apparently adsorbed together with SO 4 , adsorption being 
facilitated by a low solubility of the sulphate (Horovitz & Paneth 1915 ) ^^d by an 
ionic radius close to that of Ba++. 


liqiiid 

• sat. BaS 04 
sat. BaSO^ 
k/60,000-KjS04 
N/20,000-E:aS04 
N/lO.OOO-KaSOi 
3/10,000n-KjSO4 
6/10,000n-KjSO4 
sat. BaS 04 
sat. BaS 04 
ir/SO.OOO-BaClj 
N/ 20 , 000 -BaCl 2 
N/10,000-BaClj 
2 / 10 . 000 N-BaCl 8 
6 /iO,OOON-BaClj 
K/l,000-BaClj 
sat. BaS 04 


Table 2. BaS04 (sample 4) 


B 

P 

E 

temp. 



(megohm) 

(cm. Hg) • 

(mV) 

(° C) 

C 

(mV) 

2*86 

7-15 

480 

16-0 

9*80 

26-9 

2-86 

6-85 

458 

16-0 


26*9 

1*95 

9-20 

380 

16-0 


24*3 

1*16 

9-50 

190 

16-0 


19-8 

0-691 

9-50 

83-0 

15-5 


14-7 

6-258 

10-75 

18-0 

15-6 


7*6 

0-135 

11-00 

4-0 

15-5 


3-0 

2*86 

7-85 .. 

620 

16-0 


26-6 

3-05 

8-50 

632 

15-0 

10-80 

26-2 

^'10 

11-95 

647 

16-0 


32«6 

1-35 

11-35 

480 

16-0 


39-8 

0-795 

11-25 

335 

16-0 


47*6 

0-452 

10-60 

199 

15-0 


63-0 

0-154 

11-45 

86 

15-0 


60-8 

0-098 

12-60 

58 

15-0 


60-6 

3-15 

12-20 

800 

16*0 

* 

26-4 


Chlorides, except BaCl^, have little iafluence on. the potential. Those of Ca, Sr and 
Pb increase ^ moderately, independently of the nature of the cation, and those of 
K and Mg only slightly. The ,smallness of the effect of PbCl 2 , as compared with 
BaCla, is surprising in view of the fact that the ionic radius (crystal radius) of Pb 
(1'32A) is little different from that of Ba++ (1-37 A). However, adsorption of an ion 
on a BaSOj crystal may be determined not only by geometry and Coulomb forces but 
also by thej»olarizability (Pajans & Erdey-Cruz 1932 ). 

Barium selenate* increases ^ moderately at low concentrations, probably due to 
.preferential adsorption of Ba++,'and decreases it slightly at higher ones, probably 
due to preferential adsorption of SeOJ. The selenate ion thus strongly counteracts 
the potential increasing effect of Ba++ as a result of the similarity in size and structure 
of SO 4 and SeOi (Wells 1945 ). Strong adsorption of SeOj on a BaSO^ lattice is 
also indicated by the fact that sodium selenatef decreases the ^-potential to nearly the 
same extent as Na^SOj. 

La(N 03)3 increases but to a smaEer extent than Ba(N 03 ) 2 .t Thus the tervalent 
lanthanum ion is less strongly adsorbed by BaSO^ than the bivalent barium ion. 

There are oases in which reversible adsorption is observed only over short periods. 
Figure 2 shows that BaCOs iucreases the ^-potential moderately within an hour, and 
strongly after 3 hr. In the latter case, when the BaCOs solution was replaced by 
saturated BaS 04 solution, the ^-potential was 2 mV higher than originally. This 

* Prepared according to Bang ( 1936 ). 

t Prepared according to King { 1936 ). 

f The effect, of La(lT 0 j )3 not quite reversible, which may be due to deposition on the 

crystal surface of some La(OH)j. 
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suggests that a loosely adsorbed ion (probably still partly hydrated) may, after 
a time, become less hydrated and bound firmly on to the lattice, this process involving 
an activation energy (Stranski 1928 ). 

Therefore we might expect permanent adsorption at higher temperatures, parti¬ 
cularly with an ion fitting well into the lattice, e.g. BaS 04 kept with BaClg solution at 
85° C for 8 days (and thoroughly washed afterwards) had its ^-potential increased 
by 6 mV. More pronounced effects were obtained on treating BaS 04 with K 2 SO 4 or 
(molten) BaClg at 1000 ° C. 

It is thus seen that a drastic treatment is required to change the ^-potential 
irreversibly. This throws some doubt on explanations suggested by previous in¬ 
vestigators (e.g. Ruyssen 1940 ), who attribute large differences (including sign) 
in ^-potential of BaS 04 to temporary contact with electrolytes. 


5. BABilTM SULPHATE CONTAIKIHG OTHER IONS 


To assess the effect of impurities in the crystals, the following samples were ob¬ 
tained by recrystallization from concentrated H 2 SO 4 contaihing sulphates of Sr, 
Ca and Pb (table 3). 

Table 3 

. C(mV) 


BaS 04 containing 1*0 % of SrS 04 * 
BaS 04 containing 1*77 % of PbS 04 
BaS 04 containing 0*47 % of CaS 04 
(‘Pure’ BaS 04 


29-3; 29*0 
29-0; 28-7 
32-0,■ 32-5 
24 to 27 mV) 


* Analysis showed that this sample incorporated the whole of the SrS 04 added during 
recrystallization. 


In all oase§, the impurity causes an increase of the potential; although the same 
electrolytes when present in the solution decrease it. The influence of ions which 
presumably form part of the crystal lattice is thus very different from that of ions 
which form part of the ionic atmosphere. 


* 6 . Natural barite 

The properties of the samples available are shown in table 4. 

The initial negative potential of sample A was due to organic material; probably 
the natural barite of Kruyt & Ruyssen ( 1934 ) was negative for this reason also. 

After ignition, aU three samples have a positive potential, but smaller than that of 
recrystaUize J BaS 04 . The low values cannot be due to impurity of Sr or Ca because 
such impurity, incorporated into the recrystallized BaS 04 , iucreases the potential 
(cf. § 5). The sihcon in the natural barite is not likely to reduce the potential because 
it is probably present as enclosures of quartz, and, moreover, sample B, containing 
only a trace of Si, has the lowest potential. Treatment of the natural BaS 04 with 
dilute H 2 SO 4 does not increase the potential; therefore carbonate cannot be re¬ 
sponsible for the low values (table 4). 

However, the potential of the natural BaS 04 may be increased either by recrystal- 
hzing from concentrated H 2 S 04 t or wetting mth concentrated H 2 SO 4 and subse- 

t CJf. table 3, footnote. 
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quently igniting. The ^ o£ sample B was thereby increased from +5 to +28 mV 
(table 4 ). Excess sulphate ion cannot be responsible, since this would make the 
potential more negative. It seems likely therefore that the different ^-potentials of 
natural and recrystallized BaSO^ are related to the structure of the surface and not 
to impurity (cf. § 7). 

Table 4 


Sample A; Origin unknown. Aggregates of small crystals. Contains 1-3 % of 
SrSOi, 0-15 % of SiOa, a strong trace of Ca and some organic matter (loss 
of weight on ignition; 0-4 %) 

Washed with hot water 
Ignited 

Sample B: Mt. Lyell, Tasmania. Large clear crystals. Contains 0-7% of 
SrS 04 and a trace of SiOg 
Washed with hot water 
Ignited 

Treated with dilute H 2 SO 4 , washed and ignited 
Recrystallized from cone. H 2 SO 4 and ignited 
Wetted with cone. H 2 SO 4 and subsequently ignited 

Sample C: Flinders Ranges, South Australia. Aggregates of small crystals, 
but larger and better formed than A. Contains 1*7 % of SrS 04 and ^ 0-1 % 
of SiOg 

Washed with hot water 


S(mV) 

- 6-7, - 5-9 
+ 11-5, +11*7 


+ 5*7, 5-5 
6*4, 5*3 
5*5, 5*5 
28*1, 29*8 
27*0, 27*7 


+ 7*3, 7*3 


Ignited 


8*4 


7. Faotoes determining the magnitude oe the ^-potential of an 

IONIC SOLID IN ITS OWN SOLUTION 

Whilst most authors explain the ^-potential solely in terms of composition of the 
surface, we suggest that, in addition, the geometry of, and the nature of the field of 
force in, the surface of the crystal lattice have an important influence on the 
^-potential.* 

Crystals of natural BaS 04 , even after crushing, have very regular surfaces, where¬ 
as recrystaUized samples (and natural barite treated with concentrated HgSO^), 
ignited in order to eliminate H 2 SO 4 and HSO 4 , have irregular surfaces. The difference 
is shown by the microphotographs (magnification x 60) of samples after setting in 
Wood’s metal and polishing (figure 3, plate 4). Investigations of our samples in an 
electron microscope (magnification x 25,000) confirm this difiference.f It appears 
likely that the hregular surface has a less weU-balanced field of force than the 
regular one. 

We have succeeded in disordering the surface of natural barite. However, we did 
not succeed in ordering the surface of recrystallized BaS 04 either by heating above 
1000 ° C or by prolonged treatment with concentrated HCl to dissolve surface irregu¬ 
larities. The high positive potential remained unchanged. 

* Kjuyt & Ruyssen ( 1934 ) suggested that ‘active’ areas (due to a disordered surface) on 
precipitated BaS 04 would adsorb ions much more readily from solution than would the more 
perfect faces of natural crystals. It will be seen that our ideas differ somewhat from tbia 
concept, 

t We are indebted to Dr A. L. G. Rees and Mr A. J. Hodge of the Council for Scientifio and 
Industrial Research for this work. 
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The positive potential of BaS 04 may be due to either preferential release of 
SO 4 from the crystal lattice, or preferential adsorption of Ba++from the saturated 
solution of BaSOj. For reasons set out in § 8 , the former alternative is preferred. 
Apparently, therefore, the unbalanced field of force in the surface favours the release 
.of SO 4 and the retention of Ba++. The result is that the highest ^-potential (25 to 
27 mV) is possessed by recrystaUized samples with an irregular sxiriace, the lowest 
(5 to 6 mV) by jveH-built crystals of natural barite (sample B), whilst sample A, con¬ 
sisting of apparently less well-built crystals than sample B, has an intermediate 
value (11 to 12 mV)- 

The observation ofPaneth ( 1928 ) that kinetic exchange of radioactive isotopes 
occurs much more readily on synthetic FbS and precipitated BaSO^ than on native 
galena and natural barite respectively supports the suggestion that an irregular 
surface may facilitate the passage of an ion into solution. 

It seems likely that Pb++, Sr++ and Ca++, with ionic radii and polarizabilities 
different from those of Ba++, when incorporated in the BaSO^ crystal (§ 6 ) serve 
mainly to unbalance the field of force ha the lattice, thereby increasing the ^-potential. 
Oa, the ion which differs most from Ba++ wdth respect to ionic radius, produces the 
greatest increase of the potential (26 to 33 mV). 

8. The nattoe aitd oeioin oe the potential at 

THE STJHPAOE OE BABItTM StTUfHATB 

Although the change of ^ by electrolytes (§ 4) has been interpreted as due to prefer¬ 
ential ion adsorption, yet the potential of BaSO^ inits own saturated solution cannot 
be wholly interpreted in terms of adsorption of Ba++ and SO 4 . The large positive 
potential of recrystallized BaSO* would mean strong selective adsorption of Ba++ 
from a saturated solution of BaS 04 (Er/60,000 approx.). Now an ir/SOjOOO-BaClj 
solution increases the potential of the recrystaUized BaS 04 by 8 to 9 mV, owing to 
adsorption of Ba++, whilst an n/ 60 , 000 -K 2 SO 4 solution, owing to adsorption of SOJ, 
decreases C by ^ biV (figure 2 ). Preferential adsorption of Ba++ over SO 4 could thus 
account for a potential of only 4 to 5 mV instead of the observed 26 to 27 mV. Simi¬ 
larly, it may be shown from the curves of figure 4 that preferential adsorption of 
Ba++ on natural barite (sample B) could account for only 1 to 2 mV of the observed 
potential of 4 to 6 mV. 

Furthermore, BaSe 04 in n/ 60,000 solution increases the potential of recrystaUized 
BaS 04 by only 3 mV (figure 2 ). The close similarity in behaviour of SO^ and SeO^ has 
already been established (§ 4), and we may therefore infer from this evidence also that 
preferential adsorption of Ba++ from a saturated BaS 04 solution is not sufficient to 
account for the large positive potential of BaS 04 . 

To explain the potential of BaS 04 , we must, in addition, consider the rekebive 
tendencies of Ba+'*' and SO 4 to be released from the crystal lattice. These depend on 
(a) the hydration energies of Ba++ and SO4 and ( 6 ) the forces holding each ion in the 
surface positions of the crystal. The hydration energy of Ba++ is about 15eV 
(Gurney 1936 ); that of sulphatp has not been determined, but consideration of 
solubility relationships of sulphates (after Garrick 1941 ) leads us to expect a smaller 
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value than for Ba++. If the hydration factor alone were potential determining, we, 
would expect the surface potential of BaSOi to be negative because of the greater 
affinity of Ba++ (as compared with SO 4 ) for water. 

40r" 



10“* eqtdvalents per litre 


Figtob 4. Plot of AC (ehiaage of the ^-potential produced by addition of electrolyte to the 
systeni) against the concentration of various electrolytes (in equivalents x 10~‘ per litre) 
for ® recrystalUzed BaSO* (sample 4), Q natural barite, • recrystallized BaSO« oon- 
taining CaSO^. 

Since the potential is, however, positive,* the force factor ( 6 ) must be very im¬ 
portant. Our experimental results suggest that SO 4 is less strongly bound than 
Ba++, and, in spite of its lower hydration energy, is more readily released from the 
surface than Ba++, and that the relative ease of release of SO 7 , giving rise to a positive 
potential, increases with increasing, imperfection of the surface structure. 

9. BaCTOES rNELtrENCING THE MAGNITUDE OE THE CHANGE 
OP ^-POTENTIAL BY ELBOTKOLYTBS 

Figure 4 shows A^, the reversible variation of C with added electrolyte, plotted 
against the concentration for three solids having very dififerent ^-values in saturated 
BaSO^ solution, namely, 6 to 6 mV (natural barite B), 26 to 27 mV (‘ pure ’ recrystal¬ 
lized BaSOj) and 32 to 33 mV (Ca-containing BaSOJ. In spite of these diffierences 
in C, the changes (A^j reflecting ion adsorptions, differ by only small amounts in 
most eases. Thus the variation of the ^-potential of BaS 04 by electrolytes is almost 
independent of the initial ^-value of the sample. This is contrary to what would be 
expected if the adsorption of ions on BaSOi were solely determined by electrostatic 
attraction and repulsion. 

* It may be as well to recall that during the recrystallization of BaSO^ there is always an 
excess of sulphate ion. Sence the positive potential of BaSO^ cannot be due to excess Ba"*”*" 
during- preparation. 
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More insight into the factors controlling ion adsorption by BaSOi be gained 
by studying plots of ^ versus log a for natural and recrystallized BaSO^ in solutions 
containing BaClg or alkali sulphate. In figure 5, ^ is plotted against= - log aga* 
fflga hehig the-activity of Ba++ in the solution. In a solution containing Ba++ and 
SO 4 , J^Ba^i^sOi = lx l'0““ at 23°0. Thus = 5 corresponds to a saturated 
BaS 04 solution, ^Jga < 5 corresponds to BaClj solutions and jjga > 5 to alkali sulphate 
solutions.* Straight lines are obtained -with breaks occurring at = 5 (saturated 
BaSO^). The slopes of these fines are set out in table 5 . 



Figuke 6. Bottom: Plot of the ^-potential against Pa, = —log Haa for reczystahized BaS 04 
and natural barite (sample B). Top: Plot of .the ^-potential of reorystallized BaSO^ 
(sample 4) against the negative logarithm of the activity of SrClj and La(N‘0j)j. 

Table 6 

Slope-fh- 
d log a 

Pb» < 6 (BaClj solution) > 5 (sulphate solution.) 

recrystaUized BaSO^ 24 mV 16 mV 

(^=26mV) 

natural barite 19 mV 18 mV 

■(C=5mV) 

Since selective ion adsorption determines the course of the curves showing varia¬ 
tion of ^with concentration (figure 4), then a large slope of the ^—log a curve (figure 5) 
indicates strong preferential ion adsorption. Thus reciystaUized BaS 04 
* For the solubility product of BaS 04 and the activity coefficients (with respect to molality) 
of BaClj and alkali sulphate solutions, vide Landolt-Bomstein, PhysileaMaoh-Oheimia<^ 
Tabdlen. * 
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initially large positive potential (26 mV) adsorbs Ba++ more readily than natural 
BaSO^ "with an initially small positive potential (5 mV), as indicated by slopes of 
24 and 19 mV respectively. This occurs in spite of electrostatic repulsive effects. 

It will be recalled that the recrystallized BaS 04 has a high positive potential 
because it retains Ba^*^ strongly whilst releasing SO 4 to the solution. The stronger 
adsorption therefore of Ba++ from solution seems likely to be due to this property of 
the BaS 04 crystals. 

Table 5 also permits comparison of the relative adsorption of Ba++ and of SO 4 
from solution on to the two types of BaS 04 . Recrystallized BaS 04 , a large 
positive potential due to strong preferential release of SO 4 , adsorbs Ba++ (slope 
24mV) more strongly than SO 4 (slope 16mV). Natural BaS 04 , with a small positive 
potential due to only small preferential release of SO 4 , adsorbs Ba++ (slope 19 mV) 
only slightly more strongly than SO 4 (slope 18 mV). As the potentials are related to 
the degree of imperfection in the surface, the amount of selective adsorption 
apparently increases with increasing surface disorder. ^ 

The slopes of the ^-loga curves for BaClg and alkali sulphate solutions are appreci¬ 
ably below that expected for an electrode reversible with respect to Ba++ (29 mV). 
Other ions, however, such as La+++ and Sr++, also show linear variation of ^ with 
log a, but the slopes are smaller, namely 11 and 8 mV respectively (figure 5). More¬ 
over, Wood ( 1946 ) has found a linear variation between ^ and log a for silica iu KCl 
solutions, with a slope less than expected for a reversible electrode. The relationship 
between the electrokiuetic and the thermodynamic potential of BaS 04 is at present 
receiving further consideration and experimental investigation. 
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On the electrodynamic self-energy of the electron 
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The stationary-state wave equation for an electron at rest in a negative-energy state in 
interaction with only its own electromagnetic field is considered. Quantum electrodynamics, 
single-electron theory and a ‘cut-off’ procedure in momentum-space are used. Expressions 
in the form of expansions in powers of e^jhc are derived for the wave function ijr and the 
energy-eigenvalue ^ by a method which (unlike perturbation theory) is not based on the 
assumption that the self-energy is small. The convergence of the, expansion for B is not 
proved rigorously but the first few terms are shown to decrease rapidly. For low cut-off 
frequencies Kq the expression for E behaves as the equivalent perturbation expression but 
for large it behaves as HKq. 

The variation principle is applied to an approximation (obtained from the expansion 
method) for and it is proved rigorously that for large Kq the self-energy is algebraically 
less than or equal to — V(6*/^c) Hence, if the electron wave-equation is considered as 
the limiting case of the ‘cut-off’ equation as is established that the divergences 

obtained are not merely due to improper use of perturbation theory and that the self-energy is 
indeed infinite. 


1. Iotbodtjotion 

Waller (1930) and others have attempted to calculate the electrodynamic (or 
' transverse’)*self-energy of a single free electron according to the Heisenberg & 
PanK (1929,1930) formulation of quantum electrodynamics. These calculations are 
based on the usual form of perturbation.theory and give, as is weU known, a divergent 
r^ult for the self-energy. A 'cut-off’ procedure can be used in these calculations 
which consists of putting the matrix elements equal to zero for all transitions in 
which a photon of frequency larger than a 'cut-off frequency’ is emitted or 
absorbed. This procedure is evidently not Lorentz invariant, except possibly in the 
limit of jK*o tending to infinity. The lowest order of perturbation theory which gives 
a contribution to the self-energy is the seco$id and its contribution is proportional 
to Kl. , 

However, perturbation theory is based on the assumption that the perturbation is 
'small’ in a certain sense. This assumption is evidently not satisfied in the present 
problem for large since the effect of the perturbation increases with Therefore 
Waller’s expression for the self-energy is not valid for large particularly in the 
limit of infinite We shall see later that Waller’s formula breaks down when 
Kq> {mc^jfi) ^(ficle^). Jthas,infact, been suggested from time to time (cf.Peng 1946), 
that the divergences obtained (for infinite Kf) are merely due to improper use of 
perturbation theory and that stationary-state solutions of the wave equation may 
exist which belong to a finite eigenvalue, even as tends to infinity. 

In this paper will be considered, as in Waller’s calculations, the wave equation for 
the stationary state of a single electron of*charge e at rest and 'free’, i.e. in inter¬ 
action with only its own electromagnetic field. The Heisenberg-PauH formalism of 
quantum electrodynamics with a finite but large cut-off will be used. No form of 
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hole theory for the electron will be used, and thus the difficulty of an electron in 
a positive-energy state Tn a,TdTi g a spontaneous transition to a negative-energy state 
under the emission of photons cannot be avoided. Therefore only the stationary state 
corresponding to an electron at rest in a negative-energy state will be investigated. 
In this paper will be described a method of solution for this stationary state involving 
a process of expansion but no assumption as to the ‘ smallness ’ of the perturbation. 

In § 2 the wave equation is rewritten in the form of an infinite set of simultaneous 
integral equations, the self-energy occurring as a simultaneous eigenvalue. The first 
step in the expansion method is discussed in detail in § 3. This step is quite similar to 
the lowest order perturbation theory as used by Waller (1930), the main difference 
being that the true-energy eigenvalue is not replaced by the unperturbed value. The 
e3q)ression obtained for the seK-energy differs appreciably from Waller’s for 
KQ>{mc^lh)^J(hcle^) and is Unear and not quadratic in for large K^. The higher 
steps in the expansion process, discussed briefly in § 4, represent expansions for the 
self-energy and for the stationary-state wave functions in powers of the fine-structure 
constant. These are equivalent to expansions in terms of the number of ‘virtual’ 
photons present, and physical arguments suggest that these expansions should 
converge. Unfortunately, however, it has not been possible to prove the convergence 
of these expansions, and hence the accuracy of the first step approximations is not 
known. But, using these approximations as trial functions, it is proved rigorously in 
, § 6 by means of the variation principle that the lowest energy eigenvalue is alge¬ 
braically less than a negative expression proportional to If the wave equation is 
considered as the limiting case of the cut-off equation with Eq tending to infinity, 
then it is proved that there can be no solutions of the wave equation belonging to a 
finite lowest energy eigenvalue. 


2. DeBTVATIOIT OB’ THE ETTEGBAL EQUATIONS 


For convenience we choose units such that K (Planck’s constant divided by 2it) 
ande (velocity of light) are unity. The value of any quantity in these units is obtained 
by multiplying its value in ordinary units by the appropriate powers of ^ and c. 
Energy, momentum, mass, frequency and (length)"’- are then aU measured in the 
same units, and the value of the electronic chfirge e is equal to the square root of the 
dimensionless fine-structure constant, i.e. of 1/137-3. 

We shall use the Heisenberg & Pauli formalism as described by Pauli (1933, pp, 
247-271) or Heitler (1944). We write the Hamfitonian H describing a single electron 
in interaction with any electromagnetic field in the form 


if'=-ea.Atp., 


( 1 ) 


where m denotes the mass of the electron, p its momentum operator, a and /? Dirac 
matric^, the transverse part of the electromagnetic vector potential operator 
at the position of the electron, all terms of the Hamiltonian referring to the 

longitudinal part of the electromagnetic field (including interaction), -ffrad 
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Hamiltonian for the transverse (radiation) field without interaction. We can express 
Atr.(r)j the vector potential at the space point r, in terms of Tourier components 

At,.(r) = (2) 

where / denotes a photon of definite momentum k and of direction of polarization 
along the unit vector j„. Since we are only interested in stationary-state solutions, 
we omit aU time-dependence factors throughout. The usual periodicity condition is 
applied to k inside a large cube of volume V, the number of possible momentum 
states in the volume element in momentum space being { 27 t)-^dUW. The 
summation over / includes summation over all these possible values of k and over 
two mutually perpendicular directions of polarization for each value of k. gy and 
are Amiaain-n and absorption operators respectively. Their only non-zero matrix 
elements belong to transitions in which the dumber of/-photons changes from N to 
(W-l-1) and from {N +1 ) to N respectively and are given by 

(?/W-»v+i = i^)N+i-*N = ^I{{^ + l)l 2 'hV} for k<Ka, 

= 0 for k>XQ. 

This cut-off procedure is equivalent to introducing a form function I>(r) discussed by 
Pauli (1933, p. 271 ) and is not Lorentz invariant. 

J^iong. can be treated exactly, separately from the rest of the Hamiltonian, as 
shown, for example, by Pauli (1933, p. 266 ). Por a single free electron it-reduces to a 
c-number and, if a cut-off procedure with cut-off Kq is used, is of the 
same order of magnitude as the electrostatic energy in the equivalent classical 
problem, i.e. ’ (4)- 

Omitting the zero-point energy, which is the same for all imperturbed states, we can 
rewrite Hjaa, in the form 

where each Nf denotes the number of photons present with a particular momentum k 
and polarization j,. 

Let ^ denote the required eigenstate of the complete Hamiltonian H. We can then 
express rjr in terms of all the possible eigenstates of the unperturbed Hamiltonian Hj, 
which are characterized by the electron having a definite momentum p and being in 
one of the four possible spin-states denoted by a afad by the presence of a certain 
number of photons with definite momenta and directions of polarization. We denote 
the probability-amplitude function for such a state (where one /^-photon, one 
/2-photon, etc., are present) by ^5,0-(A,A, •■•>/»)• cr = 1, 2 correspond to the two 
positive-energy states, cr = 3 , 4 to negative energy. Por normalization these ampli¬ 
tude functions have to satisfy the normalization condition 

Sl^s,,.( 0 )l®-^S Si? 5 ,.<,(A)l®-h... = l- (6) 

P.o- p,<r /x 

The set of equations which, together with (6), determ i n e s all these amplitude 
functions can be derived from the Schrodioger equation for ^ in the well-known form 

= ( 7 ) 

m 




( 6 ) 
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<j)^, (f)^ are the amplitude functions for two particular eigenstates of H^-, is the 
energy eigenvalue of for the state n\ is the matrix element of the operator H' 

for a transition between the states m and E is the energy eigenvalue of the complete 
Hamiltonian H. for the state ^ under consideration. H' has non-zero matrix elements 
only for transitions in which the number of photons present changes by + 1 and in 
which the total momentum of the electron plus all the photons present remains 
unchaoQged. Hierefore, since states of different total momentum ‘do not mix’, we 
can, without loss of generality, consider the equations for the amplitude functions 
for unperturbed states with one particrdar value of the total momentum alone. 
Since we are considering the case of an electron at rest we take zero as the value for 
the total momentum. This files the momentum p of the electron in terms of the 
momenta of all the photons present for all non-zero amplitude functions and we 
shall omit the subscript p from now on* 

Replacing the sum over all possible values of k by an integral over k-space we 
rewrite ( 7 ) in greater detail in the form of an infinite set of simultaneous integral 
equations 

{E-EM}U 0 ) =J^ 

{E-E,{h^M,{!^) = S^y(^)e(ki,cr|ai|0,a)$5,(0) 

fi is the collective symbol for (k^-, i); Bis the energy eigenvalue of H for the state 

considered; •••) is the eigenvalue of J 9 o for the state to which •••) 

refers; ai, aj are the components of the Dirac matrix a in the direction of i and 
respectively; (0, cr | a | k, s) is the matrix element of a for a transition of the electron 
from the eigenstate of with zero momentum and spin-index cr to the eigenstate 

with momentum (—k) and spin-index s\ 2 denotes summation over two mutually 

perpendicular directions of polarization of the photon; is the number of photons 
present in the/2-state; the integration extends over the part of k-space for which 
k<K^, 

For convenience we rewrite the equations (8a,7^) in an operator form as follows: 
Let -Si)(k2,k2,...) be the operator in a four-dimensional spin-space obtained from 
by substituting (^1+^2 + ...) for the energy of the photons and (—ki—k2 —...) for 
the momentum of the electron, i.e. 

• • •) — 4 “^1(1 -f-^2(1 — ^2) 4 ' • • •• ( 9 ) 

The eigenvalue of j3Jj(ki,k2,...) belonging to the state represented by ^^(/i,/2,...) Is 
then just £?^(ki,k2,..0>i.e. 

’®<r(^^ljJ^2> •••) = {^l4“i;2+--*}±A/{^2+ |ki4"k2-|- 


( 10 ) 
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where the + sign holds for cr = 1,2 (positive-energy states), the — sign for <r = 3, 4 
(negative-energy states). We now transform the four •••) ^^ com¬ 

ponents of a spin-space vector in the representation in which yff is diagonal by 
means of the usual transformation matrix between states of momentum 0 and 
(—ki—k2—...). For convenience we denote by ^(/uA, •••) the spin-space vector 
thus formed multiplied by With these definitions and with the Dirac 

matrices a, /? obeying the usual commutation rules and operating on the ^-vectors in 
the usual way equations (8a, n) reduce to 

= V(27r)eo49i(0)+ (nb) 




^n+1^ 


( 11 ») 


Integrations over k-space in (11) and throughout this paper are to be taken over the 
spherical volume lc<Kf^ only. 

3. Fibst-oedbb approximation 

The set of integral equations (11) cannot be solved exactly. The use of second-order 
perturbation theory to get an approximation to the eigenstate and energy eigenvalue 
corresponding to a free electron at rest in a negative-energy state is eqidvalent to 
making the foUowing approximations hi (11): 

(i) In ah equations (lln) except (11a), the integral .on the right-hand side is 

omitted. This is based on the assumption that the total probability of (» -I- 1) photons 
being present is much less than the probability for n photons, and that ooi^equently 
the integral involving ^(/j, /„+i) is very small compared with the terms in¬ 

volving ^(/i,.. .,/„_i) in all equations (11 ti) except in (11 a), where there is no term in 
^(/i> This does not depend on any assumption about the ‘smsiUness’ of the 

self-energy. 

(ii) In all equations (11») except (11a) is replaced by the unperturbed energy 
Eq, i.e. — m. This is directly based on the assumption that the self-energy is ‘ small 
i.e. that {E—Eq) is small compared with {Eg - E^{hj)}, etc., for the majority of values 
of ki, etc. 

(iii) In equations (11a) and (116) the components of ^(0) for <r=l, ^ (positive- 

energy states) are put equal to zero. This is based on the assumption that {E — Eq) is 
also very small compared with i-®- since then ^<,^i,a(0) will 

be negligible compared with ^oi^4(0). 
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With these approxiinations the equations (11) can be solved immediately. 
Equation (11a) together -with (116) yields a single expression for the energy E 

identical with that obtained by Waller (1930) 



It follows from equation (12) that the assumptions involved in (ii) and (iii) above are 
not justified for | e | Xo>m. 

In this and the next section w:e discuss a method which does not involve approxi¬ 
mations (ii) and (iii) discussed above. Our 'first-order approximation’ consists 
merely in making approximation (i), i.e. omitting the integrals in all (lln) except 
(11a). In other words, we still make the assumption that the probability for the 
presence of n photons decreases rapidly with n and, in particular, our approximate 
solution for E involves neglecting the possibility of the presence of more than one 
photon altogether. With this simplification (116), (11 yt), etc., give explicit expressions 
for any ^(/i, ...,/^) in terms of of E which is as yet an 

undetermined parameter. In particular 


m ‘/m, ( 13 ) 

whCTe of, of are again tbe components of a in the direction of k and of the polarization 
of the/-photon respectively. 

Substituting (13) for^(/) in (11a) yields an operator equation in our four-dimen¬ 
sional spin-space with ^(0) as eigenfunction: 


with 


® 2e]’ ® ( 2'^2e\' 


(14) 


The only operator occurring in (14) is hence the four possible solutions for the 
spin-space vector ^(0) are the four eigenvectors of yff. Each of these eigenvectors is 
also an eigenvector of of ^y^)? is thus a multiple of a single ^<^(0). Thus 

assumption (iii) of perturbation'theory can be satisfied for the state discussed here, 
but this would, in general, not be found to be the case if a similar calculation were 
carried out for states of total momentum other than zero (except if a Lorentz- 
invariant cut-off procedure were used). 

We consider from now on only one of the two solutions corresponding to the 
electron being in a negative-energy state, i.e. the solution for which only ^^^(O) or 
^4(0) is non-zero. (14) then reduces to a single c-number equation in E 


E = —m-{- 


~{iZ§+e''Zo-eVlog 
„ E m?\ 

( 2 2 e]’ 


Zo + e'l 
6 ' )’ 


(15) 


with 


e 
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(15) is not a linear equation in E and thus has more than one solution. The alge- 
braically lowest solution is easily seen to be of the order of magnitude of — j e | jSTq if 
we restrict ourselves to a ‘ large ’ cut-off value, i.e. if | e [ JT^ > m. With this restriction 
a closer examination of (15) shows that all other solutions of E are positive or com¬ 
plex. For all positive solutions of E the denominator on the right-hand side of (13) 
vanishes for some value of h and one at least of the integrals involved in the normal¬ 
ization equation (6) diverges, i.e. the states belonging to these eigenvalues cannot be 
normalized and hence cannot represent truly stationary states. We thus conclude 
that the algebraically lowest eigenvalue E alone corresponds to the required 
stationary state, representing an electron m a negative-energy state in the absence 
of any 'free’ photons. If we had considered the solution of (14) with ^^(O) or 
non-zero (representing the electron in a positive-energy state) we would have 
obtained one solution (belonging to an energy eigenvalue E higher than the ex¬ 
pression (15) by approximately 2m) which appears normalizable in the approxima¬ 
tion of this section. This is merely due to this approximation not taking states 
corresponding to the presence of more than one photon into account properly and to 
the fact that an electron could make a spontaneous transition from a positive to a 
negative energy state only under the emission of at least two photons for momentum 
and energy to be conserved. As discussed in the next section this 'positive energy’ 
solution is in fact not normalizable if the higher approximations are used. 


For e^jK^Q^m, 




(16) 


where has a value between unity and {1 -h V(e^/27r)}. Equation (15) holds for any 
value of Kq^ and for \e\KQ^m there is also only one solution for E which makes all 
integrals in (6) finite. This solution for E agrees with the perturbation theory ex¬ 
pression (12) up to the second power in an expansion in terms of\e\ KqIm, 

Let be the ratio of the probability of n photons being present to that of none, i.e. 
the ratio of the {n+ l)th term to the first on the left-hand side of the normalization 
equation (6). P^ can be determined easily with the help of (13) from 

Pl=|9i(0)j-^SJ^1^4(/)|^ . (17) 


and is found to differ from unity by less than ± e if [ c | q > m. An equally elementary 
but lengthy calculation for P^ yields a value of the order of magnitude of \e\. 
Evaluation of becomes increasingly more difficult with increasing n. Successive 
ratios of P^ to were found to decrease with increasing n for low values of n but we 

have not succeeded in deriving a general formula for 

Qualitatively the reason for the marked difference between Waller’s expression 
(12) and our expression (16) for large Kq is as follows. In the leading terms of the 
expression for ^(/^/a,.. .,/^) denominatora given approximately by 


{P—1 *•* 1} 


occur (the second term representing the energy of the photons present, the third 
that of the' recoiled ’ electron in a negative energy state). In Waller’s calculation E is 
replaced by — m. For ^^(/i) the second and third term cancel each other and the 


12-2 
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expression reduces approximately to jE? in our calculations and — m in Waller’s. 

with ?^> 1 the momenta of the photons are in general not aU 
parallel, hence the second and third term do not cancel each other. This is the 
qualitative reason why 1, whereas P^, etc., depend on [ e [. 

The fact that P^+i/P^<l e | ^ 1 for 1 (at least for fairly small n) makes the 
omission of the integrals in (11^) appear more justifiable but, of course, does not 
provide any proof, 

4. Higher terms of the expansion* 

For convenience we shall use an abbreviated notation in this section. We write 


We define an operator {n, m)^^i operating on an arbitrary spin-space vector P^, 

which is a function of m photon-variables (/i, by means of the following 

operator equations: 

(w, n — = S V •••if•••ifn)y 

isftX 

fTn+x^lJ ^n+1 

Tor indices differing by more than unity 'we define the symbols by recurrence: 
{n,mffi‘"'f’^F^=(n,n—lff^"'^’^{n—l,n— 2 )...{m+l,m)F^ for m<n, 
(n,m)^i-^’^F^={n,n+l)^^—M{n+l,n+ 2 )...(m—l,m)F^ for m>n. 

We also define another operator \n, by means of 

— for m<n, 

®re ®n-l ®m+l 


]n,rrifi^"’fn>F^s—{n,n+.Vff^"-f^-^{n+\,n+ 2 )...-^—{m—\,m)Fj^ for m>n. 

■ ®n+l , 

We shall omit the superscript (f ^,... ,/J from x„, e^, {n, m) and \n, m] whenever there 
is no ambiguity. With these definitions %„ has the same dimensions as $5(0); \n, m] is 
dimenaonless; (n,«±l) has the same dimensions as energy and does not depend 
explicitly on the value of c. With our abbreviated notation the equations (11) take 
the form 

eoZo = e^(0.1):\h, (18a) 


eiAh = (1.0)Xo+e®(1.2)x2, 


(18,1) 


enA:« = («'.»-l)Xji-l + e®(».«'+l)Xn+l- 


(18, u) 
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We now derive expressions for Xn and for U in the form of expansions in powers of 
e® as follows. In (18,w.), for a particular and for w ^ 1, substitute for Xn-i 

expression obtained from (18,» — 1). In this new expression substitute for Xn-ii efo- 
until we obtain 

Xn = [». Q] Xo + e® S [», {rn, m+1] x„^x- (19, n) 

=1 

In (19,«.) substitute for equation (19, m) and, continuing this sort of substitu¬ 

tion B times, we obtain 

Xn = S [»,m][m,m-Hl][m-t-l,0]-h... 

I m=l 

n Tn-i+l mjj-i+1 \ 

-l-e2« S S ••• S ln,mT}...[ms-i-bl,in^]lmR,m^+l][ms+l,0']\xo 

mi=»l 7 W »=1 . ) 

+ e2^+i)Res(i?), (20, 71 ) 

where Res (i?) and all [71, m] depend on the value of JEJ but do not depend on the value 
of e explicitly. ‘ 

In the derivation of (20, 71 ) we have not used (18a) and have left the value ofE as an 
unspecified parameter. Substituting equation (20,1) into (18 a) gives 

Xo = e>^[0,1] {[1,0]-He2[l, 2] [2,0]-F... 

+ e2« S — S [1.2]...[mH_i-hl,mB][wiB,mB+l][mjj+l,0] 

+ e2C»+2)[-o^l]Res(ie). (21) 

So far equations (20, ti) and (21) are exact. If in the limit j5-^oo the expansions in 
(20,7^) and (21) converge and the residue vanishes, then (21), with the residue term 
omitted, represents the eigenvalue equation deteimining E and {5(0). Since aU ex¬ 
pressions in (21) involve integration over a spherical volume of k-space and sum¬ 
mation over aU possible directions of polarization, all expressions in (21) must be 
invariant with respect to rotations and inversion in ordinary space. Hence J3 is the 
only operator which can occur in (21) and the possible values of the spin-vector Xa 
are the same (except for a mxiltiplicative factor) as those of the approximation to 
$5(0) discussed in the preceding section. 

We have not succeeded in proving the convergence of (20, t^) and (21), but the first 
few terms of the expansions can be estimated. If only the very first term is retained, 
the expansions reduce to the approximations obtained in the preceding section. The 
second term in the expansion (21) for E differs fix)m the first term by a factor of the 
order of magnitude of | e [ log [ e | (which is much smaller than unity); the third is 
smaller than the second by a similar factor and so on, for the first few terms at least. 
In the expansion (20,1) for the terms decrease about equally rapidly as those in 
the expansion (21) for if & is of the order of magnitude of Kq. But for k<\e\KQ 
the terms in (20,1) do not decrease rapidly (if at all), i.e. even if the expansion is 
convergent the first few terms are a very bad approxunation to its sum. 
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We can derive a modified form of expansion for the first few terms of which 
decrease quite rapidly whatever the value of as follows. We proceed exactly as in 
the derivation of (20,1) for a particular with one exception: Whenever a term 
occurs on the right-hand side involving this term is left as it stands and (19,1) is 
not applied to it. If we again omit the residue term this procedure gives an expression 
for the form of the ratio of one expansion in powers of to the sum of and 
of another expansion in powers of In the expression we substitute for E the 
expansion obtained from (21) (with^i(O) and552(^) zero), E occurring elsewhere is left 
arbitrary. If we take the first few terms only in the expansions in the denominator 
and numerator of the expression for a value fairly close to that given by (20,1) is 
obtained if 1 e | -fiTo- For 1 e | Kq the first few terms of the expansions both in 
the denominator and numerator decrease fairly rapidly and the value obtained for 
is of the same order of magnitude as aoXo» whereas the first term of (20,1) (cf. 
equation (13)) is of the order of magnitude of kjE times this value. If this modified 
expansion is substituted for in (18a), an expansion for the energy is obtained the 
first few terms of which do not differ markedly from the equivalent ones in (21). This 
modified process of expansion can be generalized by iteration to give expressions for 
but the process becomes very laborious for large n. 

This modified expansion for Xi^ can be carried out in the same way for the states 
representing a ‘positive-energy electron’, i.e. for those solutions of (21) for which 
^^(0) and (p^{0) are zero instead of ^i(O) and ^cr ifc <^ | e | and carrying only 

terms up to in the expansions ha both the denominator and numerator, the ex¬ 
pression for ^(/) for either a ‘positive-energy’ or a ‘negative-energy’ electron be¬ 
comes, to an order of accuracy of | e [ in 1, 


9i(/) = V( 27 r)e 


{ m (± l +^)-^(2 + fa 0 } 
{(± m—f 




( 22 ) 


where the -f and — signs refer to ‘positive-energy’ and ‘negative-energy’ states 
respectively. Unlike the expression (13) or the first few terms of (20,1) the denomi¬ 
nator of (22) vanishes for some value of k of the order of magnitude of m in the case of 
the ‘positive-energy’ state, and hence the state-function cannot be normalized. As 
discussed in §3, this is to be expected since a ‘positive-energy’ electron cannot be 
stable on a smgle-electron theory. 


5. VaEIATION PRINCIPLE AND CONCLUSION 

In the preceding sections we have derived expansions for the algebraically lowest 
energy eigenvalue of the Hamiltonian H and for the corresponding state-function, 
representing a free electron at rest. The first few terms of these expansions were seen 
to decrease fairly rapidly but it was not found possible to prove the convergence of 
these expansions. However, the main aim of this paper is to show that the self- 
energy of a free electron of zero momentum in a ‘negative-energy state’ tends to 
minus i nfinit y as the cut-off tends to infinity. As discussed in § 1, J? has non-zero 
matrix-elements only for transitions in which the total momentum is unchanged. 
Therefore, since states of different total momentum ‘do not mix’, the variation 
principle applies separately to each set of aU state-functions corresponding to a 
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definite value of the total momentum. We restrict ourselves again to zero total 
momentum. The lowest energy eigenvalue is negative in our problem, hence the 
variation principle establishes a lower bound for its numerical value. 

The variation principle for the Hamiltonian H states that if ^ is any trial state- 
function representing only states of zero total momentum and its complex con¬ 
jugate then the (algebraically) lowest energy eigenvalue of H corresponding to states 
of zero total momentum is less than or equal to the ^mean energy" 

As our trial state-function ^ we take a state for which ^(/i,/ 2 )> ^{fvfiJz)^ 
zero and for which ^(0), E and^(/i) are defined by (13) and (14); i.e. ^i^is the same as 
the state-function derived in § 3 except that states including more than one photon 
are omitted altogether. We can rewrite (13) and (14) in the form 

m = ^HL{f)mw), {E-H,}^{f)fif) = 

where JBLif) and are the parts of the operator H' referring to the annihilation 

and creation respectively of one /-photon. ^(0), ^(/) represent the states corre¬ 
sponding to the presence of no photons and of one/-photon respectively. With the 
help of these equations we have 

f fi f* 

therefore jBs(^*H^)/(^*^) = JS. (23) 

Thus we have proved that the ‘mean energy" for our trial function is equal to E, 
the approximation to the energy eigenvalue derived m § 3. Hence the lowest energy 
eigenvalue of H must be negative and algebraically lower or equal to the expression 
(15) which tends to minus infinity as Kq tends to infinity. 

This proves that, if we consider the wave-equation for a free electron at rest in a 
negative-energy state in interaction with its own electromagnetic field as the limiting 
case of a ‘ cut-off’ equation as the cut-off tends to infinity, the divergences obtained 
in expressions for the energy eigenvalue on'^a single-electron theory are inherent in 
the equation and not merely due to an invalid application of perturbation theojy. 
It is hoped to apply in a later paper methods similar to the above to some form of 
hole theory, since the difficulties connected with the negative-energy states can only 
be avoided with the help of hole theory. 

The author wishes to thank Professor R. E. Peierls, F.R.S., for suggesting this 
problemandfor helpthroughout thework, Mr T.H. R. Skyrme for helpful discussions, 
and the Royal Commissioners for the Exhibition of 1851 for the award of a research 
scholarship. 
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Note on stability of laminar viscous flow 
between parallel planes 

By D. Mekstit, D.So., MaihemaMcs Department, King’s College, London 
{Communicated by 0 . Temple, F.R.S. — Received 24 March 1948) 

1. IsTTRODVoiroiir AND Stjmmaey 

The problem of stability of laminar flow in two dimensions is reducible, as is well 
known, to the integration of a fourth-order differential equation containing a large 
parameter. 

The equation has two slowly varying and two rapidly varying integrals; and 
because of the presence of a large parameter it is necessary to find the asymptotic 
expansions of these integrals. The main difficulty of the problem consists in finding 
the transformations of these integrals through the critical points, particularly of the 
slowly varying integrals. 

This problem was fiist attacked by Heisenberg (1924), and the solution improved 
by Tofimien (1929); their result was tested numerically by Schlichtmg (1935, p. 69), 
and the questionwasrecently reconsidered by Lin (1945,1946) andTollmien (1947). 

The application of Tollmien’s theory to the problem of stability of the laminar 
boundary layer on a plane, worked out in great detail by Schlichting (1933,1935), 
was recently tested experimentally by Sohubauer & Skramstad (1947), and a good 
agreement was obtained. , 

The present writer (Meksyn 1946, 1947) has given a rigorous solution of this 
problem and has arrived at a transformation of the slowly varying integrals which 
appears, at first sight, quite different from the results of Heisenberg and ToUmien. 

The aim of the present note is to present this transformation in a new form which 
can be easily compared with their result. 

If Tiy) (2- 6) is an integral which tends asymptotically to ij log ?/—7 for large positive 
Tj, then for negative ?? 

T{7j) = T^{ii)+Tii7i + ^&-^!*‘(^{ii)Jr^ne^'^^-ijr^{ri), 

where for large negative r/, Ti(y) (2-7) tends asymptotically to ^log|i/|—1;, ^(^) 
(2-10) and (2-11) tend to zero and infinity respectively. 

The bearing of this result on Heisenberg-ToUmien’s transformation is considered. 

The integration of the equation + iti^jr" = 0 is discussed. ^ 

2. The teanseobmation 

Consider the flow between parallel planes, and take co-ordinates x and y ps T sl lft i 
and normal to the planes respectively, so that the latter are given hjy = ±h. 

Assuming that the stream function rjr is proportional to the equations of 

motion reduce to a single equation for \}r (Meksyn 1946, (3*2)), 
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where B is the Reynolds number U^hlv, and 

c = filaUo, w=Um, (2-2) 

U being the mean motion, which is a<function of y only, and Uq is the mean velocity 
on the axis of the channel; w — c has a simple root at ^ = j/q (0 < < b) which is a 

critical point of the asymptotic integrals. 

The slowly varying integral of (2-1) contains terms like 

{yo-y)‘^iog(3/o-y) (2-3) 


(where n > 1), valid in the region 0 < y < y^, and these terms are asymptotic. 
The main problem consists in finding the transformation of 


{yo-y)^osiyo-y) (2-4) 

through the critical point y = y^ so as to obtain its analjdiic continuation when 
yo<y<A. 

By a change of the variable 

, €T} = y-ya, e = «aB)-t<0, (2-6) 


where the derivative is taken at the critical point, the problem is reduced to fin d i ng 

the transformation of , 

TjlogTJ 

from the region y > 0 through the critical point y = 0 into the region y < 0. 

It was shown (Meksyn 1947, (3-24)) that if 


T{v) = E+Dv-I,m'i 


7ls=»0 


n\ (— 3*6’^/®)”'5/™+^ 
(»+l)! ’ 


( 2 - 6 ) 


where B = — 3*e~”*/* r(|) = — 0*813 + 0*469i 

and ~ J ^ ~ di = — 0*761— \ 7 ti. 

then T(y)+1/ tends asymptotically to y log y for large positive y, and is the required 
solution. 

The solution (2*6) was derived by integrating the equation 

(Meks3ni 1947, (3*10)) by a definite integral. • '• 

Taking the path of integration in this definite integral (Meksyn 1947, (3*12)) from 
0 to 00 e®”/® it can be shown that there is another solution 


2i(y) = Bi+I>iy-Sir ^ 


'w'\(-3le®*^^)”y"+^ 
(?i+l)! ’ 


where = 3~*e"*^*r(f) = 0*813+0*469i 

and X)j = J {exp( —3* e“^®f)—exp (—**)} =—0*751+J7ri, 

where for large negative y 3i(y) +y-»*y log | y |. 


(2*7) 


( 2 * 8 ) 
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The rapidly varying integrals satisfy the equation (Meksyn 1947, (6-1)) 

= (2-9) 

and it is showi below that the integral which tends asymptotically to zero for large 
negative 5; is 

= _|!.e7»iA2r(|)+e-’'»/*5/+ P (2*10) 

2?r Jo Jo 

This expression tends to i nfini ty fpr large positive rj. 

On the other hand (Meksyn 1947, (9-7)), the integral of (2-9) which tends to zero 
for large positive ri, and to infinity for large negative is 

1^4{’7) =l^r(|)e’^/*-e”^/i27+ (2-11) 

27r Jo Jo 

where Jj and J_j are Bessel functions. 

Combining (2'6), (2-7), (2-10) and (2-11) we find the identical relation 

r(5/) = + niri 4- |7re~^/*^(^) + (2' 12) 

which is the required transformation for large negative Tj. 

The equation (2-12) can now be compared with Heisenberg-ToUmien’s result. 
According to the latter the expression 7 log 7 {rj > 0) becomes transformed asymp- 
tottcllymto ,log|,|-»i, (2-13) 

for large negative ^ (Heisenberg-ToUmien’s equation is complex conjugate to (2*1)). 

Since is an independent integral of (2*1) and <j>{ri) is insignificant for 19/1 > 2, 
it follows that the two transformations (2* 12) and (2* 13) will lead to the same results 
as far as the boundary equations are concerned, provided that the distance 19/1 of the 
boundary from the critical point is greater than two, which is the case. 

The present writer (Meksyn 1946, p. 391) had concluded at first that Tollmien’s 
result was invalid for the purposes of the hydrodynamical problem; in the light of the 
above discussion that conclusion cannot be sustained. 

It is very satisfactory to have shown by rigorous analysis that the terms neglqpted 
by Tollmien are without effect on the final result. 


1 InTEGEATION of the equation ^ _ Q 


(Consider the equation 


To integrate it, assume 


= 0. 

i/r" = jex.-pf{t)dt, 


(3-1) 

(3-2) 


where /(«) =(3-3) 

Substituting (3’2) in (3‘1) it can be shown that the equation (3'1) is satisfied pro¬ 
vided that exp/(i) vanishes at both limits of integration. 

To satisfy this condition the path of integration has to begin and terminate in one 
of the three regions, the arguments of which lie between the following limits: 

(I) -iTT, in, (H) K K (HI) Itt, Itt. 


(3-4) 
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(a) Integral {^jr}) 

Let the path of integration begin in the third and end in the second region 
respectively; it is described in the anticlockwise direction. 

To find the asymptotic behaviour of this integral for negative y, let 


axgy = TT. { 3 . 5 ) 

The stationary value of f{t) is found from the condition 

/'(i) = - 0 , (3-6) 

i.e. f = ^0 = 11 / |i, 

to lie between the second and third regions. 

Put t = tQ+T. (3-7) 


Expanding/(#) in powers of t, retaining only t®, and suitably extending the limits 
of integration, we obtain 


ir''{7}) = exp (— |e"^/* 1^1*) ®3:p {—j rj |iT®} dr 

J Ts» — 


= 19/ [^}. (3-8) 

From (3-8) it is seen that, in fact, t/t" vanishes JEor large negative Tj, 

Now we may also write 


f\v) = 


b 4 JT</« 


•/, 


ooe»"*/» 


exp (— dt + exp (— dt, . (3‘9) 


the path of integration now lying within the second and third regions. 

By a suitable transformation of the independent variable (3-9) becomes 

= /; 1^0277^/3 0xp ( — __ ( _ .JijS _ 037r«/2^^JJ 

= (3-10) 

where and are Bessel functions; the latter results can be found by expanding 
the exponentials in (3-10) in powers of 7), integrating with respect to and com¬ 
paring with the corresponding solution of (3-1) expressed in Bessel functions. 

The integral of (3- 1 ) which vanishes exponentially for large negative 7 is obviously 


where 


== d7]^ ^ D + E 71 + 

i)=r n f"{7l)df, V('^)d7i, 

J—aoJ—00 , J —CO 


(3-11) 


where the present letters D and E should not be confused with those used above. 

To evaluate the constants the lower limits of integration will be first denoted by 7, 
and then 7 made to tend to negative infinity. 

Integrating (3-10) with respect to tj from 7 to 0 we obtain 

E = =e-^»V6j“{exp(-|^S-e»’'^rf)-exp(-|«»-e5"^'«r«)}(-idi. (3-12) 
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The only contribution to the integral, when Y tends to negative infinity, comes 
from values of t which are very small, accordingly the t® can be disregarded. Making 
use of the well-known result that 


/, 


«Q-at_Q-bt J 

dt = log-, 


(3-13) 

(3-14) 

(3-15) 


fo t °a' 

where the real parts of a and 6 are positive, we obtain 

J? — e~’'^/®loge®"^^® = 

To find D, we first put ^ ~ J J 

where T tends to negative infinity; then firom (3-10) 

°° j exp (— — exp (— 

exp (- 1 ^® - y<) - exp (- jf ( 3 , 16 ) 

Int^rating once more, we obtain (3*15) 
n _ f” ( e3:p (-- esp (- exp (-|<®)-exp (-■|<®-e®’^^/®rf) 


1 ; 




+ (~ ~ e®”^® Tf) — exp (— ^t®—e®"^® y<) yj 


(3-17) 


Integrating by parts the first two terms under the integral, and putting F = — 00 , 
we find that the third term in (3*17) is cancelled out, and we finally obtain 


2 ) = e-^/6j"(e-3'^/*-e-®"^'®) e-*^ tdt = e’^</®3*r(f). (3-18) 

Accordingly firom (3'11), (3*14) and (3*18) and dividing throughout by fTrie"^^®, 
we obtain finally 


3* 

^( 1 /) = — e-®’'^^®r(|)+e“^/*9/-i- 


V n 


ojo 


{^*J ( 3 ’ 19 ) 


( 6 ) The integral irjii]) 

The integral irjTj) (2-11) was derived elsewhere (Meks 3 m 1947 ); it was obtained, 
however, as a particular case of a somewhat more general and compHoated problem. 
For the sake of completeness a simple derivation of this integral will be given here. 
We have to find a solution of (3*1) which tends to zero for large positive rj. 
Consider the integral 

ir = {~ — o^'^Tjt) dt, (3-20) 

where the path of integration begins in the first and ends in the third region 
respectrvdy. 
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It is easy to prove by the method of the steepest descent that the stationary point 
is&tt = to — | ^ |i^ an(j that the integral tends to zero for large positive tf. 

Let if''{ri)=\ exp(‘—e"^/®«^)<^^+ exp( —e"^®'»i)cft 

Jo 

= J {exp( —e®’^/®5/<)e®’^/®—exp( —e^®^/®i/<)}di. (3*21) 


It can be proved that the above expression is identically equal to 

= §7ne®’^/®{ji(§e®’^/V)+e^^'®*^-»(fe®"^^V)}- (3-22) 

The integral which vanishes for positive values of is 

■tjr{r]) = p ir"{ri)drj -D+Mri+ P (3*23) 

J ooj 00 J 0 J 0 

whence as in the former case we easily find from (3*21) that 

E = [ ^"(5/) dij = fTrie""^/®, T) = f f d/if = — 3ir{|) i. (3*24) 

J 00 J 00 J 00 

Combining (3*22), (3*23) and (3*24) and dividing the obtained expression of 

1^ we arrive at the required integral ir^{7j) (2*11). 

o 


I wish to thank Professor G. Temple, F.R.S., for many helpful suggestions. 
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Integration of the boundary-layer equations for 
a plane in a compressible fluid 

By D. Mbksyit, D.So., Maihematics Department, King’s College, London 
{Communicated by 0 . Temple, F.B.S.—Received 24 March 1948) 

The aim of this paper is to integrate Emmons & Brainerd’s equations analytically for arbitrary 
values of tbe Brandtl number and the Mach number, using the powerful asymptotic method of 
integration developed by the author in a previous paper (Meksyn 1948), dealing with the 
boimdary layer in an incompressible fluid. 

It is shown here that in the first approximations the asymptotic integration gives ample 
accuracy and that it can be determined by simple and elementary methods. The results 
of this comparatively rapid calculation are in very satisfactory agreement with the results 
of the lengthy numerical calculations made by Emmons & Brainerd for certain specific 
values of Prandtl number and Mach number. 

1. Introdtiction’ 

In two papers Emmons and Braine^rd have considered the problem of the boundary 
layer on a flat plate in a compressible fluid. 

In the first paper (Emmons & Brainerd 1941) the viscosity and the thermal con¬ 
ductivity were assumed constant, whereas in the second paper (Brainerd & Emmons 
1942) the dependence of viscosity and thermal conductivity on temperature was 
taken into account. 

In these papers it was shown that the equations of motion of the boundary layer 
can be reduced, in the case of a flat plate, to a set of three ordinary non-linear 
differential equations; these equations were then numerically solved for several 
cases by a differential analyzer. 

The problem was &st considered by Polhausen (1921), who thus deduced an 
expression for the temperature variation across the boundary layer for several 
values of Prandtl number, 

Busemann (1935) derived a differential equation for the velocity in a boundary 
layer including the effect of temperature, and gave solutions for Prandtl number 
unity. 

K4rman & Tsien (1938) have given more comprehensive solutions for a compres¬ 
sible boundary layer for Prandtl number unity for the two cases when there is no 
heat transfer and when there is exchange of heat between the plane and the fluid. 

The problem of the compressible boundary layer was also discussed by Crocco 
{1932) and Erankl (1^934), who derived an integral equation and applied it to cal¬ 
culate the drag of a flat plate. 

The aim of this paper is to integrate Emmons & Brainerd’s equations analytically 
for arbitrary values of the Prandtl number and the Mach number, using the powerful 
asymptotic method of integration developed by the author in a previous paper 
(Meksyn 1948), dealing with the boundary layer in an incompressible fluid. 

It is shown here that in the first approximation the asymptotic integration gives 
ample accuracy and that it can be determined by simple and elementary methods. 

[ 180 ] 
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The results of this comparatively rapid calculation are in very satisfactory agree¬ 
ment with the results of the lengthy numerical calculations made by Emmons & 
Brainerd for certain specific values of Prandtl number and Mach number. 

The success of the new methods of integration and their comparative simplicity 
suggest that they will be of considerable service in dealing with the non-linear 
equations of boundary-layer'theory generally. 

2 . Equations of motion. Constant viscosity and conductivity 

Consider the flow along a semi-infinite plane lying in the direction of the mean flow. 
The equations of motion for this case were reduced by Emmons & Brainerd ( 1941 ) 
to a set of three ordinary non-linear ddfferential equations. 

The main steps in this reduction are as follows. 

In the equations of motion and energy of a compressible fluid in two dimensions 
(Goldstein 1938 , ch. xiv), the usual simplifications of the boundary-layer theory 
were made for the velocity and temperature, assuming that the pressure remains 
constant throughout the boundary layer. 

Making use of the equation of state f = pRT to eliminate the density p from the 
equation of continuity, assuming that all dependent variables are functions of 
yjx^, and putting 

-i././A, tr = »/«!, 

e = TIT^ y-cjn,, i.vU-27. 

Emmons & Brainerd ( 1941 ) derived the following set of equations 
da'-U) = 6% 2dU"+^U' = 0, 
jd'' + ^'-U+2(y-l)MlU'^ = 0, 

where the subscript 1 indicates conditions in the mam flow; the subscript 0 refers 
to the conditions on the plane; P = CpPlJc is Prandtl number, is Mach 

number and = iVPilPi)^ is f he velocity of sound in the undisturbed flow. 

It was assumed in the above that the semi-infinite plane lies along the main flow 
which is in the direction of the positive x axis. 

The boundary conditions are ' 

ebty = 0: . * ?7 = 0 , F = 0 , 6' = 0 ; 

at 7 / = oo: !7 = 1 , 0 = 1 . 

From ( 2 * 2 ) it is easily found that 

•g = -2^AlogD", 6 = -iul^,^ogU\ (2-4) 

PTT" 

d''-^d’ + bPU'^ = (i, where b = {y-l)Ml. 





aud 


( 2 - 6 ) 
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The equation ( 2 * 6 ) can be integrated, in the form 

d = l + bPr 

Jv Jo 


( 2 - 6 ) 


•RmTunTia & Brainerd ( 1941 ) have also found the first few terms of the expansions 
of U, 6 and g. 

Writing for brevity a ^ = bP = {yM\P, 

then from (2*2) and the boundary conditions (2-3) we obtain 


__ a* Zcc^Bif 

9_«<,-aVf+^(3J' + 2)|?+-. 


5! 


^""”2 ^4! ““2^5! 

where in the above only few terms are retained. 


(2-7) 


3. Integeatioks oe the equations 

In a previous paper (Meksyn 1948 ) the author developed a powerful method of 
integration of the boundary-layer equations for the case of an incompressible fluid; 
this method wiU now be applied to the present case. 

Although the equations are more complicated, the main properties of the depen¬ 
dent functions (velocity and temperature) are similar to the dependent functions 
in the case of an incompressible flow, and, therefore, the same general method can 
be applied. 

Although the method was fully explained in the above-mentioned paper, the 
salient points of the integration will be indicated here for the sake of convenience. 
The method is based on the following considerations: 

In the problem of the laminar boundary layer we have to find one or several 

functions of the form , -n, xx 

/' = ^(i/,a)exp(-B( 9 /,a)), 

where a is a parameter found from the condition 


/; 


f'dTj =s constant, 


and A( 9 ?,a) is a slowly varying function, while it is known that 5 (^, a) is positive 
and tends monotonically to infinity; the exponential is significant only within a 
narrow range of 1 / near, say, ^ = 0 ; otherwise both functions are unknown. 

It is clear that only the lower part of the curve 

will make significant contributions to the value of the above integral, i.e. only the 
first few terms of the expansion of B are of importance; these few terms can, however, 
be easily found from the differential equation and the boundary conditions on the 
surface of the body. A (9/, a) can then be found by successive approximations. 
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As an example consider the case of Blasius’s equation 

r+/r=o, 

the boundary conditions being 

/ = /' = 0 at = 0 , /' = 1 at tj = co. 

The first term of / is / = 

where a is a constant, whence inserting the above expression of/ iii the differential 
equation, and integrating we obtain 

/" = A exp (- = a exp (- 

since the constant A must obviously be equal to a; it is then found from the condition 

I a exp dri = 1. 

Jo 

To find a better approximation we can make use, in this particular case, of the 
first approximation, as was proved by Weyl ( 1941 ). 

A more general procedure is to find additional terms m/(^) by making use of the 
differential equation. 

In what follows it is very important to distinguish between rapidly and slowly 
varying functions. 

The rapidly varying functions are of the form A( 9 /)exp( —whereas the 
slowly varying functions are integrals of the above from zero to 
It can be easily seen from the equations ( 2 * 2 ) that 

U are slowly varying, d\ U' are rapidly varying. (3*1) 

We begin with the rapidly varying functions’. Consider the second equation ( 2 - 2 ) 
which can be written as r: 

(3*2) 


Since ^/20.is a slowly varjing fonction, and TJ' rapidly tends to zero, we can write 
(2*7) as a first approximation, ^ ^^2 

Substituting (3*3) in (3-2), and integrating we derive 


(3-3) 




Since for small values of 1 / U' = a, 

it follows that A = a; whence the ‘self-consistent’ solution is 


U' = a exp 


/ 1 

ri2 0or 


(3-4) 

(3-5) 

(3-6) 


and, from the boundary condition U(po) = 1, integrating in terms of G-amma ftinc- 
tions, we obtam (12a2(9o)* 0-893 = 1. (3-7) 
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IVom ( 2 - 6 ) substituting instead of U' its value from ( 3 ' 6 ) 

. 1 ( 2 -P)a^?» 




If we put *■ — 12 

the equation ( 3 * 8 ), is transformed into 


(3-8) 

(3*9) 


(3-10) 


For an assumed valued of P the double integral can be numerically evaluated, 
and we obtain the two equations (3*7) and (3‘10) with respect to the two variables 
a and dg. 

The case P = 0'733, corresponding to air, may be considered as an example. 

The integral J exp^—e“<’di=0-640 (3-11) 

was evaluated numerically. 

The equations (3-7), (3-10) and (3-11) lead'to 

^9 = 1 + 0-4246, = 0-117, where 6 = (y—(3-12) 

The value of is obtained from | = i/?7— 2 F, (3'13) 


and the ftmction | has to be found through the rapidly varying expression . 

Integrating the third equation ( 2 - 2 ) from 0 to t], and combining it with (3-13), 
we find that 

2V = 7iU-\Ui7i + 2{y-l)Ml\V'^d7i^-jd', 


whence, integrating by parts the first integral, 

F = ijV'^^ + (r-l)J^ljV'‘>(Z^+^, (3-14) 

and the value of F in the main flow is 


= (3-16) 

Substituting V (3-6), and integrating we get 


0-282 {y-l)Mla. 
a • 1-26 


(3-16) 


where we have made use of ( 3 - 7 ). 

In table 1 are given the values computed from ( 3 - 12 ) and (3-16), and the values 
found by Emmons & Brainerd ( 1941 , table 1 ). 

As can be seen the agreement is very close except in the case 6 = 4 for the value 
of a, where the difference reaches almost 10 %. ^ 
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6 = (7-1)M? 

(present method 

present method 
E.&B. 

present method 
E.&B. 


Table 1 


0 

.0-1 

0-4 

0«342 

0-335 

0-316 

0-3309 

0-3256 

0-3116 

1-000 

1-042 

1-169 

1-000 

1*0432 

1-171 

0*855 

0-895 

1-007 

0-878. 

0-916 

1*022 


0-9 

1-6 

4-0 

0-291 

0-264 

0-208 

0-2941 

0-2738 

0-2275 

1-381 

1-678 

2-694 

1-3825 

1-6816 

2-6756 

1-172 

1-381 

1-965 

1-187 

1-391 

1-955 


To find a better approximation for the case we have to take more terms in ij^d, 
namely (2*7), 


rt/i ”■ 1 n "t 


W 4(9„ 


Integrating ( 3 - 2 ) we find that 

17'= exp 


160 §- 


(- 




wl«n» (3-19) 

The simplest way to evaluate the integral is to expand exp in powers 

of rf and to integrate in terms of Gamma functions. By taking in the expansion terms 
up to and including we obtain the value of a (for 6 = 4), which is almost in 
complete agreement with Emmons & Brainerd’s result. 

I 

* 

4. Equations of motion. Vabiablb visoositt and ooNDuoTiviTr 

In the second paper Brainerd & Emmons ( 1942 ) considered the general ease when 
viso(Wity and conductivity depend on temperature. 

h 


Let 


A A 


(4-1) 


where ^ is a function of temperature. 

The same function was assumed in both cases, since Prandtl number remains 
constant, and does not-greatly vary with temperature. 

The equations of motion become in the present case 


where 
From (4-2) 


aid £ = 


(4-2) 


whence the third equation (4*2) is transformed into 

d''-^d'+bPU'^+e'ii-P)^iog4>^o. 


(4-3) 


(4-4) 


13-2 
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For the function ^ the following two cases will be considered 

e = i 0-768. (4-5) 

The first relation corresponds to the elementary kinetic theory of gases; the second 
case was considered by Karmen & Tsien (i93^)- 

The boundary conditions (2-3) remain, of course, unchanged. 

5. Integration ot the equations. Numerical results 

To integrate the equations (4*2) it is necessary to find the first few terms of the 
expansions of d and U near the point ^ = 0. 

Since 6q>1 on the plane, and outside the boundary layer 0=1, the function 
^ = 0® can be expanded near the point ^ = 0 in a power series. 

Accordingly, it is found from (4*2) and the boundary conditions on the plane that 
the leading terms in the power series are 

a ? e{7e+ 

^ 5 \~" 

^ 4£^a‘^ri* (3P + 2) 

c'-c'o-—2 2(9g+^ 

^ arj^ /Sa®(3—e)i?* i;® 

^~~2 Fo i!“2(9g+i6!“‘"' 

Consider the second equation in (4-2): 

whence the "self-consistent" solution is found, as in the previous case, to be 

Z7' = aexp(-i^), (5-4) 

and from the boundary condition U{co) = 1, 

0 ,^ 6 ^+^ = 0-117. (6-6) 

Integration of (4-4) leads to 

6=1 + bpj‘^{UY<pp-^d7ij\uy-P4>^-Pd7i. 

Since ^ is a slowly var 3 mig function, whereas 17' is rapidly varying, ^ can be taken 
outside the first integral, and it wdll accordingly drop out from the equation, whence 

. 6 = 1+bpj” {U')Pdvj\uy-Pd7i. 



(5-6) 
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From the third equation (4-2) combined with the relation (3-13) we obtain, as 
in the former case, 

y = + \)M\ + (6.7) 

Since ^ is a slowly varying function it can again be taken outside the integral and 
written as §5 = the value of V in the main stream is accordingly 

Vi = IjlvU'dv + (r-1) Mietj" {U^dv. (5-8) 

The equations (5*6) and (5*8) can be treated as in the former case and they lead to 

^0 = 1 + 0-4246 and = (5-9) 

OC i*ZD 

where b = (y — \)M\ and P = 0*733. 

The coefficient of drag is, by (5-5) and (5-9), 


= 1^(1 + 0 - 4246 )«- i ), 


where refers to both sides of the plane. 


( 6 - 10 ) 




Table 2. P= 

= 0*733,6 = 1*6 




e 

^0 

U'o 

CjyBi 

yi 

A 

f present method 1*68 

0*264 

1*056 

1*41 

U 

\B. & E. 

1*67 

0*274 

1-096 

1*37 

i 

f present method 1*68 

0*229 

1*185 

1*61 

\B. & E. 

1*66 

0*234 

1*208 

1*53 

0-768 

f present, 

method 1*68 

0*216 . 

1*285 

1*72 

1b. & E. 

1*66 

0*215 

1*273 

1*645 



Tables. P = 

0*733, e= 0*768 ’ 





6 


Ui 




f present method 

1*000 

0*342 


U 


\B. & E. 

1*000 

0*332 


0*1 


f present method 

1*042, 

0-329 



\B. & E. 

. 1*042 

0*319 


0*4 


f present method 

1*169 

0*298 



\B. & E. 

1*170 

0*290 


0*9 


f present method 
\B. & E. 

1*381 

1*380 

0*257 

0*252 


1*6 


f present method 

1*678 

0*216 



\b.&e. 

1*675 

0-213 


4*0 


Vpresent method 

2*694 

0*141 




2*705 

0*142 


In tables 2 and 3 are given the results 

calculated from equations (5*5) and (5*9), 

together with the values found by Brainerd & Emmons ( 1942 ), 



As can be seen the agreement is very satisfactory. 
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The electrbnic structure of conjugated systems 
V. The interaction of two conjugated systems 

By C. a. Cotosoit and H. 0. Lonoubt-Higoins 
{Communicated by B. P. Bell, F.R.8,—Received 31 Ma/rch 1948) 


In. this paper there is discussed the interaction of two conjugated systems across a conjugated 
single bond. It is shown that the conjugation energy across the bond, and the mobile order of 
the bond, are both positive, and that both are closely related to the self-polariza'bilities of the 
atoms forming the bond. This relation forms the basis for a definition of the conjugating power 
of a position as p times its self-polarizability. The conjugating power of various hydrocarbon 
residues is shown to increase in the order: phenyl, /?-naphthyl, 2-butadienyl, a-naphthyl, 
vinyl, 1-butadienyl. ' 


Intbodtjotion 

There is abtindant evidence from thermal data, bond lengths, chemical reactivities 
and other sources that the mobile electrons of two unsaturated systems can interact 
acros^ a bond joining them. This phenomenon is known as conjugation in the strict 
sense; and it occurs even when the connecting bond (e.g. the central bond in 
diphenyl) is written as a single bond in all the classical valenoe-bond structures for 
the molecule, ‘ • 

In’this paper we shall be concerned with the energy changes accompanying con¬ 
jugation, and with the mobile orders of conjugated single bonds, and shall attempt to 
interpret theoretically various experimentally observed regularities. 
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CONJXrOATIOlT ENERGIES 

Let US suppose that there are two conjugated systems A and B (figure 1 ) initially 
separate, and then joined by a bond from atom a of the former to atom b of the 
.latter, forming a composite system G. We must suppose that there are two 



o 

Figtobe 1 


hydrogen atoms attached to A and 5 at a and b, and that these are eliminated 
in making the connexion. Then the conjugation energy R across the connecting 
bond may be defined theoretically as the difference between the unsaturation 
energy of the complete system C and the sum of the unsaturation energies of the' 
systems A-H and B-H taken separately. ‘Unsaturation energy’ here is used 
s 3 monymously with ‘energy of mobile electrons’ denoted by S. Formally, then 

-iJ(calo.) = ^{AB)-i{AH)-(^{HB). ( 1 ) 

Experimentally R is probably best determined from the relation 

iJ(obs.) = Q^AB)-Qj{AE)~Qf{EB)-D{a-b)+D{a-H)^D{H-h), ( 2 ) 

where Q^...) are molecular heats of formation and D(...) are heats of formation of 
bonds. Dewar ( 1946 ) has drawn attention to the importance of entropy differences in 
the calculation of resonance energies from thermal data, but these differences are 
reduced to a minimum if we adopt the empirical definition ( 2 ), smce the internal 
•vibrations of A and B -will have approximately the same frequencies in the molecule 
AB as in the molecules AE and BE taken separately. 

This argument suggests that the calculation or measurement of ‘group resonance 
energy’, i.e. the additional resonance energy due to combioing two groups, may be 
more accurate than that of the total resonance energy. The original idea of using such 
group resonance energy seems to be due to Pauling ( 1940 ). 

Two THEOREMS 

There are two important results that follow from the general theory, namely: 

(i) Conjugation energies are always positive. 

(il) The mobile order of a bond j oining two conjugated systems is always positive. 

We shall prove (ii) first. We may imagine the systems A and 5 to be initially 
isolated, and then to approach so that atomic orbital a of the former overlaps atomic 
orbital b of the latter. Now since a and b belong mitially to different systems, 
must initially be zero from its definition (I, equation (13)). It follows thatpaj, is given 
by the equation (see I, equation (49)) < 







190 


C. A. Coulson and H. C. Longuet-Higgins 

But as proved in I, is necessarily negative, and as atoms a and h approach., 

will decrease steadily from zero. Therefore, when the systems have come together. 

This conclusion is obviously important. It explains, for instance, why the single 
bond connecting two aryl radicals, as in diphenyl or styrene (see table 2), is always 
partly double. Conjugation between the two groups across this bond will necessarily 
increase its. bond order, and therefore shoirten it and increase its force constant 
(see IV). This conclusion is independent of whatever substituent groups there may be 
in the two halves, provided always that they do not interfere stericaUy with one 
another (as in various o-o'-diphenyl derivatives). 

From (4) we can deduce that conjugation energies are always positive, as follows: 
R is defined as the decrease in total energy of their mobile electrons when systems 
A and B are joined together. This definition is equivalent to 



• Jo 

(6) 

4 . 

= 233^6 > 0, as just proved. Therefore 


R>0. 

(6) 


This result is possibly even more fundamental than (4) from the chemical point of 
view; It means that there is always an increase in stability {ceteris farihus) associ¬ 
ated with conjugation, as, indeed, is well known from thermochemical data. It is 
important to realize, however, that there is not necessarily an increase in stability 
when two atoms of the same conjugated system are joined by an extra bond. For 
instance, it can be shown that in butadiene or octatetraene there would be an increase 
in the total energy of the ff-electrons, according to the molecular orbital theory, if the 
terminal atoms could be bonded together to form the corresponding cyclic polyenes. 
However, this fact does not conflict with the generalization that, when the number of 
atomic orbitals available to the mobile electrons of a conjugated system is increased, 
there is a decrease in their total energy. For this reason B may alternatively be called 
the ‘ delocalization energy ’ of the mobile electrons. • 

The OAIiOUlATION’ of OONJUaATION BNBEGIE8 

A useful equation for the calculation of conjugation energies may be obtained as 
follows: 

Denote by A(e), B{e) and G{e) the secular determinants for A, B and 0. Then by 
equation (44) of I the conjugation energy R across the bond ctB is given by 

-R = (7) 

where denotes the sum of the coulomb terms for A, the number of atomic 

A 

oiS>itals in A, and so on. Since the atoinic orbitals,of C are just those of A and B 
taken together, the right-hand side of (7) reduces to 
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Integration by parts gives 



TT 




dy. 


Now 0{e) = A{e) B{e) - ( 8 ) 


where is the resonance integral for bond ab, and Aa^g{e) is ^(e) with row a and 
column a omitted, etc. Therefore 

{A (»2/)} = log{1 - 0(y-’^)} = 0(y-*). 


Therefore 
and so 


Equation (9) enables us to calculate R by numerical integration when direct 
solution of the secular equations A{e) = 0 , B{e) = 0 , C(e) = 0 is not convenient or 
practicable. 


EmPIRIOAL conjugation energies—COMPARISON WITH THEORY 

Unfortunately, not many experimental data are available on the oonj ugation energy 
of single bonds. However, in table 1 are given conjugation energies in some aromatic 
hydrocarbons, determined by Pauling & Sherman ( 1933 ) from heats of combustion. 
The figures given in the column headed R (obs.) are conjugation energies per single 
bond. Thus for l:3:6-triphenylbenzene the value given is one-third of the resonance 
energy of this molecule referred to four benzene rings. The calculated values of R are 
included for comparison, and also represent conjugation energies per conjugated 
single bond; for examplsi the value of R (calc.) for stilbene is 

(stilbene)—<? (ethylene) — 2(f (benzene)}. 

In the calculations /? has been put equal to — 20 cal./mole (Wheland 1941 ): 


Table 1. Conjugation energies per single bond 



JR (calc.) 

B (obs.) 

diphenyl 

7‘6 

7 

styrene 

8-4 

8 

stilbene. 

8-8 

H 

5-triphenylbenzene 

7-6 

Si 


The agreement between R (obs.) and R (calc.) is fair, as was to be expected. At first 
sight it seems remarkable that R should not vary more widely in the molecules 
considered. However, this fact becomes intelligible later (see Conclusion, §§(ii) 
and (iii)). 
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Mobile obber of a oonjboatei) siNOLiEi bokb 

(In this section determinants under an integral sign are functions of i times the 
variable of integration, and the limits of integration are — oo to + oo.) 

Consider again the composite system A-B discussed earlier. By equation (42) of I 
the mobile order of the bond ab connecting A and B is given by 

Pa = 

Expansion, of this by equation (8) gives 

_1J 


Pa 


dy 


~ Pa-^a,a^b,b 


(.10) 

( 11 ) 


It is possible to integrate (10) numerically to obtain when solution of the secular 
equations is not practicable. 

From (11) a relation can be established between R and as follows: 
Expansion of (9) gives 

B = log {l dy.^ %. (12) 

Similarly, by equation (63) of I 


^06,06 — 


1 


, which gives on expansion ^ ^(J^a) | %• 


(13) 


Comparing (11), (12) and (13) we see that when is small, - Bl^ab> PalPa 
and Tta,, ab 8^® equal to the same constant, viz. > 


nj A. 


^b,b. 


AB 

to a good approximation, since-they dififer from it only by terms of order In 
particular, therefore, 

-^^fiaPa> and Pab^fiab^ab.a- (14) 


RELATIOlir between conjugation energy AND’mobile bond order 

The accuracy of the relation (14) may be Estimated from the figures given in table 2. 
In the first column, as in table 1, B denotes the conjugation energy per single bond. 
In column 2 are given the calculated mobile orders of the single bonds, and these are 
s^n to agree well with (14). The rough constancy of jfJ, noted in the previous section, 
is reflected in the values which all lie between 0-35 and 0*50. The reality of the 

figures is confirmed by the agreement between the bond lengths in column 3, 
calculated directly from the bond orders in column 2 using the equation proposed by 
Goulson ( 1939 ) observed bond lengths in column 4 quoted by Pauling, 

Springall & Palmer ( 1939 ), where these are available. 
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Table 2. Mobile okdbbs of ooNJtraATED single bonds 



1 

p 

Pab(calc,) 

a;ai>(calc.) 

Xa, (obs-) 
(A) 

butadiene 

0*47 

0*46 

1*43 

‘l-46±0-03 

oyolo -pentadiene 

0-47 

0*46 

1*43 

1-46+ 0-03 

hexatriene 

0-60 

0*48 

1*43 

_ 

diphenyl 

0-38 

0*37 

1*46 

1*48 ±0*04 

p -diphenylbenzene 

0*38 

0*38 

1*46 

1*46 ±0*04 

stilbene 

0-44 

0*43 

1*44 

1*44+0*02 

styrene 

0*42 

0*41 

1*44 

— 

oc-vinyl naphthalene 

0-44 

0*43 

1*44 

— 

y^-vinyl naphthalene 

0*42 

0*41 

1*44 

— 

m-diphenylbenzene 

0*38 

0*37 

1*46 

— 

p -diphenylbenzene 

0*88 

0*38 

1*45 

— 


It should be pointed out here that for the central bond in diphenyl neither the 
theoretical nor the experimental lengths given above are probably very reliable. 
The experimental value 1'48 ± 0-04A was obtained by Dhar ( 1932 ) from a study of 
the crystal, in which he found the two rings to be coplanar; however, Karle & 
Brookway ( 1944 ), by an electron-diffraction study of the gas, obtained the value 
1-64±0'03A. This last value seems improbably high, unless we assume that the 
molecule is not planar in the gas, a question which unfortunately canno| be answered 
by electron diffraction data alone. As for the theoretical values, we hope to show later 
that the figure 1-46 A is almost certainly too low, because if allowance is made for the 
variation of resonance integral with bond length, and of bond length with bond order, 
the length of the central bond comes out at about 1*47 A. All things considered, it 
seems most likely that 

(a) in solid diphenyl, wliere the rings are coplanar, the central bond is about 
1-49A in length, and that 

[b) in the gas there is partial rotation about the central bond, and that its mean 
length is appreciably greater, probably about 1‘61 A. 

Similar considerations will obviously apply to the diphenylbenzenes. 


The inelitenoe of bnvib.onm:bnt 

Although as yet direct measurements of bond length are not sufficiently accuratie 
to provide experimental verification, there is theoretical reason to suppose that the 
mobile order of a bond coimecting two unsaturated hydrocarbon systems is deter¬ 
mined principally by the immediate environment of the bond. 

This may be seen as follows: 

When = 0, equation (13) becomes 

where all the symbols have the same meanings as in previous sections. The right- 
hand side of (16) may be compared with the expressions 



(16) 
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which, will be recognized as the self-polarizability of atom a in system A, and of 
atom b in system B, respectively (see I, equation 62). By Schwarz’s inequality, 


therefore, 


^cib,ab ^ {^b,b)s> 


(17) 


the equality sign holding when A = B, that is, when the system O is structurally 
symmetrical about the bond a-b. It follows from (14) and (17) that 


Pab -P'^ab, 06 <MK a)A Kb)sh 


(18) 


In table 3 are compared values of p^b ’''4th those of ^■^{lPa,a)A {^6,6 )b} 
jugated single bonds in a number of molecules. The bond in question is distinguished 
by a dotted line in the accompanying structural formula. 





riGUBB 2. Bond orders and atom self-polarizabilities (see table 3). 


The figures in the first column are plotted against those in the fourth in figure 2. 
It is seen that there is a nearly linear relation, which could hardly have been expected 
solely from the mequality (18); this leads to the conclusion that two hydrocarbon 
systems will conjugate more effectively the greater the product of the self-polariz¬ 
abilities of the atoms for ming the ooimecting Ihik. And since the self-polarizability 
of an atom is determined principally by its immediate environment, the same must 
hold for the mobile order and conjugation energy of a conjugated single bond. 

The generalization that the order of a conjugated single bond depends principally 
on its immediate environment is illustrated in tables 4 and 5, which give the calculated 
bond orders and lengths in the phenyl ethylenes and phenyl benzenes respectively, 
on the assumption that the molecules are planar. Although this assumption cannot 
be exactly true for all the molecules listed, owing to st^c hindrance, the results of 
the calculations illustrate the general trends of electron drift in these molecules. Bor 
the phenyl ethylenes, the mean of the lengths quoted is 1-440A with a mean deviation 
of0-005A, and for the phenyl benzenes the mean is 1-448A; with a mean deviation of 
0 -002A. Thus the mean lengths of these two types of conjugated single bond are just 
significantly different. 
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Although reactions between conjugated systems are beyond thescope of this paper, 
it is to be expected from the above result that such reactions will take place most 
easily between those positions in the reacting systems where the self-polarizabUity 
is greatest. This is borne out by reactions such as the Diels-Alder reaction or the 


Table 3. Bond orders and atom self-polarizabilities 


oo. 

0*370 

0*398 

0*398 

a)^ (^b,6)j5} 

0-398 


0*374 

0-402 

0*402 

0*402 

o- 

0*406 

0*398 

0*600 

0*446 


0*408 

0*402 

0*600 

0*448 

y^-naphthyl 

0*410 

0*406 ^ 

0*600 

0-461 

cc-naphthyl 

0*425 

0*443 

0*600 

0*471 


0*447 

0*600 

0*600 

0*600 


0*446 

0*398 

0*686 

0*623 


0*483 

0-600 

0*626 

0*669 


0*496 

0*600 

0*685 

0*686 


0*629 

0*626 

0*626 

0*626 


Table 4. Bond orders and lengths in phenyl bthylbnbs 


molecule Cells) 

bond 

order 

length in A. 

B 

a 

1*406 

1*442 

ttt a j 

O 7T’T! O 

a 

1*431 

1*436 

V 

a 

1*376 

1*448 


■ /“ 

1*396 

1*444 

u 

1*460 

1*432 

^\a 

U 

1*409. 

1*441 

(a-naphthyl)— — 

a 

1*426 

1*438 

(y^-naphthyl)— = 

(X 

a 

1-410 

1*441 


polymerization of butadiene; the point of attack on a butadiene molecule is almost 
certairdy the end of the caxbon chain, where the self-polarizability is greatest (see II, 
table 4). Again, ia the self-condensation of naphthalene to form perylene, it is the 
a-positions which are involved (II, table 2); here, however, the evidence is not so 
decisive for the present interpretation, since the a- and /^-positions only differ 
slightly in self-polarizability, and geometrical conditions favour reaction between the 
a-positions. 
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One other general result should he mentioned here in connexion with reactions 
between conjugated systems. It was proved in paper I that if we have two oonj ugated 
systenm initially separate, and join them by a weak bond between atom a of the 
former and atom h of the latter, then to a first approximation in which we consider 
only conjugation effects, the order of any other bond in either system is unaffected. 
This means that in a reaction between conjugated systems conjugation may begin to 
take place, with the introduction of resonance forces, without the reacting groups 
having to be deformed. It is only when the reaction complex is well on the way to 
being formed that serious changes in bond order occur in the separate parts. 

' Table 6. Bond ordbes and lengths in phentl benzenes 

bond order length in A 

a 1-370 1-449 

a , 1-375 1-448 

o 1-369 1-460 


a 1-379 1-447 


a 1-368 1-460 


a 1-391 1-446 


Conclusion—^deeesttion oe ooNJUGATiNa power 

Brom the above investigation we draw the following conclusions: 

(i) The conjugation energy J? and the mobile order of the connecting bond between 
any two otherwise separate conjugated sjBtems must be positive. 

(ii) The conjugation energy 22 across a conjugated single bond a-6 ecjuals approxi¬ 
mately —jPajyffaft, where is the mobile order of the bond and its resonance 
integral. 

(iii) Wj, j are the self-polarizabilities of two atoms a and 6 in different con¬ 

jugated systems, then if the systems are brought together so that the resonance 
int^al between a and b is the mobile order of the resulting bond will be 

a linear function of 

As a, re^t of (ii) and (iii) it is possible to define the conjugating power of a given 
position in a given molecule as fi times the self-polarizability of that position. 
According to this defimtion the conjugating powers of various hydrocarbon residues 
are as given in table 6. 


molecule (^sCgHg) 
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To calculate quickly and approximately the mobile order of a bond between two of 
these residues we take the geometric mean of their conjugating powers given in 
table 6 and find the corresponding value of curve in figure 2, The con- 

jugatioh energy B is then - The probable error in these figures forcompared 

with those obtained by an exact application of the theory is about 0-01 unit of bond 
order, which corresponds to a difference of bond length of 0*003 A; and the probable 
error in is about 0*02, which is of the order of ^ kcal./mole. For purposes of com¬ 
parison with experiment, therefore, the figures obtained by the present approximate 
mefhod are quite adequate. The fact that the conjugating powers of the commoner 
hydrocarbon groups mostly lie between 0*40 and 0-60 explains the approximate 
constancy of the conjugation energy between such groups, noted earlier. 


Table 6. Con-jxjoatikg powbes op kybeooaebon- besidtjbs 


2 -hexatrienyl 

0*389 

1 -anthraoyl 

0*464 

phenyl 

0*398 

3-hexatrienyl 

0*470 

2 -butadienyl 

0*402 

vinyl 

0*500 

2 -phenanthrenyl 

0*403 

position near middle of 

0*600 

/^-naphthyl 

0*406 

long polyene chain 


3-phenanthrenyl 

0*411 

lO-anthracyl 

0*626 

2 -anthracyl 

0*411 

1 -butadienyl 

0*626 

4-phenanthrenyl 

0*429 

1 -hexatrienyl 

0*686 

1 -phenanthrenyl 

0*439 

1 -position in long 

0*860 

9 -phenanthrenyl 

0*442 

polyene chain 


a-naphthyl 

0*443 
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The induction of electric currents in a 
non-uniform ionosphere 

By a. a. Ashoxje and A. T. PbioS) 

Imperial College^ London 

{Communicated by 8. Chapman^ — deceived 17 AprU 1948) 

Caloialations are made of the distributioix and the magnetic field of the currents induced in 
a non-tmiformly conducting ionospheric shell by an external magnetic field, which is either 
periodic or subject to sudden changes. 

Assuming that the initial phase of magnetic storms is due to field changes outside the 
ionosphere, it is shown that its mean integrated conductivity is probably not much greater 
than 10"’ e.m.u. It is found that’ electromagnetic shielding by the ionosphere has m im* 
portsmt effect on the distribution of field changes observed on the earth, and may lead to an 
apparent diurnal variation of frequency of occurrence of sudden commencements at a 
given station. 

Simple explanations are suggested for some known features of micropulsations, and for 
some well-known phenomena of magnetic disturbance, including Sangster’s rotating dis¬ 
turbance vector. 

I 1. iKTROBtrOTIOK 

It is generally assumed, in theories of magnetic storms and allied phenomena, that 
some of the transient variations of the geomagnetic field originate from field changes 
outside the ionosphere. If these changes are very rapid, e.g. as in sudden commence¬ 
ments of magnetic storms, appreciable electric currents may be induced in the iono¬ 
sphere, which would considerably modify the field changes observed on the earth’s 
surface. It is of interest, therefore, to calculate the nature of the modifications which 
would be produced by a hypothetical ionosphere, having properties resembling as 
closely as possible those (where they are known) of the actual one. This may lead 
to some explanation of observed phenomena; it may also yield farther information 
about the ionosphere (e.g. as to the magnitude and distribution of its conductivity), 
and it may help to assess the value of those theories which ascribe various geo¬ 
magnetic phenomena to field changes occurring in outer space. 

In this paper we consider the currents induced in an ionospheric shell o/ non* 
uniform conductivity by an external inducing field, and the effects which these 
currents produce at the earth’s surface. In this first attack oh the mathematical 
problems involved, we make a great many simplifying assumptions. We assume 
a distribution of conductivity of very sifnple form (§2), and we take the inducing 
field to be uniform and parallel to the earth’s geographic axis. We neglect the 
obliquity of the earth’s magnetic axis, and we ignore the anisotropic character of 
the conductivity of the ionosphere arising ftom' the earth’s magnetic field- We also 
neglect the influence of any currents induced in the earth itself. Nevertheless, the 
discussion of this greatly simplified problem leads to some results, which appear to 
be of interest, ^ 

We find that the mean* integrated conductivity of the ionosphere must he taken 
of order 10"^ to lO-'^e.m.u., to permit reasonable hypotheses to be made as to the 

[ 198 ] ' 
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magnitude and character of ^he field changes occurring outside the ionosphere 
during the initial phase of magnetic storms (§§ 12 and 13). This agrees well with the 
estimate of the conductivity, derived from other considerations by CowUng ( 1945 ). 

Electromagnetic shielding by the ionosphere will slow down the resulting field 
changes observed on the earth’s surface, and the non-uniform distribution of con¬ 
ductivity in the ionospheric shell will cause this slowing down to be much more 
important at some places than at others. In the case of sudden (rntmencemenls 
(S.o.’s), this slowing down may be so great at some places that the resulting change 
would not be sufi&oiently abrupt to be recognized as an s.o. This would lead to an 
apparent diurnal variation of the frequency of occurrence of s.o.’s at the station. 
It is possible, though not certain, that the results found by Newton ( 1948 ) at 
Greenwich may be explained in this way (§ 14). 

In considering periodic fields, we find that the shielding effects of a non-imiform 
ionosphere, of about the same mean conductivity as above and such that the con¬ 
ductivity of the sunlit side is about four or more times as great as that of the dark 
side, would give a simple explanation of the observed dependence on local time of 
those micropulsations of the earth’s field, which are sometimes observed in low and 
middle latitudes (§ 9). 

We are also led by our results to suggest a simple explanation, in terms of the 
distribution of decaying current systems in the ionosphere, of two well-known 
phenomena of magnetic disturbance, namely, Schmidt’s ‘wandering vortices’ and 
Sangster’s rotating disturbance vectors (§§ 16 and 17). Though these phenomena have 
been known for many years, we are not aware of any previous explanation of them. 


2 . The mathematical problem 


We consider a non-uniform isotropic spherical conducting shell, whose resistance 


is given by 


P - Po(l + ecos^), 


( 1 ) 


the angle ^ being measured from the axis BOA (figure 1 ). In the application to the 
ionosphere, B is the point on the earth’s surface directly beneath the sun. The 
conductivity at B is thus taken as (1 -t-e)/(l — e) times that at A, and the mean con¬ 
ductivity over the whole sphere is (1 l^ep^) log {(1 + e)/( 1 — e)}. The total conductivity 
of the sunlit hemisphere is — log (1 — e)/log ( 14 - e) times that of the dark hemisphere. 


direction 

of 

inducing 

field 



PiGUBB 1. The assumed distribution of conductivity (k = l/{/ 0 ({l + 0-9 cos 0)}). 
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We suppose that a uniform magnetic field perpendicular to the axis of d and of 
external origin has a given time variation; the problem is to determine the total 
magnetic field at various places just inside the shell and the (varying) distribution 
of induced currents in the shell. We consider in particular (i) the steady-state solution 
for periodic variations of the inducing field, and (ii) the effects of sudden changes of 
the inducing field. The effects of any other time variation of the field can be deduced 
from these. 

3. The EtTNDAraKTAL equations 

The general theory of the induction of currents in any non-uniform surface 
distribution of isotropic conducting material has been discussed by one of us in 
another paper (Price 1948 ), from which the following general formulae are taken. 

Let a spherical shell of radius a and of resistance givefi by ( 1 ) be situated in a 
varying magnetic field. The scalar potential of any such field may be expressed as 
the real part of „ ^ 

= S (W+^-"-^-f^)6^’^P^(oosd), (2) 

71*17n=»0 

where ^ = rfa, and are complex numbers, their real and imaginary parts 

being given functions of the time. 

The potential of the induced field can similarly be expressed as the real part of 
£li = a S S P^(oos $) for r> a, 

m«»0 

or il 4 = aS S C”ene^’»^JP^(oos<9) for r<a, 

where - (n+‘l)i« =»( 4 ) 

and the e™’s are complex functions of the time, which have to be deter mi ned in 
terms of the known and /^’s. 

When the inducing field arises from sources external to the shell, the 1^’s are zero 
and the ^’s satisfy the equations 

p^e(n^- 1 ) («-m)e«_i+Poe7i2(m-(-n-t- IX+i 

+Pon^2n+l)e^+4inan^j^{e^+E^)^0. (6) 

Corresponding to each integer m > 0 there is an infinite set of these equations ex¬ 
tending from % = m to w = 00 . Coefficients corresponding to different m’s are in¬ 
dependent, implying that a spherical harmonic component of given rank m in the 
inducing field gives rise to harmonics of the same rank only in. the induced field. 
This is because the assumed distribution of conductivity is independent of the 
co-ordinate 

In the particular case which we now consider, the inducing field is uniform and 
perpendwtdar to the axis of O; its potential can therefore be taken as 

fJg = a^E{t) cos <f> sin 6, ( 6 ) 

corresponding to .^ = E{t), with all the other coefficients in ( 2 ) zero. 
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The induoed’field will contain only harmonics of the form P^(cos 9) cos^, and the 
recurrence formulae (6) giving the time factors e\{f) of these harmonics reduce to 
(omitting now the aflBx m = 1 as superfluous). 


-1) (» -1) e„_i + |yOofta{2ra+.1) + e„ 



-l-P(,ere^(re-|-2)e,,i+i = 0 for re>l. 

(7) 

with 

jspo■+• 47raei-1-S/?,,ee 2 = — 4reafor re = 1. 

(8) 

For brevity 

we now write these equations in the forms 




(9) 


©a = a^e:-^ej_—XerWE{t), 

(10) 

where 

ciji = —(2re-|-1+ 3AZ))}/(re-t-2), 

(11) 


= - {(« -1 +1 )/K(« + 2)}, 

(12) 


A = 47ra/3po, 

(13) 


and D denotes the operator djdt. 

From (9) and (10) it may be shown that 

€«« = 2nP)ex-p„(2))Ae-™(<). (14) 

where ' = 1, i>o = 0. (1^) 

= + q^^O. (16) 


The ratio is in fact the Vith convergent of th^ continued fraction in the expres¬ 
sion 


1 bj &8 
<*1 e~^ -t- Ug + 


Xe-WEit), 


(17) 


which may be obtained formally from (9) and (10) by writing (10) in the form 


% 



Xe-WE{t), 


and then making successive substitutions for e„/e„_i from (9). 

The coeflioients q^ in (16) and (16) are polynomials of degree re — 1 and re, 
respectively, in the di6ferential operator D, so that (14) is a differential relation of 
degree re connecting e^+i and e^. Since the induced field must be finite everywhere 
on the surface of the sphere r = a, it follows that e»+i->0 as re->oo. Hence is 
determined by the transcendental differential equation 

q{D)e^^Dp{I))Xe-^E{t), (18) 

where i3 = lim.p„ and g' = limg'„. (19) 

n-^-oo , 7i~>oo 


14 -SI 
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4. PEMODIO rNDtrOIITG FIELD 

If the inducing field has a simple harmonic time variation, say E{t) = Eaosat, 
and we require only the steady-state solution, we may write E{t) as the real part of 
E^^ and replace the operator D in the above by ia. The value of 6 i(«) is then given 


by the real part of 


Writing 


e, = lim 


( 20 ) 

( 21 ) 


the successive complex numbers for increasing integral values of % tend to a limit 
I as «->oo. Prom (14) it will be seen that the time factors Sj, e^, ... can then be 
determined in the form ^ ^ ( 22 ) 

When e = 0 , we have from (7) and ( 8 ), e» = 0 for every n>\, and 

XiaE e^“^ 


^ 1 - 1 -Aia ’ 

which agrees with the known result for a uniform shell. 


(23) 


6. ApbEIODIO rNDtrOINQ FIELD 

When the inducing field varies in any given manner, starting at some particular 
instant, it is necessary, in order to find the induced field, to obtain the complete 
solution of the differential equation (18) satisfying the given initial conditions. 
"Whatever method is adopted for solving this equation, the work involved is some¬ 
what laborious, but we find the most convenient and practical method is to use tho 
Heaviside operational calculus. This leads immediately to the solution for the case 
when the inducing field changes instantaneously by a finite amount, and from this 
the solutionfor any other time variation can be derived.* In the present calculations 
the effects of sudden changes only in the inducing field are considered; we therefore 

E(t) = EH{t), (24) 

where .S is a constant and H(t) is Heaviside’s discontinuous function, defined by 
H{t) = 0 when t<0 and H(t) = 1 when 0 . We then have 




(2S) 


If in this expression the ratio p{D)/q{D) is expressed as an infinite continued 
fraction as in (17), it may be replaced by the ‘ corresponding series ’• 

y(-P) _L 


a,e~ 


[(l+ 


(26) 


where the coefficient has been shown (Price 1948 ) to have the value 


3 ^a+1 

c» = (-i)’‘ 2 : s. 

e ,= 2.(.-2 


bA,...b, 


in-r+l 

.. 2 - 

ti=2 


tn 




(27) 


See Lahiri & Price ( 1939 ) for a sunoniary of the fundamental theorems and formulae 
required. 
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In this way ei{t) may be expressed as a power series in e®, the ooefBlcients being 
functions of the operator D, acting on H{t). Each of these coefficients can then be 
evaluated as a function of t by the rules of the operational calculus. The series thus 
obtained is found, however, in the present calculations, to be only slowly convergent, 
and the following alternative method is used. 

Successive cPnvergents to eS) are calculated from the equation 

e^,{t) = (28) 

for increasing integral values of s, by finding the zeroes of qJ^D) (all of which are 
real and negative) at each step, and using Heaviside’s partial fraction rule, which 
gives ei,a(^) as the sxxm of s exponential terms. When two successive convergents 
found to differ by negligibly small quantities for all values 
of t, the function is taken as the value of e^[t). The values of ... are 

then calculated in succession from the recurrence formulae (9) and (10), or directly 
from (14). 


6. NtJMEEIOAn VALtrBS 

The value of e chosen for the calculations was 0-9; this makes the conductivity 
at B 19 times that at A (see figure 1 ), and the average conductivity over the sunlit 
hemisphere 3-69 times that over the dark hemisphere. The mean conductivity of 
the whole ionosphere shell has been taken as 10 “’e.m.u., which corresponds to 
Po =s 1-636 X 10 ’. This makes the conductivity at B equal to 6-11 x 10 ~’e.m.u., and 
at A, 3-22 X 10“®e.m.u., the average conductivity of the sunlit hemisphere being 
1-66 X 10“’ e.m.u., and of the dark hemisphere 4-36 x lO'^e.m.u. 

Results for'any other mean conductivity can be obtained by altering the time 
scale in the same ratio as the conductivity, since po 8 -“^^ t always appear in the 
formidae in the combination (1/po) (djdt). This means that, in calculating the effects 
of sudden changes in the inducing field, one general calculation serves for aE values 
of Po- In the case of the periodic field, altering the time scale in any result means, of 
course, altering the period of the inducing field in the same ratio, so that a series of 
calcxEations for different periods also serves to give results for periodic fields of the 
same period, but appEed to sheEs of different mean conductivities. 

Taking the radius a of the sheE to be 6-44 x 10 ® cm., the value of A, given by (13) 
for the above value of p 0 , is 1-648 x 10®. 

7. The INDtrOBD EIBLD bob PBBIODIO VAEIATIOlSrS 

The magnetic field of the induced currents was calculated for three oases, corre¬ 
sponding to the inducing field having simple harmonic tune variations of periods 
(i) 20 min., (ii) 10 min. and (iu) 2 mm., when the mean conductivity of the sheE is 
taken as 10 “’ e.m.u. The same calculations wiE apply to a sheE of mean conductivity 
10 “’fce.m.u., where k is any constant, if the inducing field have periods 20k, 10k 
and 2k min. The corresponding values of a and the successive values of 1^, leading 
to the limit I m each case, are shown in tables la, lb and 1 c. 
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The potential of the induced magnetic field for points just inside the shell is 
given by the real part of 

OHaS^Xn(oos^)oos$5, (29) 

and the potential of the total magnetic field is the real part of 

Q = QJ+ a^E 6*“* sin ^ cos 95. (30) 

Table la. Pbbiod of iNDTromo field, 20Mnsr.; a*0-006236, Ae-^ct-0-9689 

n 

1 
2 

3 

4 
. 5 

6 

7 

8 





-0‘516826 +0-446161 

~ 0-493068 +0-497664 

-0-484380 +0-498804 

-0-483106 +0-497683 

-0-483099 +0-497166 

-0-483171 +0:497082 

-0-483201 +0-497076 

-0-483207 +0-497079 





-0-476646 -0-463343 

+ 0-086308 +0-012984 

-0-019776 +0-007494 

+ 0-004743 -0-003776 

-0-000978 +0-002869 

+ 0-000077 -0-001060 

+ 0-000076 +0-000410 

-0-000048 -O-OOOllO 


Table 16. Pebiob oe miovcma mblb, 10 min.; a=:0-010472, 1*9178 



1 -0-226182 +0-390392 -0-762792 

2 -0-207730 +0-394270 +0-072889 

3 -0-207377 +0-392688 -0-006699 

4 -0-207684 +0-392499 -0-001107 

5 -0-207608 +0-392626 +0-000960 

6 -0-207606 +0-392633 -0-000421 

7 -0-207606 +0-392633 +0-000130 

' « 


-0-398141 
-0-081712 
+ 0-018867 
-0-003721 
+ 0-000769 
-0-000079 
-0-000016 


Table Ic, Peeiob op inditoinq pield, 2 min.; a = 0-06236, Ae-^a*9-689 


n 

1 

2 

3 

4 



-0-0119241 +0-1029054 


-0-0118122 +0-1026663 


-0-0118140 +0-1026669 


-0-0118139 +0-1026667 


6„ = {a„+ib„)jEe*»* 
r~ -*-> 

«« K 

-0-984366 -0-113282 

+ 0-007487 . -0-024043 

+ 0-001264 +0-000786 

-0-000000 -0-000764 


e„ = (a„+t6JJe^»‘, (Si) 

the amplitudes and initial phases of the harmonics in the induced field are giyen by 
V(“«+&n)-® and tan-i(6„K), respectively. The values of and b^, for the three 
cases above, are also given in tables 1 a, 16 and 1 c. 

The total field (inducing+induced field) was evaluated at the points A and B 
(figure 1) just inside the conducting shell, using (29) and (30), and the above values- 




It -wiE be seen that the amplitudes of the tptal field at A and at B differ consider¬ 
ably. In the case of an oscillating field of period 2 min. the amplitude of the total 
field inside the shell at J. is about 19 % of the external inducing field, and at B is less 
than 3 %. this may be of interest in cosinexion with the observed distribution of 
micropulsations of the earth’s field, and is considered fui;ther ip. § 9. 
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8. The htdxtobd oxtbebnt system bob periodic bields 
The induced current density, integrated over the thickness of the shell at any 
point, is given by ^ nAgradf, (32) 

where n is a unit vector along the outward normal to the shell, the sign a denotes 
a vector product and f is the stream-line function, determined by 

f = i(a,-Q;) = ^J^^^e„Pi(cosd)oos95. (33) 

The current lines on the shell are therefore given by 

S ^^^enP«(cos^)cos95 = C?, (34) 

and the total current (in e.m.u.) crossing any line joining two points P and Q is the 
difference of the values of ^ at these points. 

The current lines have been determined for the case when the inducing field has 
a period of 10min. (corresponding to table lb above). These lines are traced in 
figure 3 for a number of different epochs during the half-period; for the remaining 
half-period the current lines have the same distribution but are reversed in direction. 
In figure 3 the shell is viewed &om above the north pole and the curves shown are the 
orthogonal projections of the current lines on the equatorial plane. The full-line 
curves correspond to equal increments of 0-1 in 0, 0 bein^ zero on the equatorial 
circle (p = \tt. The broken-line curves correspond to increments of 0-06 in G. 

•It will be observed that figures 3a, 36, 3y and Zh correspond to four different 
times separated by equal intervals of 1-26min. Figures 3d and 3i correspond to 
times which are very close to the epochs of minimum and maximum current density; 
the remaining figures are drawn to illustrate special features of the changing current 
distribution. 

If the shell were uniform, the current lines corresponding to the same inducing 
field would be small circles of the sphere, whose projections on the equatorial plane 
are concentric circles. The number of these Circular current lines at any particular 
time would be nearly the same as the number of current lines shown for the same 
time in figures 3 a to Zj. The induced current would be everywhere zero at time 
t = 1*9, which is near (but a little later than) the epoch of minimum current density 
(figure Zd) for the non-uniform shell. 

An important difference between the results for the uniform and the non-uniform 
shells is that, whereas in the uniform shell the current lines ate -fixed (only the 
mtensity varying), in the non-uniform shell both the form of the current lines and 
the intensity of current are variable. This means that in the latter case there is a 
periodic variation in the'direction of the total field (except for special points 
A and B), in contrast to the case of the uniform shell, where the direction of the 
total field is the fixed direction of the inducing field. 

. From figure 3 it will be seen that the changing current distribution c'bsrresponds 
to the growth, movement and decay of current vortex systems. Fach vortex system 
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comes into existence at A, the point of minimum conductivity (cf. figure 3 c). It 
grows slowly in intensity as its centre moves (at first rapidly and then more slowly) 
towards the north pole. At the same time the previous vortex system, which is of 
opposite polarity, gradually decays as its centre moves towards the point of maximum 
conductivity B\ this system finally disappears at about the same time that the 
centre of the new system reaches the pole (figures 3/and Sgf). The new vortex system 
continues to increase in intensity until its centre is about 78° angular distance 
from B, after which it gradually decays and disappears when its centre reaches B. 

Comparison of figures 2 and 3 shows how the induced current distribution is 
related to the total field at A and at B. At the beginning of the period, when the 
inducing field E cos cd is at its maximum, the induced currents reduce the total 
field at A to about 42 % of the,inducing field, and the field at B to about 3 %. Duriog 
the interval from t = 0tot= 1-26 min., the induced current density is everywhere 
decreasing, and the total fields both at A and at B are therefore increasing, though 
the inducing field is decreasing. After 1-26 min. the induced current density in the 
neighbourhood of A is almost zero, and the total field at this point is then very nearly 
equal to the inducing field. The current density in the neighbourhood of B is stiU 
appreciable however, and does not become zero until about t = 2-1 min., at which 
time the total field at B becomes nearly equal to the inducing field. At about 
t = 1-4 min. a new current vortex system comes.into existence at A, and the sub¬ 
sequent growth and decay of this system, as its centre moves along the meridian 
towards B, will be seen to account for the further changes in the total fields at 
A and B. 

9. MiOROPULSATIONS OB' THE EARTH’S EIELD 

The above results, in particular those for the oscillating field of period 2 min., 
suggest a simple explanation of the observed distribution of those micropulsations 
of the earth’s field, which occur occasional^ly in lower and middle latitudes and have 
periods of from 1 to 3 min. (Chapman & Bartels 1940, p. 349). These appear to occur 
most frequently around midnight. Thus Lubiger (1935) found, from an examination 
of the records at several stations, that the frequency of pulsations recorded during 
the '4 hr. centred at midnight was higher than that for the 4 hr. centred at noon in 
the following ratios: Samoa 4-2, Batavia 4-3, Potsdam 110, Zikawei 3"4. He also 
found that at Samoa the shorter period pulsations .(under 90 sec.) gave the night 
maximum more sharply than the longer period pulsations. These are exactly the 
features we should expect to find if the pulsations originated from sources outside 
the ionosphere (as has been suggested* by Stormer 1931), or at least outside the 
greater part of the ionosphere, e.g. in the layer, since the induced currents in the 
non-uniform ionosphere will tend to reduce the amplitudes of the pulsations near 
the subsolar point B to values considerably less than for those near A , m the maimer 
shown by the above calculations. Since the observed pulsations have amplitudes 
of only a few 7 , the reduction in amplitude near B would frequently be sufficient to 

* An alternative suggestion is that they may be due to oscillations either of the radius or 
of the plane of a geomagnetic ring current such as is assumed in Chapman and Ferraro’s theory 
of magnetic storms. The radial oscillations are discussed in their 1941 paper. 
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Figures 3 a to j. The distribution of induced currents at different epochs for an inducing field 
of period 10 min. The full lines correspond to equal increments of 0* 1 in the current function 
C, G being zero on the equatorial circle.'The broken line curves correspond to increments 
of 0-06 in a 
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bring them below the limit of observation, so that the frequency of observed pulsa¬ 
tions would be greater at A than at 5. 

Moreover, an increase in the rapidity of the pulsations, besides iuoreasing the 
overall reduction of amplitude, would increase still further the difference in ampli¬ 
tudes at A and B (cf. figure 2). This is in agreement with the results found at Samoa 
for pulsations of different periods. 
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Another interesting possibility is suggested by the above-found distribution of 
induced currents; this concerns the influence of the return currents in high latitudes 
on the sunlit side of the ionosphere (cf. figure 3). These currents would contribute, 
to the total magnetic field in high latitudes, a quota which tends to enhance the 
horizontal component instes|^ of reducing it as in lower latitudes. Hence the 
amplitudes of the pulsations in these latitudes would be greater than for a corre¬ 
sponding uniform ionospheric shell. To illustrate this, the amplitude of the horizontal 
H and vertical V components of the total field were Calculated for points at various 
latitudes on the meridian through A and B. These values are shown in table 2. 

Table 2. Amplitudes oe pulsations oe pbbiod 2 min, at various points on 

THE meridian THROUGH A AND B, CORRESPONDING TO PULSATIONS OE UNIT 
amplitude in THE INDUCING EIELD 

sunlit hemisphere dark hemisphere 


latitude 

H 

V 

H 

V 

0 ° 

0*0289 

0*0000 

0*1937 

0-0000 

30° 

0*0647 

0*01*84 

0*1335 

0-1206 

45° 

0*0898 

0*0059 

0*0767 

0-1677 

60° 

0*1015 

0*0392 

0*0236 

0-1594 

90° 

0*0702 ■ 

0*1162 

0*0702 

0-1102 


It will be seen that the amplitude of the horizpntal component is considerably 
increased at about 60° latitude on the sunlit side, while it is decreased considerably 
at the same latitude on the dark side. There is also a considerable decrease of the 
vertical component on the sunlit side and an increase of this component on the dark 
side; it would be interesting to see whether the observed distribution of pulsations 
in the vertical component is of a similar character, though it must be remembered 
that this component will he considerably reduced by induction of currents within 
the earth. 

The above calculations have been based on the assumption that the mean con¬ 
ductivity of the ionosphere is 10“’ e.m.u. This value makes the ratio of the amplitudes 
of 2 min. pulsations at A and B about 7:1, and requires the inducing field outside the 
ionosphere to be 5 times as intense as that at A. It will also be seen from figure 2 
that, if the conductivity were 5 x e.m.u., the ratio of the amplitudes at A and B 
would be about 3-5:1, and the external field about 1-6 times thal at A, while if the 
conductivity were e.m.u., the ratio of the amplitudes at A and B would be 
about 2*3:1, and the external field about 1*25 times that at A, If the conductivity 
were much less than 10”*® e.m.u., the screening effect for such pulsations would be 
small, and would be unlikgly to explain their apparent dependence on local time. 
On the. other hand, if the conductivity were much greater than 10*”^ e.m.u., the 
pulsations of the external inducing field would have to be many times greater than 
the observed pulsations (e.g. for a conductivity e.m.u., about 100 times greater). 

It seems, therefore, that the value of the mean conductivity of the ionosphere, which 
fits best with the assumption that micropulsations are due to a fluctuating field 
outside the ionosphere, is between 10“® and 10*”’ e.m.u. 
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The giant (Rolf) pulsations •which are observed in limited regions near the auroral 
zones have amplitudes 4 or 5 times as great as the micropulsations observed in lower 
latitudes, and it is possible that they may be due to some entirely different cause. 
The present calculations suggest, however, the possibility that the greater ampli¬ 
tudes of these pulsations may be due simply to a high concentration of induced 
currents in those regions where they are observed, i.e. these pulsations, as weU as 
those in lower latitudes, may originate from some external var 3 dng field, but are 
greatly magnified in auroral regions by the induced currents which tend to con¬ 
centrate in those localities which are most highly conducting. 

The present calculations cannot of . course be used to examine this possibility 
quantitatively, since they do not allow for a high conductivity near the auroral 
zones, but it is not difficult to see that distributions of conductivity could be found 
which would make the field of the induced currents at certain places considerably 
greater than the inducing field itself. It is perhaps significant also that the giant 
mioropulsations appear to be most frequent at about the same time that the daily 
variation in H attains its maximum (El Wakil 1937 ). 


10. The INDTJOED field EBSXTLTINa PEOM SUDDEir 
■ CHANGES IN THE INDtTOING FIELD 

To determine the result of a sudden change EE{t) in the inducing field, the 
successive convergents, ei_g(i{), to cdf) were calculated by the method indicated in 
§ 6 . Using Heaviside’s partial fraction rule, the operational formula (28) for 
was evalua-bed in the form 

S exp [ - (36) 

where, corresponding to each s, the a values of ^ (which are aU real and positive) 
are arranged in ascending order of magnitude. In the limit as s->oo, while 

and for any finite r. 

The values of Ag ,. and ag^,. were calculated for values of a ranging frcftn 1 to 10 
and for r from 1 to a; their values for a = 9 and a = 10 are shown in table 3. 


Table 3. Values of Ag ^^ and ag^, fob a=9 and a =10 


r 

^9,r 

a9,r 

-^ 10 , r 

* %0,r 

1 

0-23220 

0-52287 

0-32225 

0-51963 

2 

0-40659 

0-83634 

0-38138 

0-81480 

3 

0-26700 

1-29057 

0-2-7559 

1-22661 

4 

0-08216 

1-93503 * 

0-09985 

1-80351 

5 

0-00989 

2-78304 

0-01879 

2-56053 

6 

0-00295 

3-87489 

0-00213 

3-51726 

7 

, -0-00084 

5-24814 

0-00000 

4-70205 

8 

-0-00013 

7-02081 

-0-00002 

6-17616 

9 

+ 0-00018 

9-48834 

+ 0-00002 

8-05290 

10 

' — ' * 

— 

‘ 0-00000 

10-62657 


It wiU be seen from this table that a considerable difference still remaias be-tween 
the expressions of the exponential form (36) for the 9th and 10th convergents to 
ei(f), so that the expression for fii,io(^) cannot be regarded as giving correctly the 
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form of the exponential expression for the limit When, however, the two 
expressions 6]^,(«) and \xS) are evaluated numerically, they give values which 
differ hy quite neghgible amounts for all positive values of L This will be seen from 
table 4, which gives t^ values of these expressions for the first 30 min. following 

a sudden change of magnitude unity in the inducing field, the mean conduotivitv 
of the shell being e.m.u. 


t 

0 

1 

2 

3 

4 

5 

6 
7. 

8 

9 

10 

11 

12 

13 

»14 

15 

Tabm 6. 


t (seo.) 

-lOfiej 

0 

100000 

1 

70013 

2 

50052 

3 

36448 

4 

. 26944 

5 

20167 

6 

15237 

7 

11653 

8 

8971 

-9 

6957 

10 

5429 

11 

4260 

12 

3359 ’ 

13 

2660 

14 

2116 

15 

1688 

16 

1351 

17 

1085 

18 

874 

19 

705 

20 

570 

21 

462 

22 

375 

23 

305 

24 

249 

25 

202 


Table 4. Values oe akd % 




1-0000 

1-0000 

0-6996 

0-7001 

0-6006 

0-6006 

0-3646 

0-3646 

0-2694 

0-2694 

0-2016 

0-2017 

0-1626 

0-1624 

0-1166 

0-1166 

0-0897 

0-0897 

0-0696 

0-0696 

0-0643 

0-0643 

0-0426 

0-0426 

0-0336 

0-0336 

0-0266 

0-0266 

0-0212 

0-0212 

0-0169 

0-0169 


t 


16 

0-0136 

17 

0-0108 

18 

0-0087 

19 

0-0070 

20 

0-0067 

21 

0-0046 

22 

0-0037 

23 . 

0-0030 

24 

0-0026 

25 

0-0020 

26 

0-0016 

27 

0-0013 

28 

0-0011 

29 

0-0009 

30 

. 0-0008 


Values oe the temb eaotors e,, (multiplied by 

EXPRESSION (37) EOR THE INDUCED BTELD 
lO'e, -10»ea 10»ea -10»e, 


5173 

0443 

6688 

1057 

6654 

1434 

6022 

1588 

5211 

1585 

4386 

1482 

3662 

1349 

3022 

1191 

2483 

1035 

2034 

888 

1664 

755 

1359 

638 

1109 

. 536 

906 

449 

740 

375 

605’ 

313 

495 

260 

405 

219 

332 

179 

272 

149 

223 

123 

183 

102 

150 

84 

124 

70 

loi 

58 


175 


325 

75 

440 

125 

507 

166 

524 ' 

189 

521 

205 

492 

207 

452 

201 

406 

187 

358 

173 

313 

166 

270 

138 

232 

122 

198 

106 

168 

92 

142 

79 

120 

67 

101 

57 

84 

48 

71 

41 

59 

34 

49 

29 

41 - 

24 

34 

20 


10 % - 10 % 


36 

18 

55 

18 

68 

25 

82 

33 

88 

38 

90 

41 

88 

42 

84 

41 

78 

39 

71 

37 

64 

34 

57 

31 

50 

27 

44 

24 

38 

21 

33 

18 

28 

16 

24 

14 

20 

12 

17 

10 

14 

8 

12 

7 


0-0136 

0-0109 

0-OO87 

0-0071 

0-0067 

0-0046 

0-0038 

0-0030 

0-0026 

0-0020 

0-0017 

0-0013 

0-0011 

0-0009 

0-0007 

± 10®) IN THE 


10 % - 10 % 10 %, 


6 1 1 

9 3 1 

13 6 2 

16 7 2 

19 8 3 

19 9 3 

20 9 3 

19 9 3 

19 9 3 

17 9 3 

16 8 3 

16 7 3 

13 7 3 

11 6 2 

10 6 2 

9 6 2 

8 4 2 

6 3 1 

6 3 1 

6 2 1 

4 2 I 
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The values of in this table were therefore taken as the values of the limit 
as s->QO of i.e. as the values of The values of e^{t), e^{t), were 

then calculated from the equation 

^n+x{t) = Sni^) ^1(^5 (36) 

to which (14) now reduces. Their values (x ± 10®) for the first 26 min. are shown in 
table 6. All the calculations were carried to seven decimal places and results finally- 
rounded off to five places. 

The potential of the total field at points just inside the shell is given (for i > 0) by 

Cl = Ea cos ^ |^Pi(oos ^) ■+• S e„(i) ^"'P^(cos 0)). (37) 

I j 

Using the above values of e„(i), the field was first evaluated at the points A and B 
(figure 1), at which points the field is entirely horizontal and northward, being given 

hy - at A and —at B. The results are shown in figure 4a, 

a\de;^^g^ a\ddj^^g^ ® 

which also shows the total field at j, or P (or any point on the equator) for a uniform 

shell of the same mean conductivity (10“’e.m.u.). The same graphs will apply to 

a shell of mean conductivity 10"'^ k e.m.u. where k is any constant, if the time scale 

is multiplied by lb. 

It will be seen that the field rises much more slowly to its final value at B than it 
does at A, indicating a greater shielding effect of the ionosphere at B than at A. 
TMs appears of interest in connexion with sudden commencements of magnetic 
storms, which are considered in § 12 below. 

If the inducing field, after the first rise, suddenly falls again after, say, 3 min., 
the fields at A and at B are as shown in figure 46. Tor a sequence of sudden changes 
of alternate sign, separated by equal intervals of 6 mm., the fields are as in figure 4c. 
This figure was constructed partly to check the calculations by compamg with the 
simple harmonic field of period 20 min., shown in figure 2 6. The methods of calcula¬ 
tion in the two cases are very different, but it will be seen from the figures that the 
results for the induced fields show good agreement. 

To illustrate the general distribution over the globe of the total field resulting 
from a sudden change in the inducing field, the components of the field were cal¬ 
culated as functions of the time for the points marked A, B, C, D, P; a, 6, c, d, e; 
a, 7; JV, in figure 6a. These points are all in the northern half of the a.m. hemisphere, 
N being the north pole; the four groups of letters correspond to latitudes 0°, 45°, 60° 
and 90° and the different letters to local times 0 hr., 3 hr., 6 hr., 9 hr. and 12 lur. The 
north, east and upward-vertical components of the resultant field at these points 
are shown in figures 56 to 6y. The field at corresponding points in the southern half 
of the a.m. hemisphere will be the saine except that the signs of the declination and 
vertical components are changed, i.e. the declination is westward and the vertical 
component downward. The distribution of the field over the p.m. hemisphere will 
be the same as that over the a.m. hemisphere, except for the declination, which will 
be westerly in the northern half of the p.m. hemisphere and easterly in the southern 
half. 
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Figubb 5. The field changes at various points on the earth’s surface due to a sudden change in 
the inducing field. The letters attached tp the curves indicate that they correspond to the 
points marked similarly in figure 5 a. The broken lines give the corresponding component 
of the e^ctemal inducing field. The east and vertical components are zero at all points 
.4, .:. on the equator. 
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It will be seen from the figures that the north and vertical components tend in 
each case to a limiting value, which is, in fact, the corresponding component of the 
external field. On the other hand, the declination component soon falls away again 
to zero; this is because the declination component is, of course, due entirely to the 
induced currents and decreases again as they decay. 

It will also be seen that the north component in high latitudes (figure 6 c) reaches 
a value on the day side of the earth (e.g. at p) which is greater than the corresponding 
component of the external inducing field. This means that the induced current 
system, instead of reducing the field component as in the case of a uniform iono¬ 
spheric shell, actually enhances the north component at such points. 


11 . The disteibtttion of ustdttoed ctjeebnts following 

A SUDDEN CHANGE XN THE FIELD 

The equations to the current lines, as given by (34), with the values of e„(#) given 
in table 6 , were calculated for t = 0 , 1 ,3,7 and 10 min. after the sudden change. The 
projections of these current lines on the equatorial plane, corresponding to equal 
increments of 0*1 iaC (0 being zero on the equatorial circle), are shown in figure 6 , 
and are there compared with the current lines which would be obtained for a uniform 
ionospheric shell of the same mean conductivity; It will be seen that the total induced 
current (given by the value of 0 at the centre of the vortex system at each instant) 
is almost the same in the two cases. 

In the case of the non-uniform ionosphere the current lines do not remain fixed; 
the centre of the current vortex system in the northern hemisphere starts at N but 
moves rapidly towards the subsolar point B. A similar current system is brought 
into existence in the southern hemisphere, and its vortex centre also moves rapi^y 
towards the point.J5. These vortex centres reach latitude 76° in 1 mm., 67° in 3 min., 
39° in 7 min. and 31° in 10min., by which time the total induced current has been 
reduced to 0-14 of its ioitial value. This changing distribution of the decaying' 
current S 3 rstem obviously accounts for the various features of the total magnetic 
field exhibited in figure 5 . 


12 . The initial phase of magnetic storms 

The results of the above calculations will now be considered in relation to some of 
the characteristic features of magnetic disturbance. It is well known that many 
ma^etio stomas start with practically simultaneous world-wide sudden changes 
in the magnetic elements, these being usually referred to as ‘ sudden commencements ’, 
or more briefiy as s.c.’s. In the great majority of s.o.’s, the main initial impulse in 
the horizontal component (H) is positive, an increase of some 20 to 40y (in an average 
storm in middle and low latitudes) occurring in about 3 min. A recent examination 
of the Greenwich magnetic records by Newton ( 1948 ) has shown, for example, that, 
of the 681 s.o.’s found during six solar cycles (1879-1944), the change in E was 
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positive in 91 % of cases, and ranged from 10 to ISOy, the time taJken to accompKsh 
this change being apparently independent of the range, and of order 3 min. 

The changes in the vertical component F and in the declination D have a less 
simple distribution over the globe than those of E. At any particular station, how¬ 
ever, the change in V has a predominant direction (Chapman & Bartels 1940 , p. 297), 
though it may be different for relatively near stations like Paris (upwards) and Green¬ 
wich (downwards). There is usually no predominant direction for the change in 
D* at a particular station, this being as often eastwards as westwards, but for a 
particular s.o., the directions of AD are usually the same for relatively near stations, 
though often different for more distant stations. An analysis by McNish ( 1933 ) of 
161 s.o.’s at Watheroo (1919-30) showed that the average vector of the s.c. is 
directed almost opposite to the main disturbance vector of the foUowmg storm, and 
lies very nearly in the plane through the magnetic axis and the station, but is less 
inclined to the earth’s surface than is a parallel to that axis. These facts suggest 
that the direction of AF (upwards or downwards) is mainly determined by the 
geographical position of the station, whereas that of AD (eastwards or westwards) 
depends frequently on the local time of the station when the s.o. occurs, so that, 
at Watheroo, for example, the average AD for many storms occurring at all local 
times cancels out. 

If the sudden commencement of a storm originates from a rapid change of the 
field outside the ionosphere, as is assumed in Chapman & Ferraro’s theory ( 1931 , 
1932 ), and in several other theories (e.g. Alfv 6 n’s 1939 ) of magnetic storms, the 
electro-magnetic induction of currents in the ionosphere may have an important 
influence on the effects which would be observed on the earth’s surface. These 
effects would include (i) a slowing down of the observed changes, (ii) a distribution 
with respect to local time of the disturbance vector over the earth’s surface, 
depending on the distribution of conductivity in the ionosphere. We can obtain 
some idea of the nature of these effects from the results of our calcxdations in §§ 9 
and 10 above. 

First, witii regard to the slowing down of the observed changes on the earth’s 
surface, figure 4 shows that, if the mean integrated conductivity of the ionosphere 
is of order 10 “’ e.m.u., an instantaneous change in the external magnetic field would 
produce a terrestrial surface field which rises within 3 min. to about 80 % of the 
external field at A (midnight on the equator) and to 30 % of the external field at B 
(midday on the equator). The field changes at other points on the earth’s surface 
may be deduced from figure 6 . Thus at 60° latitude, at midday, the horizontal 
component rises to a value equalling the external field in about 3 min. and sub¬ 
sequently exceeds it. This is because the vortex centre of the induced current system 
reaches this latitude in about 3 min. (cf. figure 6 ), after which the induced currents 
enhance the horizontal components of the inducing field. An examination of the 
graphs in figure 6 shows that at most points on the earth’s surface an appreciable 
fraction of the inducing field is reached in about 3 min., though there are someregions 
(as at B) where only about 30 % of the field may be reached in this time. 

• Though Newton ( 1948 ) finds that AD at Greenwich is generally negative, i.e. west¬ 
wards. 
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Figdbe 6 . The distribution of induced currents in a non-uniform shell due to a sudden change 
in the inducing held, compared with the currents in a uniform shell of the same mean 
conductivity (10~’e.m.u.). 

13. The. ESTIMATED CONDHCTIVITy OE THE lOHOSEHBEE 

If the mean conductivity of the ionosphere were 10 times as great as that assumed 
above, i.e. if it were 10“® e.m.u., the time scale in all the above graphs would be 
multiplied by 10, implying that the observed surface field would take 30 min. instead 
of 3 to rise to the same values. The fact that observed s.o.’s are frequently completed 
in as little as 3 min. therefore suggests that either (a) the mean integrated con¬ 
ductivity of the ionosphere is not appreciably greater than 10~’e.m.u., or (6) the 
external induciag field is very much greater than the observed s.o. field, and is 
invariably followed by a reversed field after about 3 min., so that the observed, 
field is always prevented from building up a value comparable with the inducing 
field. 
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On general grounds, the second alternative ( 6 ) seems rather improbable. It is 
true that the magnetogram traces of most s.c.’s show an abrupt ending of the main 
impulse followed immediately by a slight recovery, but these features are probably 
due to oscillatory phenomena (perhaps partly instrumental) set up by the sudden 
change in the field. Frequently the s.o. is followed by considerable agitation in the 
S-trace, but there is, on the whole, a relatively slow recovery of H to its original 
undisturbed value, which may take 3 hr. or longer (Newton 1948 , p. 164). This means 
that, if ( 6 ) were true, we should have to make the unlikely assumption that the 
inHnm'Tig AaM first increases suddenly to a value H say, then decreases within 
3 min. to a sTr'a.n fraction (say one-tenth) of H, and remains near this latter value for 
several hours. 

It seems therefore that (a) is more probable than ( 6 ), implying that the initial 
change in'the inducing field is not much greater than the observed s.o. Some slight 
confiimation of this may perhaps be found in the perceptible slowing up towards 
the end of the impulse in H, which is sometimes observed (Newton 1948 , p. 164). 
Another fact which tends to suggest that the time scale of figure 6 is about right, is 
the behaviour of the declination change AJ>. In many observed s.O.’s, AD stops and 
reverses (Chapman & Bartels 1940 , p. 296) while the initial impulses in the H and 
V components are stiU proceeding. This is a feature which is reproduced in the 
calculated field changes as shown in figure 6 , and is there due to the fact that AD 
arises solely from the induced currents, and therefore decreases again as they decay. 
If we accept this interpretation of the observed behaviour of AD, we must conclude 
that the mean integrated conductivity of the ionosphere is of order 10 ~^ e.m.u. 

The above estimate of the conductivity of the ionosphere is of course based on 
the assumption that the change in the external inducing field occurs with such 
rapidity that we can treat it in the calculations as instantaneous. If this change is 
more gradual, the resultiug estimate in the conductivity will be lower. If the rate 
of change differs only slightly from that of the observed field, the integrated con¬ 
ductivity will be of order 10 ~® e.m.u. or less, since this would provide hardly any 
shielding from an inducing field taking 2 or 3 min. to rise to its final value. The 
induced currents would m this case have little effect, and the calculated declination 
Component AD would be correspondingly insignificant. We therefore conclude that, 
.on the assumption that the s.c.’s originate from a rapid magnetic field change out¬ 
side the ionosphere, the mean integrated conductivity of the ionosphere probably 
lies between 10 ~® and 10 ~’e.m.u. This is the range of values already considered 
(§ 9) as likely to give an explanation of the observed facts about micropulsations, 
assuming that these too are of external origin. 

The above estimate agrees well with that obtained by Cowling ( 1945 ) who has 
applied corrected formulae'for the conductivity of ionized gases in magnetic fields 
to the ionosphere. It is considerably smaller than the earlier estimate (10”®e.m.u.) 
obtained by Chapman ( 1919 ) fi^om the dynamo theory of the lunar-diumal variation, 
but this estimate may be reduced by a factor / (as pointed out by Chapman) if the 
tidal motions in the ionosphere are / times as great as at ground level, and there is 
some evidence (Chapman & Bartels i94<3> P- 759) that/may indeed be as great as 
1000. 
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^ 14. The iotlxtbncb ob local time on sudden commencements 

The distribution of the s.c. vector over the earth’s surface, which would result 
from our theory, has been described in § 10 and figure 5 . One noteworthy feature of 
this distribution is the difiference in the rate of growth of the field components at 
different points. Thus, at A, the horizontal (northward) component reaches about 
80 % of its fiboal’Value in about 3 min., while, at B, only 30 % is reached in this time. 
This suggests that the actual ionosphere may similarly slow down the field changes 
at some points more than at others, so that, while the change at a point like A might 
be recognized as a s.c., that at a point like B might not. This would lead to an 
apparent diurnal variation of the frequency of s.c.’s observed at a given station. 
In low latitudes the frequency would, according to the present theory, show a 
maximum at midnight and a minimum at midday. But in higher latitudes the result 
would be affected by the changing distribution of the induced currents, in particular 
, by the motion of the current vortex centres towards the point of highest con- 
ductmty. Thus at 60 °N., the north component at the point (figure 5), on the day 
side of the earth, rises more rapidly (and reaches a higher value, due to the return 
currents in high latitudes) than the corresponding component at a, on the night side. 

' This indicates that any apparent dependence on local time of the frequency of 
occurrence of s.o.’s would probably be quite different from that noted above for 
low latitudes. , 

An apparent diurnal variation of frequency of occurrence of s.o.’s has been found 
by Newton (1948) in the Greenwich magnetograms. This shows a minimum around 
8 to 9 hr. with a sharp rise about noon to an afternoon maximum. The above cal¬ 
culations do not afford an immediate explanation of these facts, but it is possible 
that the afternoon maximum may be associated with the return currents in higher 
latitudes on the sunlit side of the earth. The simplified model of the earth and iono¬ 
sphere used in our calculations makes this maximum occur at midday; a more 
accurate model which takes into account the obliquity of the earth’s magnetic axis, 
and represents the distribution of conductivity in the ionosphere more,exactly, 
might possibly lead to some explanation of Newton’s results. • 

It would be of interest to repeat Newton’s analysis of s.o.’s for stations in several 
different latitudes; in low latitudes the inaccuracies due to our over-simplified 
model would be less important, and we might expect to obtain an apparent variation 
of frequency of the type already mdicated. It would also be of interest to examine the 
sign of Ai) in relation to the local time of occurrence of the s.o., as oUr simple theory 
indicates that this sign will be dependent both on local time and on latitude (§ 10). 

15. Schmidt’s‘ wANDBETSTG voetioes’ 

The distribution of the large and irregular fluctuations which occur during mag¬ 
netic storms has, generally speaking, a local character, the magnetograms of 
relatively near observatories showing many corresponding features, while those of 
widely separated obseirvatories show only a few.* It was shown by Schnudt (1899) 

* This is in contrast with the considerable similarity of small detail in the magnetografos 
of fairly distant stations during quiet periods. See, for example, Newton ( 1948 , p. 175). 
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that the distribution of some, at any rate, of these fluctuations is such that they 
could be ascribed to varying vortex systems of electric current in the upper atmo¬ 
sphere, whose centres are in some cases stationary, but in others move with great 
rapidity across the area of the disturbance. 

From the calculations we have made it will be evidence that any initial distribu¬ 
tion of current in a non-uniform ionospheric shell (whether produced by electro¬ 
magnetic induction or otherwise) will resolve itself into vortex systems, whose 
centres move yapidly towards the more highly conducting regions. We are thus led 
to a possible explanation of Schmidt’s ‘wandering vortices namely, that the motion 
of these vortices is due purely to self-iadpctibn iu a non-uniform ionosphere. It is 
perhaps worth ainphajii iring that, in order to explain these moving vortices, it is 
unnecessary to assume either (i) that there is any mass motion of the conducting 
material, or (ii) that the currents are produced by some moving primary source of 
electromotive force. Once the currents are produced (by electromagnetic induction 
or otherwise), the non-uniform <^tribution of conductivity in the ionosphere will 
necessarily cause the current vortices to move in the manner described. 


16 . Sangstbb’s botatioks 

It was shown by Sangster (1910),* from a study of the Gre^pwich magrietograms, 
that, during magnetic disturbance, the horizontal component of the disturbance 
Vector, besides varying in magnitude, rotates for considerable periods in the same 
direction, so that its end describes a sequence of loops, which vary greatly iq, size 
and shape, but are aU described m the same sense, when viewed say from above. 
Sangster also showed that the direction of rotation changes at about 10 hr. and again 
at 24 hr. From 10 to 24 hr. almost all the rotations are anticlockwise, while from 
0 to 10 hr. clockwise relations predominate. 

W© suggest that there is a close and significant relationship between Sangster’s 
phenomena and Schmidt’s wandering vortices. For it is readily seen that a current 
vortex in the ionosphere, moving southwards approximately along a meridian to 
the west of Greenwich, would cause the disturbance vector at Greenwich to rotate in 
an anticlockwise direction through one half-revolution. If this vortex were succeeded 
by another of opposite polarity, the vector would rotate in the same direction 
through the remaining half-revolution. Hence a succession of such vortices of 
alternate polarities would account for the continued rotation of the disturbance 
vector in the anticlockwise direction, which is found at Greenwich froia 10 to 24 hr. 
If the vortices were moving southwards along a line to the east of Greenwich the 
rotation of the disturbance vector would be clockwise, corresponding to that foumd 
a;^ Greenwich.for 0 to 10 hr. If the vortices (in either case) were moving northwards 
instead of southwards the vector would rotate, of course, in the opposite direction. 
Si mil ar results would be found for a succession of alternate voriices moving along 
any line not actually passing through the station; in the latter case there would be 

. ^ • Sangster actually considered the motion of the total magnetic vector at Greenwich, hut 
his results effectively reduce to those described above. See also Chapman & Bartels ( 1040 , 
pp. 214-317). 
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no rotation, the disturbance vector retaining a fixed direction, but varying in magni¬ 
tude and sign. 

The above remarks are very well illustrated by the figure given by Schmidt (and 
reproduced in Chapman & Bartels ( 1940 , p. 313)), to sbovr how the horizontal 
component of the disturbing force at ten European stations varied during a period 
of disturbance on 28 February 1896. This figure is made much clearer if hypothetical 
current lines are sketched in, normal to the disturbance vectors, as in figure 7 . It 
•will be seen from this figure that a current vortex, whose centre lies to the north-west 
of the stations at 18 hr. 2 min., moves southwards along a line to the west of the 
stations, and at 18 hr. 17 min. lies to the south-west of them. This vortex is followed 
by a secbnd one of opposite polarity, as shown in figure 7 e. At 18 hr. 39 min. there; 
is a vortex of the same polarity as the second one, lying due west of the stations; this 
is probably not the same vortex, but a later member of the series. 



I'lQXJBii 7. Vectors of the horizontal oomponent of the magnetic disturbance vector at five 
epochs (G.M.r.) during a disturbance on 2fiFebruary 1896 at ten European stations. Based 
on a figure by A. Schmidt, with hypotheticE^l current lines added, e represents the same 
distribution as d ■with a constant force subtracted (representing the effect of a distant 
vortex). 


If the above suggestion as ’to the natme of the relation between Sangster’s rota¬ 
tions and Schmidt’s vortices is accepted, we are led to a remarkably simple explana¬ 
tion of Sangster’s result^. For it "will be seen from figure 3 that the sequence of 
vortices, which would give rise-to Sangster’s rotations, are exactly 'those we have 
found to result from an oscillating external inducing field, parallel to the earth’s 
axis. For example, during the afternoon and up to midnight, the point of highest 
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conductivity of th.© ionosplior© would lie to th© south-west of Greenwich, and that 
of lowest conductivity to th© south-east. Consequently the vortex centres of the 
induced current systems would be moving southwards along a line to the west of 
Greenwich and northwards along a line to the east, thus giving rise to an anticlock¬ 
wise rotation of the disturbance vector, as observed. At midnight these conditions 
would be reversed and the vector would subsequently rotate in the clockwise 
direction, also as observed. Our simple theory indicates a change back to th© anti- 
clpckwise direction at noon; Sangster’s analysis of the observations makes this 
change occur at 10 hr. It is tempting to suggest that this earlier epoch may be due 
to earth currrents induced in the great stretch of sea to the west of Greenwich, but 
it is of course desirable to investigate th© Sangster rotations at other stations before 
attempting to elaborate {he theory. 

We do not, of course, suggest that the current vortices will have the simple 
character shown in figure 3, The inducing field is likely to be parallel to the magnetic 
rather than the geographic axis. Moreover, the distribution of conductivity in the 
ionosphere will be much less simple than we have supposed; in particular, there may 
be local regions of high conductivity apart from the general maximum near th© 
subsolar point B. This will lead to an irregular and more complex system of vortices 
than the one obtained from our calculations. But there will be, on the whole, th© 
same tendency for these vortices to move towards the subsolar point, and we suggest 
that it is this tendency which explains Sangster’s clockwise and anticlockwise 
rotations. 

It should perhaps be added that it does not seem essential to the above explanation 
to suppose that the current vortices are necessarily produced by an external in¬ 
ducing field, since they would show the same tendency to move towards th© subsolar 
point no matter how they are produced. But this yxiode of production would seem 
to be the simplest hypothesis, and the on© most Kkely to be in agreement with present 
theories of magnetic storms. In order to lead to the above results, it would require 
the ionosphere to have a mean integrated conductivity of th© same order (1e.m.u.) 
as that already estimated from other considerations. 
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On the theory of electrical fluctuations 

By D. K. C. MacDostaIjD, Clarendon Laboratory, University of Oxford 

{Communicated by F. E. Simon, F.B. 8 .—Received 19 April 1948) 

In a recent paper under this title Biirth (1948) has discussed the derivation and 
interpretation of Nyquist’s formula (Nyquist 1928), and presented a theory proposing 
to treat the fluctuations of electric current in a thermionic valve under all conditions 
of operation on a basis of thermodynamic equilibrium. The writer would like here 
to offer certain objections of a fundamental character to the latter undertaking 
and to make some suggestions of relevance to the problem. 

Burth, in the first part of his paper, has provided an interesting alternative deriva¬ 
tion of Nyquist’s theorem. He has there replaced the arbitrary network under 
consideration by an ensemble of E damped oscillatory circuits; the approximation 
to the given network may then be made as close as one pleases by choosing E 
sufficiently great. 

In spite of Fiirth’s criticisms, however, the author considers Nyquist’s OT/m deriva¬ 
tion to be valid. The objection that Nyquist’s introduction of an ideal loss-less line 
leads not to an integral spectrum but rather to a discrete (line) spectrum may be 
answered by observing that the separation of the eigen-frequencies may be made 
smaller than any given quantity (of. Riemann definition of an integral), since the 
line may be extended without limit. Further, it should in any case be observed that 
Nyquist introduced the line merely as an artifice for determining the magnitude of 
the fluctuation, having already established essentially that the fluctuation in a 
resistance must be distributed continuously in frequency. The procedure might well 
be considered as analogous to the specification of a particular substance (e.g. a 
‘perfect’ gas for simplicity) as working fluid in a Carnot cycle yielding none the less 
end-formulae of general validity. 

Secondly, Nyquist’s discussion of generation and dissipation of electrical fluctua¬ 
tions seems to be in complete harmony with the classical Langevin (1908) formula¬ 
tion of*the Broymian movement problem. There in the simple case of a Brownian 
particle under no external force field the equation of motion is written 

( 1 ) 

where F(t) represents the stochastic force, while fu is the ‘viscous drag’ of the 
medium. Exactly analogously in an electrical circuit with inductance L and 

resistance R we may write a,- 

. Lj^ + Ri = E(t). . (2) 

Here E(t), the fluctuating e.m.f., may be regarded quite legitimately as ‘ generating ’ 
the fluctuation and the term Ri as representing ‘dissipation’. Furthermore, of 
course, if two elements at different temperatures are connected, then a net electrical 
energy flow vnll occur which may perfectly reasonably be regarded as a consequence 

[ 226 ] 
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of eiirrent flow in one resistor being produced by the fluctuation e.m.f. in the other. 
In the limit of perfect thermal equilibrium the statement that generation and dis¬ 
sipation are equal is then only another way of expressing the law of detailed balanc¬ 
ing. Finally, the notion of dissipation is very valuable in emphasizing that the 
resistive parameter to be inserted in Nyquist’s equation must be that appropriate 
to power dissipation for the frequency component(s) under consideration. This will 
be exempUfled later on p. 228. 

In the second part of his paper, Furth has proposed that Nyquist’s theorem may 
be applied directly to a thermionic valve under all operating conditions to yield the 
current fluctuations. Siioh a proposal is not new—^Llewellyn (1930) and BeU (1938) 
have made fiiTni 1 a,r proposals—^but the argument employed and application are 
novel. In an attempt to avoid tedious general argument, the writer will limit himself 
to criticism of certain specific statements of- Furth’s which form keystones of the 
latter’s derivation. 

Fiirth opens by the statement ‘...we are now justified in trying to reverse the 
procedure, namely, to apply the method of statistical thermodynamics for the deri¬ 
vation of the shot-effect formulae... ’, and continues ‘... It can first be objected that 
the shot-effect seems to be intimately tied up with the flowmg of a finite mean current 
I through the valve, whereas it was supposed that no mean current flows in a circuit 
exhibitmg thermal fluctuations, and it may therefore be suspected that the presence of 
a source of power, for example, a battery, is essential for the shot phenomenon ’. Inhis 
first step to remove this difficulty he says: ‘ It is easy to see, on the one hand, that one 
can iuclude a battery m a metallic okouit which will produce a non-vanishing steady 
mean current but will obviously not alter the magnitude of the fluctuation’ (my italics). 
This appears anything but obvious.to the writer; granted it is an experime.ntal fact 
thfit in good metallic conductors at normal temperatures, where the relaxation time 
is extremely short, normal currents do not measurably alter the magnitude of the 
fluctuation. This, however, is only a consequence of the fact that the drift velocity 
producible under these conditions is entirely negligible in comparison with the 
random thermal velocities. Such conditions, however, are completely vitiated in 
the thermionic valve. Furthermore, at low temperatures where the electron mean 
free path in' conductors can become very long it might well be anticipated that 
significant deviations would arise.* It thus appears that the proposed argument 
has no general validity. 

Fiirth continues: ‘ On the other hand, it is by no means essential to have a mean 
current flowing in a circuit in which shot fluctuations are measured. This becomes 
evident when'considering the circuit diagram shown in [his] figure 3 [my figure 1] 
which contains two identical valves connected to one and the same anode battery 
in a completely symmetrical circuit. 

If the voltage across the terminals B is measured by means of a galvano¬ 
meter G, it wfll exhibit fluctuations due to the independent shot fluctuations in the 
two halves {ACDEA) and {BCDEB) of the circuit, and this in spite of the fact that 
no mean current is flowing through G and that the average potential difference 
between A , B is zero.’ This argument is surprising; the arrangement of the circuit 
* The writer hopes to he able to conduct such experiments in the future. 
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to ensure that no mean current flows through the measuring device (which could 
equally well be devized by providing a straightforward ‘backing-off’ potential for 
the galvanometer through a simple potentiometer) has no connexion whatever with 
the essential fact that a mean current must pass through (each) thermionic valve in 
order that shot-effect may be observed in these circumstances. Whenever noise 
measurements are carried out, it is normal to ‘block-off’ the D.C. component of 
current at some stage of the amplifier by inserting'an isolating condenser; it can 
hardly be maintained that such a condenser is relevant to the question whether 
shot-effect in the original valve depends on the mean current through it. Eurth’s 


G 



FiCtUBB 1. Reproduction, of Fiirth’s figure 3 . 

other main concern lies in ‘...the application of statistical thermodynamics in 
general and of the equipartition theorem in particular to valves from which a current 
is drawn, as in such a case the electrons are not in thermodynamic equilibrium with 
the emitting electrode and with the rest of the circuit,...the velocity distribution 
is essentially asymmetrical, a fact which cannot be reconciled with a statistical 
equilibrium’. Fiirth suggests that this difficulty can be overcome by considering 
the cfrcuit of figure 2 (his figure 4) derived directly from the pfevious circuit. 
‘... Here the outer circuit (ACBEDF) contains both emitting electrodes S37mmetric- 
aUy and is therefore equivalent to a device in which the velocity distribution of the 
electrons is completely symmetrical [my italics], so that they can now be regarded as 
being in thermal equilibrium with these electrodes at their temperature T.’ It 
appears that this statement does not correspond with the facts; the presence of the 
(cold) collecting grid (D) in the valve completely destroys the thermal equilibrium 
and the syminetry of the electron velocity distribution. Essentially there will be 
two electron streams {F-D-, F-D), each having an individually asymmetric velocity 
distribution and to put one glass envelope around them does not render the overall 
stream symmetrical any more than the electron streams in the two individual 
valves of figure 1 are themselves symmetrical in velocity distribution. 
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The writer is thus tmable to accept the detailed theory of Fiirth’s based on such 
premises. Turther individual criticisms may be levelled; for the sake of brevity, 
however, only one final point will be discussed. In one case only Nyquist’s theorem 
can be apphed to a thermionic valve (Schottky 1936; North, Thompson & Harris 
1940), namely, where the anode and cathode are at the same temperature T (or rather 
more strictly the whole valve is supposed to be placed in an ‘ oven ’ at temperature T) 
and no mean current flows through the valve. In this very case, however, Tiirth 


a formula arrives at 




A/, 


(3) 


(a not necessarily equal to unity or zero) differing from Nyquist’s formula by the 
factor (l+a*)/(l + a). This factor arises because Fiirth’s analysis leads to the 
introduction of a new resistance parameter [here .^^(l + «)/(! +a^)] in place of J?,,. 


A 



B 


FiGOTtE 2. Keproduction of Fiirth’s figure 4. 


Furth himself, however, has earher pointed out that (the differential resistance 
of the valve as measured at its terminals) should be employed in the case of valves, 
and it is evident that no other parameter could be eligible since it is that measures 
the capacity of the valve for absorbing power for a current component at a given 
frequency (see earlier discussion on the use of the terms ‘generation’ and ‘dissipa¬ 
tion in this connexion). It appears that the writer’s experiments in this field com¬ 
mented on by F^h in his paper and elsewhere (MacDonald 1^47; Fiirth 1947) are 
to be explamed simply on the grounds of a discrepancy between the actual physical 
valve employed (two hot electrodes within a ‘ cold ’ glass envelope) and the idealized 
model of two electrodes in an oren. 

Fiirth has said that the theory of North et al. (1940) involving the detafled 
evaluation of the interdectrode field and the paths of the electrons within the field 
IS mcomparably more complicated than the present one’ (Furth’s). The underlying 
reMon for the complexity of the weU-estabHshed analyses of North (1940) and 
bchottfcy (1937) appears to lie clearly in the fact that we are not dealing with a 
system m thermodynamic equilibrium involving reversible processes. Very general 
(and very ^ple) equations involving only one or two macroscopic parameters and 
umversal physical constants are thus not available and it is inevitable that one must 
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delve rather deeply into the detailed analysis of the mechanism concerned particularly 
where a degree of interaction is involved as in the space-charge limited thermionic 
valve. 

The fundamental problem posed essentially by the results of North’s and 
Schottky’s analyses is that in the space-charge limited region of operation the 
fluctuation is expressible as _ 4kdT 

( 4 ) 


where the factor d (« 0-6) varies only rather slowly throughout this region, becoming 
= 0-6 at the onset of retarding-field conditions but rising rapidly without limit as 


k 





Figtob 3 

saturation is approached. On the one hand, the latter behaviour should occasion 
no surprise, since it seems quite evident that the departure from thermal equilibrium 
is very great under saturation conditions, where an external battery is supplying 
large quantities of energy. On the other hand, the semi-constancy of ^ in the space- 
charge region has often in the past invited attempts to derive (4) by a direct apphoa- 
tion to the valve as a whole of some general theorem based on thermal equilibrium,* 
It appears to the author that this problem may perhaps be qualitatively resolved 
when one reflects that the space-charge region of valve operation, although of course 
of immense practical value, only represents a relatively small part of the overall 
range of operation. Figure 3 illustrates this point. Since the space-charge region is 
♦ In particular, of course, Nyquist’s theorem. 
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in fact contiguous with the retarding-field region, it appears hardly surprising that 
detailed calculation of 6 yields then a result not dififering very greatly from, that 
obtaining in the retarding-field. region. One recalls perhaps Simon’s (1937) discussion 
of the diagram of state of any substance where one is brought to realize that the 
liquid state—^although again of great practical importance—^may be regarded in a 
sense as an ‘accident’ representing only a very small region of the whole range of 
variation of the physical parameters. 

In this connexion, too, one might also draw a farther analogy. In both the satura¬ 
tion and retarding-field regions the current fluctuations may be expressed directly 
by Schdttky’s formula (Schottky 1918): 


= 2 e/A/. 


( 5 ) 


In neither of these regions can the transit of one electron prevent or induce the 
passage of its neighbours. K a tendency toward co-operation existed, then one would 
expect the transition from the one extreme region to the other” to be accelerated 
with concomitantly enhanced fluctuation somewhat after the fashion of a Curie- 
point transition in temperature. This would of course be interpretable in Schottky’s 
equation as corresponding to multiple- electron transits. On the other hand, the 
Cbulomb interaction between electrons provides a degree of ‘anti-co-operation’ 
which gives rise to the intermediate region {A~B in figure 3) proving a ‘smeared- 
out’ transition. Here we should thus anticipate a reduction of the fluctuation in 
terms of Schottky’s formula; this is of course observed as ‘space-charge reduction 
of shot noise’ and is formally expressed by setting 


with r2<i. 


dP « 2 eJr=»A/, 


( 6 ) 
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Deformation of metals in static and in sliding contact 
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[Plates 6 to 9 ] 


Examination of the contours of the depression in a copper surface made by a cylindrical 
indenter shows that although considerable bxilk deformation has occurred the asperities are 
relatively little deformed. When a similar groove is made by sliding with a hemispherical 
slider, there is sufficient surface damage to obliterate completely the surface irregularities. 
In the presence of a lubricant, similar effects are observed, though on a reduced scale. The 
tops of the asperities are wiped away, showing that there is considerable interaction between 
the metal surfaces through the lubricant film. A detailed examination of the surface damage 
produced during sliding shows that metallic junctions are formed and sheared during the 
sliding process. These junctions are formed even when the sliding speeds are so small that the 
temperature rise due to frictional heating is negligible, and it is suggested that they are 
produced by a cold welding of the surfaces as a result of the high localized pressures developed 
at the points of real contact. These junctions are often strong enoiJgh to rupture the stronger 
of the two sliding metals. Thus when copper slides on steel (utilubricated) there is not only 
a marked tearing out of copper fragments from the copper surface, but also a plucking of 
minute particles of steel put of the steel surface. Further, the shearing of metallic junctions 
and the smearing of metallic fragments over the surfaces may produce considerable work 
hardening below the actual points of contact. Although a lubricant reduces the amount of 
intimate metaHio contact, the investigation shows that metallic junctions are formed through 
the lubricant film by an essentially similar mechanism. These observations provide graphic 
evidence for the view that the frictional force for both clean and lubricated surfaces is due 
mainly to the shearing of metallic junctions formed by cold welding at the points of intimate 
contact. The significance of these conclusions in the burnishing of metals and in the behaviour 
of bearing alloys is discussed. 


iNTRODUOTIOlfr 

Modern techniques for detecting and measuring very fine, surface irregularities have 
shown that all surfaces possess irregularities large in compariso^i with atomic 
distances. The stereoscopic method applied to the electron microscope (Heidenreioh 
& Matheson 1944) will enable elevations in the range 0'15 to 3*0/^ to be plotted in 
detail and small isolated peaks 30 A high can be detected by the shadow-casting 
technique of Williams & Wyckhoff (1945,1946). The multiple reflexion interference 
patterns of Tolansky(i945, i946)have shown that the cleavage face of mica contains 
small random steps of different heights which are integral values of the molecular 
length 20 A. It is to be expected then that when ordinary surfaces are placed in 
contact the area over which they touch will be relatively small. Since the asperities 
are distorted by the high pressures at the few points they, are touching, the real area 
of contact will be a function of the load between the surfaces. Measurements of 
electrical conductivity across surfaces in contact, by Hohn (1929, i93x> 194^) 
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by Bowden & Tabor ( 1939 ), bare shown that it is in fact dependent on the load 
between them, but is almost independent of the apparent area of contact. In this 
paper, this deformation under static contact is studied and compared with the 
additional deformation caused by sliding. The mechanisms of these two processes 
are investigated. 


1. DEPOBMATIOlfr TJNDEB STATtO OONDmONS 

It is convenient to consider the deformation occurring between a hard flat surface 
and a hemispherical surface of a softer metal. (The results are similar for a hard 
hemispherical indenter pressing on to the plane surface of a softer metal.) If the 
surfaces are pressed together with a force jP, they will at first deform elastically- 
according to Hertz’s classical equations (Hertz 1896). The region of contact is a 
circle, the area of which increases as whilst the mean pressure over the circle of 
contact varies as F^. As the force F is increased, a stage is reached at which the 
maximum shear stress in the softer material exceeds its elastic limit and the onset 
of plastic deformation occurs. This takes place when the mean pressure reaches 
avalue of about I-IT (where Y is the yield stress or elastic limit of the softer metal), 
but the plastic deformation is confined to a small region below the centre of, the 
circle of contact (Timoshenko 1934). As the load is further increased, the mean 
pressure increases and the region of plasticity grows until the whole of the material 
around the region of contact is flowing plastically. At this stage, the mean pressure 
reaches a value of about 3 r'(Henoky 1923; Ishlinsky 1944; Tabor 1948). If the load 
is further increased, the area over which plastic flow occurs increases and the mean 
yield pressure remains approximately constant at a value of 37. This, of course, 
assumes that the material does not work harden, and Tabor (i948)*has slxown that 
for such materials this relation is, in fact, closely obeyed. In general, the material 
work hardens during the course of the deformation process, so that the effective 
value of T may be considerably higher than the value of 7 at an earlier stage of the 
deformation. Consequently there are two simultaneous factors involved in the 
process of plastic deformation. The first is the transition from the onset of plasticity 
to full plasticity as the mean pressure increases from 1-17 to about 3 7. The second 
is the increase in 7 itself as the deformation process proceeds. 

By combining Hertz’s equations with the above relations, it is possible to calculate 
the loads necessary to initiate plastic deformation in surfaces of specified radii of 
curvature when pressed against a harder flat surface. Typical results given by Tabor 
for a flat steel surface pressing against spherical surfaces of other metals are given in 
table 1, and it is seen that for surfaces of small radius of curvature (r) the onset of 
plastic deformation occurs at extremely small loads. Thus for an asperity of radius 
of curvature 10“^cm. on a work-hardened copper surface, plastic deformation 
comnoLences at a load of about 9 /ig. As Tabor has shown, full plasticity (i.e. the range 
in which the mean yield pressure has the steady value of about 3 7) is reached when 
the load is between 50 and 100 times this value, so that full plasticity occurs at a 
load of about 0-5 mg. With an asperity of radius of curvature lO-^cm., which is 
larger than the finest irregularities on smooth surfaces, the corresponding figures 
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are 90 mg. and 5 g. It follows that when metal surfaces are placed in contact, the 
minute surface asperities which are always present will readily deform beyond their 
elastic limit. Consequently we may expect that the surfaces will be supported by 
asperities that have flowed plastically until their area is sufficient to support the 
applied load. These general conclusions also apply to asperities of conical or 
pyramidal form. 

Table 1 


metal 
soft copper 
work-hardened copper 
mild steel 


yield 
stress Y 
(kg./mm.2) 
20 
■ 31 
65 


load at which onset of plastic 
deformation occurs (g.) 

X _ 

r \ ' A 

r=10"*CBa. r=10“®cm. r = lom. 


0-0000026 

0-0000091 

0-000047 


0-025 260 

0-091 910 

0-47 4700 


Although plastic flow of the asperities occurs so readily, this does not necessarily 
mean that the underlying metal is also deformed plastically, since the stresses will 
in general be considerably smaller than those in the asperities. If, however, the 
asperities are heavily deformed by plastic flow so that the value of F in the asperities 
is greatly increased, it may be possible for the stresses in the bulk of the material 
to produce marked plastic deformation in the underlying material. In this case there 
is plastic deformation on both a macroscopic and a microscopic scale. On the macro¬ 
scopic scale, plastic flow occurs under a yield pressure of roughly whilst on the 
microscopic scale the asperities yield under a mean pressure of approximately 31^, 
where Ij,, F„ are the elastic limits of the bulk material and of the deformed material 
at the tips of the asperities respectively. Thus, although there is a large-scale defor¬ 
mation over an area determined by the load and the yield pressure Jj = 31^, the 
area over which real contact occurs is determined by the yield pressure of the 
asperities = 31^. As we shall see, in many cases there is a marked difference 
between the real area of contact and the area over which macroscopic deformation 
occurs. 

In the experimental examination of the contact between stationary surfaces, it 
was not convenient to use spherical surfaces. It was desirable to use surfaces with 
two-dimensional rather than three-dimensional contours. For this reason a hard 
cylindrical indenter was pressed into a copper surface and’the contour of the 
deformed copper examined at right angles to the axis of the cylinder. 

In order that the deformation of the surface irregularities could be followed at 
different loads, it was necessary to use a surface which had a standard type of contour 
which could be readily reproduced. Experiments were therefore first carried out on 
copper surfaces which had been finely grooved by turning on a lathe. The copper was 
clamped to the facing plate at about 6 in. from the centre in order that the turning 
marks (i.e. the grooves) would have a small curvature and so be virtually straight 
over small distances. The tool was of steel, and a plan view showed.a sharp point 
of about 20° angle. The grooves were 0-025 mm. apart. The surface was deformed 
with a cylindrical indenter laid parallel to the grooves..This was a highly polished 
hard-steel roller from a roUer bearing 6 mm. diameter and 0-18 mm. long. Loads 
between 100 and 3500 kg. were applied for 15 sec. by means of a compression testing 
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machine. It was difficult to obtain completely parallel loading, so that the cylinder 
usually gave an impression which was wider at one end, and with light loads it was 
possible to have the indentation vanishing to zero width at one end. In this way 
a range of surface deformation could be examined on a single indentation. 

Figure 1, plate 5, shows a plan view of the bottom of an identation 30/^ deep which 
has been made in turned copper which had been previously work hardened to Dia¬ 
mond Pyramid Hardness (Vickers) 84. Since in this state the metal is not capable 
of much additional work hardening, the additional hardness of the asperities due 
to turning would not be great. It is clearly seen, however, that the original contour 
has not been obliterated, the grooves being still quite visible and continuous. The 
white patches between the grooves show where slight flattening of the asperities 
has taken place, enabling sufficient load to be transmitted to give bulk deformation. 
The contours of the surface w;ere studied by means of a stylus instrument (the 
Talysurf) whereby a fine needle traverses the contours and its movements are 
amplified and recorded on a paper strip. This gives an accurate representation of 
the contours. 



Figubb 2 . Surface contours of indentations of various depths 
in grooved cold-rolled copper (Talysurf traces). 

Figure 2 shows three stylus traces of the indentations. Figures 2 A and 2JB are 
of two different places of a 200 kg. indentation (which was of variable width due to 
imperfect alinement of the compression plates), while figure 2 (7 is the bottom of the 
very deep indentation formed under 2500kg. load and was about 0^2 mm. deep. 
The retention of the grooves is plainly seen. In all oases the irregularities were 
retained even at the bottom of the deepest indentation, in spite of the fact that the 
bulk of the copper was already work hardened. It will be noted that in the first case 
no bulk deformation has,occurred, the plastic flow being confined to the asperities. 
However, even when the bulk deformation of the asperities has been very severe 
(i.e. the third case) the extent of the deformation of the asperities has been very little 
increased. Thus the intense work hardening of the asperities occurs at an early stage 
in the deformation. 

Examination of another set of indentations made op annealed copper (D.P.H. 
45-50), which had been grooved but not re-annealed after grooving so that the. 
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asperities were initially work hardened, showed substantially the same results. 
A third set of experiments was carried out on completely annealed.grooved copper. 
The aimealing was carried out, after turning the grooves, for several hours at 
800° C in a non-oxidizing atmosphere. Indentations were made in this surface which 
had a bulk hardness of 40 D.P.H. at 200 and 1500 kg., and stylus traces of these are 
shown in figures ZA and ZB. Again it is seen that the asperities are not completely 
flattened even at the bottom of the 1500 kg. impression which was 1 to 3 mm. wide 
and 0-3 mm. deep. 



Fioubb 3. Surface contours of indentations of vairious depths 
in grooved aud annealed copper (Talysurf traces). 

These results are confirmed if sections of the indentation in copper of D.P.H. 60 
are examined microscopically as shown in figures 4 ,5 A and 6 JS, plate 6 . The sections 
have been out at an oblique angle of about 6 ° in order to give a magnification in the 
vertical direction ten times the horizontal magnification. The taper-sectioning 
technique used was that described by Moore ( 1948 ). Briefly, it consists of backing up 
the surface with an electro-deposit of about the same hmdness (i.e. silver is used for 
copper surfaces and nickel is used for steel). After mounting in a plastic holder, the 
surface is ground at the correct angle and metallographioally polished and etched 
so as to reveal the maximum contrasi; between the base metal and electro-deposit, 
and to reveal the structure below the surface. If the electro-deposit is strongly 
adhering and of similar hardness, the fine asperities will not be distorted during the 
grinding and poMshing. 

The figures confirm the remarkable persistence of the asperities during bulk 
deformation and the enlarged pictures, figures B A and 6B, show that the amount 
of flattening is relatively small. In this case it appears that the real area of contact 
is about half the area of the indentation. 

These results are in full agreement with the previous theoretical discussion. At 
the tips of the asperities, plastic flow and appreciable work hai^ening occura. If 
the stresses in the underlying metal are below a critical value, the bulk of the material 
is deformed elastically, as is seen in figure 2A. With increased loading, further 
deformation of the asperities occurs, and the increased stresses in the underlying 
metal are just sufficient to initiate deformation in the bulk of the metal (figure 2B). 
On further loading, there is considerable plastic deformation in the biilk of the metal 
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(figure 20) although there is little increase.in the deformation of the asperities. 
' The increased load is home hy the flattened tips of the large number of asperities 
contained within the macroscopic indentation. The area of real contact, which is the 
sum of these flattened tips, is clearly considerably less than the area over which 
macroscopic deformation has occurred. 


2. Deformation under sliding contact 
(a) The flattening of asperities 

The previous experiments have shown that the deformation of the surface 
asperities during bulk deformation of the metal is relatively small. The deformation 
may be compared with that produced on a similar surface when a furrow of the same 
size is ploughed out by a loaded hemispherical steel slider. In all these experiments, 
the various examples of surface damage were produced by the Bowden-Leben 
fidction measuring apparatus which has been fully described by Bowden & Leben 
( 1939 ). This apparatus measures the friction between a lower flat surface and a small 
hemispherical upper slider of Jin. diameter. Normal loads up to 8 to 10 kg. between 
the surfaces can be appHed by means of a light spring attached to the upper coi^tact. 
The spring is attached to a bifilar suspension, the deflexion of which is a measure of 
the frictional force. This deflexion is recorded on a moving-film camera, and in this 
way a continuous record of the friction is obtained. The normal load between the 
surfaces was 4000g. and, unless otherwise stated, the speed of sliding was 0*01 cm./sec. 
At this slow speed there can be no significant temperature rise between the surfaces. 
Generally, clean surfaces were obtained by grinding on a carborundum paper 
beneath water, washing in hot mnning water and drying with a hot air blower as 
quickly as possible. These surfaces were quite free of grease, but were of course 
contaminated by oxide and adsorbed gas films. Unless otherwise stated, the 
lubrication used for lubricated sliding was a 1 % solution of lauric acid in paraffin. 
For experiments on clean grooved surfaces, the specimen was used direct from the 
lathe, the cutting tool and specimen having previously been cleaned with isopropyl 
ether. 

Hemispherical* steel sliders (D.P.H. 214) were slid on grooved copper of bulk 
Brinell Hardness 49, in a direction parallel to the grooves. The coefficient of friction 
{fi) was 0-6 for clean shding conditions and 0-3 when a lubricant was present. The 
latter surface was lubricated immediately after removal from the lathe, and the 
rather high value of friction (which has been recently described and studied in a 
similar case by Tingle ( 1947 )). is probably caused by the inability of the fatty acid 
in the lubricant to form a protective soap film. Taper sections of these tracks are 
shovm in figures 6 and 7, plate 6 . For comparison, figure 8 , plate 6 , shows the 
contours of the grooves within a static indentation of the same size. It is immediately 
apparent that the sliding produces both a furrow in the surface and a marked 
levelling of the asperities. This effect has, in fact, been severe enough in the case of 
dean sliding to obliterate them completely. When the lubricant is present the tops 
only have been levelled to the contour of the furrow. 
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Another pair of taper sections were made of tracks with a direction of sliding about 
45° to the direction of the grooves, n (clean) was 0'67 and /t with a lubricant present 
was 0-26. Both sections showed severe levelling of the asperities, the lubricated 
track showing even less trace of the grooves than is seen in %ures 6 and 7 . This 
suggests that if the grooves were across the direction of sliding, they would readily 
be obliterated. In this case, the metal removed from between the grooves would 
have to travel a minimum distance to the next groove. Figures 9 and 10 , plate 7, 
show plan views of the tracks produced on clean and lubricated copper which has 
been ground with 320-grade carborundum in a direction normal to that of sliding. 
The upper contact was hard steel, /{(clean) was 0-4, while /{(lubricated) was O-l. 
It is seen that in both oases a furrow is ploughed out and the surface scratches have 
been completely obliterated vmder clean sliding, wiilst with a good boundary 
lubricant only the more persistent ones have remained. Thus considerable surface 
smearing appears to have occurred in each case although to a different degree. 

It is clear that when sliding occurs, the surface deformation is much greater than 
that occurring under static contact, and the results in fact suggest that a great deal 
of the flattening caused by clean and lubricated sliding is due to the interaction of 
the surfaces during sliding. Even with a lubricant it seems that sufficient interaction 
can occur to wipe away the tops of the asperities. 

( 6 ) Work hardening beneath the surface 

The contours of the groove formed when a hard steel contact slides on a smooth 
copper shrface can be studied by means of taper sections. These are shown in figures 
11 and 12 , plate 7, for clean and lubricated tracks made with a steel slider D.P.H. 370 
oir cold rolled copper of D.P.H. 111 . The coefficients of friction were 0-3 to 0-7 and 
0-09 respectively. In both oases the hard steel has ploughed out a groove to about 
the same depth in the copper surface, and in both oases the surface of the groove is 
qiiite smooth. However, the taper sections also reveal a marked difference in the 
structuTO of the copper beneath the track. Whereas lubrieated4liding shows no change 
in the miorostruoture of the copper beneath the groove, the track formed under 
clean conditions has a region of altered metal extending far below the groove, and 
a considerable built-up edge. It is apparent that the crystals of copper have been 
deformed to a greater extent than that involved in the original cold rolling of the 
copper, since the grain size immediately beneath the track appears to be much finer. 
Figure 11 also shows a thin layer of copper at the surface of the track, which is of 
an even finer grain size than the rest of the altered area. It thus appears that this 
region has been even more heavily affected than the larger arela beneath it. 

It has been shown by Cook & Richards ( 1946 ) that copper which has been rdUed 
to 98'76% reduction will anneal at 125° Gin about 5min. Since the copper specimens 
in the friction experiments were heated to about 150° C during the mounting of the 
metal in plastic, it therefore appears that this altered area consists of copper which 
has recrystaUized. With lubricated shding it appears that the cold work due to the 
original cold rolling and to the indenting by the curved slider has not been sufficient 
to cause recrystallization during the few minutes the specimen was at the elevated 
temperature. However, the additional distortion caused by the higher friotioii 
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occurring during clean, sliding has so shortened the softening tune that reorystal- 
lization can occxir. 

Taper sections of tracks on annealed copper do not show the area of altered nxetal, 
since the total work hardening is not sufficiently great. However, if the specimen is 
reannealed after sliding, the sections show that although the depth of recrystalliza¬ 
tion is the same beneath the clean and lubricated tracks (this being determined by 
the bulk deformation of the softer metal by the rounded contact) the grain size 
immediately beneath the surface of the track formed during unlubricated sliding is 
considerably finer, indicating that there has been greater distortion at and near the 
surface. 

(c) Pick-up of steel on copper 

It is possible to detect the pick-up of one metal on another by the technique of 
electrographic surface analysis described by Hunter, Churchill & Hears (i94^) 
Masters ( 1943 ). A gelatin-coated paper which has been immersed in a suitable 
electrolyte is placed on the metal surface. The paper is made cathodic with respect 
to the metal, and a current is passed at a current density sufficient to polarize all 
the metals at the surface and to cause their ions to pass into the gelatin. By im¬ 
mersing the paper in a suitable spot reagent, it is possible to detect very small 
quantities of any particular one of these ions. Also, since the gelatin prevents the 
ions jfrom diffusing, the pattern on the paper gives a sharp reproduction of the 
distribution of the metal on the original surface. When the tracks formed by hard 
steel slidiQg on copper are examined in this way, a pattern is obtained as shown in 
figure 13, plate 7. Four tracks were made side by side with a steel slider, D.P.H, 214, 
on hard rolled copper, D.P.H.94, which had been ground to give scratches across 
the direction of sliding. The two outer tracks were made under clean sliding condi¬ 
tions, fi = 0-42 to 0-5, while the inner ones were lubricated, [i = 0*09 to 0 * 11 . Very 
marked pick-up of iron has occurred in the clean sliding tracks and a definite trace 
was detected even wit]^ lubricated sliding. This is a clear example of a harder metal 
being worn away by a softer one. 


, 3. The MEOHAOSriSM oe deecemation btjbiko slibikg- 

A. The sliding of a softer metal on a harder one 

(i) Taper sections of copper picked up on steeLThe foregoing experiments have shown 
that the interaction between the surfaces during sliding is a phenomenorf which can 
(a) cause considerable smearing at the surface, ( 6 ) cause work hardening at a con¬ 
siderable distance below the surface, and (c) in some cases cause the harder metal 
of the shding pair to be picked up by the softer metal. There* is evidence also that 
under lubricated sliding, the above effects are similar but on a much smaller scale. 
The mechanism of this interaction and its relationship to the frictional force can be 
inv^tigated by studying the sliding "between a hemispherical copper contact and 
a hasrder steel surface. In this type of sliding, small particles of copper become 
attached to the steel surface, giving a track of copper particles with a few scratches 
in the steel parallel to the direction of sliding. 
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Eigures 14,16^ and 165, plate 8, show taper sections of the track produced with 
copper (D.P.H. 86) sliding on clean steel (D.P.H. 136). The highest values for the 
coefficient of friction (/4 max.) were 0*6. Figures 16^4 and 165 show certain particles 
at a higher magnification. The pearlite and ferritic areas of the steel and the copper 
pick-up are marked P, F and C respectively. It should be remembered that these 
are taper sections and the particles are not necessarily elongated along the direction 
of sliding, so that the dimensions as indicated in the figures must be considered as 
minimum values. These pictures show some unexpected features. The copper is in 
some places apparently resting on the surface, and in some others it is embedded 
into the steel, although it is.the softer metal. Also, there are numerous pits in the 
surface, and at other places the steel has been pulled above the general surface level 
and copper particles are seen adhering firmly to the plucked-up portions of steel 
(e.g. figure 16^4). These facts make it clear that although most,of the wear occurred 
on the copper slider, marked surface damage can occur on the steel surface. 

Examination of the boundary between the copper particles and the steel shows 
that there is intimate contact between the surfaces and that the junctions formed 
are very strong. Although the speed of sliding (O-Ol cm./sec.) in these particular 
experiments is so slow that no significant temperature rise can occur, the nature of 
the boundary suggests an actual welding caused by the localized high pressures at 
the points of intimate contact. It is clear that these junctions, whatever the detailed 
mechanism of their formation, are sufficiently strong to cause rupture in the bulk 
of the copper and less frequently in the steel. If the rupture occurs within the steel 
itself, a small particle of steel is plucked out leaving a pit which may become a 
receptacle for debris from the copper slider. 

This process is thus a possible mechanism of the wearing of a hard metal by a 
softer one such as may occur in a bearing where frequently some wear occurs in the 
hardened steel shaft in spite of the fact that the bearing metal with which it is in 
contact is much softer. From the several sections which have been taken of these 
tracks, it has not been possible to show whether the pearlite or ferritic areas of the 
steel are more likely to suffer surface damage after the shdir^ of the copper. 

When the steel is lubricated the coefficient of friction falls to 0-1 to 0-2. The track 
produced with a copper slider (D.P.H. 96) on steel (D.P.H. 137) is shown in taper 
sections in figure 16, plate 8. It is clear that definite surface damage of the steel 
has occizrred, but ho copper particles are visible. If they are present, they are either 
too small to be revealed by this method, or too sparsely spaced for a reasonable 
probability that they be cut by a section. Since only slight wear of the hemispherical 
copper slider has occurred, the track width is relatively small. Therefore, the damage 
to the steel is concentrated into a considerably reduced area. The total amount' of 
damage is, therefore, considerably less than is found in unlubricated tracks, although 
it appears to be rather severe. . 

(ii) The distribution of copper picked up on the steel. This may be examined by the 
more sensitive electrographic method of analysis. Figures 11A and 175, plate 8, 
show enlarged photographs of the electrographic impressions, of the tracks produced 
by a copper slider (D.P.H. 91) on polished steel (D.P.H. 186) under clean and 
lubricated conditions (/t (clean) = 0-66, /t (lubricated) = 0*1). Figure 11 A, which is 
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a giTTiilfl.r type of track to that shown in the taper sections of clean sliding tracks 
(figures 14, 15 ), shows large quantities of copper randomly distributed along the 
track. Comparisoh of the lubricated track shown in figure VlB with this, shows that, 
although there is a marked reduction in the amount of copper deposited, very 
definite pick'Up does occur. In general the particles appear to be smaller and fewer 
in number, and are distributed in, lines along the length of the track. The load in aU 
the^ cases was4000g. Testsof lubricated tracks madeat loads as low as the apparatus 
would permit (600 g.) showed that pick-up still occurred, but on a proportionately 
anria,npir scale. TMs is caused by the decreased width of track rather than by a smaller 
amount of pick-up per unit area of track. 

The tracks in figures 17A and 17B were made on a polished surface. Figures 
and 185, plate 8, show the sliding under clean aud lubricated conditions of 
copper on steel abraded under water with 320-grade carborundum to give scratches 
across the direction of shding. For clean sliding /i = 0'58 and for lubricated sliding 
jtt = 0-12 to 0-15. Both tracks show that copper pick-up has occurred in lines across 
the direction of sliding which correspond to the scratches. Again there is a marked 
reduction, but not efimination, of pick-up under lubricated conditions. In fact, the 
influence of the surface finish of the steel surface is more pronounced with a lubricant, 
and the considerable pick-up at the relatively few points corresponding to the 
largest scratches would account for the small random variations in the coefficient 
of Motion which occurred in this case. 

Figures 175 and 185show that the pick-up of copper always occurs at the points 
of most intimate cpiitaot of the surfaces. Where the steel surface is polished, the 
pick-up is arranged in lines parallel to the direction of sliding; these correspond to 
the irregularities of the curved slider and hence to the points of intimate contact. 
However, when the steel surface is abraded, the points of most intimate contact 
tend to occur around the lapping marks themselveg. 

(iii) The. picfc-Mp of copper and the frietiortal force. The electrographic analysis 
patterns for copper picked up on steel showed that the amount of copper deposited 
depended very greatly on the Motional force. When copper slides on clean platiDum, 
the Mction is very high, and since the platinum is unreactive, lauric acid in paraffin 
is not an effective lubricant. However, solid potassium stearate can be used. The 
Motion is reduced by the solid soap film to about 0-08, but since it is difficult to 
smear the platinum surface evenly with the solid lubricant, the Mction sometimes 
becomes irregular and may rise to O-IS. It can be shown that these fluctuations 
correspond exactly with the amount qf pick-up. Figure 19, plate 9,, shows the 
electrographic analysis patterns compared with reproductions of the actual Motion 
records taken during the experiment and the correspondence can be seen clearly. 
The patterns also show that a small quantity of copper is present even in the parts 
of the track formed when the Mction is low and the motion smooth. These results 
suggest that a lubricant does not prevent surface damage entirely, but only reduces 
its intensity. 

The. foregoing experiments make it possible to summarize the main features of 
the. iiiteraction which occuxa between shding metals. The taper sections of the 
cc^per-steel tracks" show that the junctions between the copper particles and the 
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steel appear to be most intimate and are sufficiently strong not only to pluck out 
particles from the bulk of the copper but occasionally to cause a tearing and plucking 
out of the steel. The electrographic analysis patterns show that the pick-up occurs 
at the parts where most intimate contact takes place, and that the frictional force is 
dependent on the amount of pick-up. These facts strongly support the view that the 
frictional force originates from the shearing of metallic junctions. The intimacy of 
the bond and the fact that it can be as strong as the metals in bulk suggest that at 
these low speeds of sliding it has been formed by a process of ‘cold welding’; this 
occurs at the points of most intimate contact where the pressures are extremely 
high. On this view the frictional process consists of a continuous formation and 
shearing of metallic junctions. This mechanism also explains the work hardening 
beneath the surface of copper after clean sliding with a hard steel contact (figure 11 ). 
It appears that the intensely work-hardened surface layer consists of copper which 
has adhered and been plucked away by the slider but almost immediately wiped 
back on to the track. This plucking away has caused the bulk work hardening below 
the track. The electrographic analysis pattern shown in figure 13 shows that the 
adhesion has been sufficiently intense to transfer some of the harder steel shder to 
the copper surface. The surface smearing during sliding and the wiping away of 
asperities shown in figures 6 , 7, 9 and lO’could also.be due to the shearing of welded 
junctions. Under lubricated sliding, it appears that the mechanism of friction is 
essentially similar, but the formation of localized junctions occurs on a much smaller 
scale. 

B . The, sliding of similar metals 

Similar phenomena are observed in the sMmg of similar metals. Figure 20 , 
plate 9, shows a taper section of the track formed on polished copper by sliding once 
with a clean copper slider, /z = l-S to 2 - 0 . In this case, severe surface damage has 
occurred over the whole width of the track, the copper has been plucked 2 to Z/i 
above the general surface level, a groove has been ploughed out about 15fi deep, 
and the copper shows a work-hardened zone as far as 33/z below the sruface. The 
adhesion can be severe enough for particles of copper to be detached and deposited 
in other parts of the track. Figure 21 , plate 9, shows a taper section of a copper 
surface after a copper slider has passed over it eleven times. A large particle of 
copper is seen which has apparently been plucked out from another part of the track 
or detached from the slider, and then embedded lO/i into the surface by repeated 
shding. The boundary between this particle and the rest of the copper is quite 
continuous, and an actual junction appears to have occurred. Another particle 
which would possibly be'embedded by further shding is seen adhering to the surface. 

. Disottssion 

These experiments provide graphic support for the view held by Bowden & Leben 
( 1939 ) and Bowden & Tabor ( 1939 ) that, when metals shde on one another, interaction 
between the stirfaces which occurs primarily at the points of coincidence of the 
asperities is due to an actual adhesion or welding. The pressure at these relatively, 
few points is very high, and even at slow speeds of shding is great enough to disrupt 
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surface films and allow true metal to metal contact. In suck cases the j unctions formed 
are very strong, being due to the forces between the metal atoms. In the case where 
extensive true metallic contact can occur, as in the friction between outgassed metals 
in vacuo, the,force required to shear the junctions may be very large indeed (Holm 
& Kirschstein 1936 ; Bowden& Hughes 1939 ). For example, with outgassed surfaces 
of nickel, copper and gold Bowden & Hughes found a coefficient of friction as high 
as fi = 6 - 0 . The lower values of Motion found for clean sliding, i.e. /i — 0-5 to T5 
in the foregoing experiments, suggest that the oxide fiJbms were not disrupted over 
the whole area of contact and that the junctions which were formed were weakened. 
by occluded oxide. With a lubricant, these weakening effects would be much greater, 
giving low values of Motion. It should be stressed that in aU these experiments the 
speed of sliding was very slow (O-Ol cm./sec.) so that the temperature rise due to 
Motional heating was very smaE. The junctions, therefore, are formed by cold 
welding which is produced as a result of the high pressures developed at the points 
of coincidence of the asperities. If high sliding speeds were used, the process would 
be assisted by the local high-temperature softening of the metals. 

These experiments also show that when metal surfaces shde on one another, the 
surface layers are intensely work hardened, largely as a result of the continuous 
formaition and shearing of metallic jtmctions. This observation has a bearing on the 
burnishing of metals and on the behaviour of typical bearing alloys. In burnishing, 
the metal surface is continually rubbed with the rounded end of a hard, highly 
polished metal tool. The process is thus similar to that described for the passage of 
a hard steel sMer over a copper surface, though it is generally more severe. Con¬ 
sequently, the mechanism by which the burnished layer is produced is probably 
similar. That is to say, particles of the metal are plucked out by the tool and smeared 
back on to the surface. This suggests that the highly reflecting, intensely work- 
hardened burnished layer is produced by the formation and shearing of metallic 
junctions and the repeated smearing of metalHc fragments over the metal surface. 

Again, with bearing alloys, a hard shaft, usually of steel, continuously slides over 
the same portion of the bearing sxirface. The surface layers are in a state of con¬ 
tinuous shearing and subsequent smearing. Unless, therefore, the metal is capable 
of annealing at the run n ing temperature of the bearing, the work hardening at the 
surface will eventually increase until pieces flake away and large-scale wear com¬ 
mences. In practice, bearing metals have low melting-points and anneal readily, 
so that this maximu m work hardening would never be reached. It is suggested, 
however, that in the development of new types of bearing alloys, the annealing 
properties of the alloys may be of considerable practical importance. In addition, 
it is commonly observed that even with soft-bearing alloys, slow wear of the hard 
shaft may occur. This is probably due to a process similar to that seen in flgure 16 JB, 
where a soft metal junction is occasionally strong enough to pluck out portions of 
the harder surface. 

Finally, the experiments show the important role of surface asperities in the 
defonnation of metal surfaces placed in contact. Both the taper sections and the 
stylus records show that bulk defonnation always occurs before the surface asperities 
are appreciably flattened. This is observed even with cold-roEed material, so that 
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the asperities must be considerably work hardened during the deformation. Although 
the grooves on these surfaces have an angle of slope of 25®, which is considerably 
greater than that usually found on smooth surfaces, the same general conclusions 
will apply. Consequently the area of real contact can only be a fraction of the 
apparent area. This fact is well known for flat surfaces in contact (Bowden & Tabor 
1939 ), but it has not been generally appreciated that it may also apply in cases 
where bulk deformation occurs. The deformation and marked work hardening of 
the asperities means that the pressure at the real points of contact is considerably 
higher than the yield pressure of the bulk of the metal. With annealed copper, for 
example, the yield pressure of the deformed surface asperities is about three times 
that of the metal itself. These high local pressures at the points of real contact will 
facilitate the disruption of oxide and other surface films, and the effect will be further 
augmented if the surfaces slide over one another. Thus the high local pressures and 
the shearing action of the sliding process itself will increase the probability of 
intimate metallic contact between the sliding surfaces and so facilitate the formation 
of strong metallic junctions. 

The writer, who is an officer of the Tribophysics Section of C.S.I.R. Australia, 
was seconded to the Laboratory on the Physics and Chemistry of Rubbing Solids, 
Department of Physical Chemistry, Cambridge, aM this work was carried out as 
part of a joint programme between, the two laboratories. His" thanks are due to 
Dr P. P. Bowden and Dr D. Tabor for their advice and helfpul discussions, to 
C.S.I.R. for making the work possible, and to the Ministry of Supply (Air) and The 
Anglo-Iranian Oil Co. Ltd. for grants for equipment. 
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DBSOBEPTrOK OB PLATES 6 TO 9 
Plate 5 

FigtJkb 1. The middle of a deep indentation in annealed copper, showing the persistence of 
grooves which were previously present on the surface. 

Figtjbe 4. Taper section of a deep indentation in annealed grooved copper, showing the per- 

. > sistence of the grooves after extensive bulk deformation. 

Figtxece 5. Comparison of the^grooves A, outside and B, in the middle Of the indentation. The 
' work hardening due to the flattening in figure 51? is sufficient to enable the asperities to 
support severe bulk deformation. 

Plate 6 

Figtob 6. Taper section of track formed by the clean sliding of steel on previously grooved* 
copper. There has been sufficient interaction to wipe the asperities completely away. 

Figure 7. Taper section of track formed by the lubricated sliding of steel on previously grooved 
copper. The presence of a lubricant does not prevent the tops of asperities being wiped away. 

Figure 8. Taper section of the indentation by a steel cylinder in a grooved copper surface. 
When no sliding occurs, the asperities are only very slightly deformed. 

Plate 7 

Figure 9. Plah view of tracks formed by hard steel slider in ground copper. Clean sliding.' 

Figure 10 . Plan view of tracks formed by hard steel slider in ground copper. Lubricated sliding. 

Figure 11 . Taper section of track formed by hard steel on cold-rolled copper under clean 
sliding conditions. Severe distortion occurs below the track. The track width is indioated 
, by arrows. * • . 

FiGtnaE 12. Taper section of track formed by hard stfeel on cold-rolled copper under lubricateci 
sliding conditions. No distortion is evident. 

t ♦ 

Figure 13. Electrographio analysis patterns, showing that iron can be picked up on copper 
after sliding under both clean and lubricated conditions. 

Plate 8 

Figure 14. Taper section of particles of copper pick-up produced by clean sliding of copper 
on steel. . ’ » . * 

Figure 15. Certain particles of copper pick-up in greater detail. Note the rupture of the steel 
surface, F=ferrite, P=pearlite, 0 = copper. 

Figure 16. Taper section of the track produced by the lubricated sliding of copper on steel. 

Figure 17. Electrographic analysis patterns for copper after sliding on polished ateel under 
’ Af clean; B, lubricated conditions. * 

Figu^ 18. Similar to figure 17, but the steel surface is lapped in a direction across the tracks. 

Plate 9 

Figure 19. The friction traces for the sliding of copper on platinum lubricated with solid 
potassium stearate compared with electrographio analysis patterns for copper from the 
same traois. The amount of pick-up shows marked correlation with the character of the 
frictional force. ' 

Figure 20, Taper section of track produced by the clean sliding of copper, on copper showing 
severe distortion below the track. 

Figum 21 . Taper section of a copper surface after a copper slider has passed over it eleven 
tunes. A particle of copper has become embedded deeply into the surface. 
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A physical theory of supersonic aerofoils in unsteady flow 

By W. J. STRANG'S King’s College, University of London 
{Communicated by 0. Temple, —Received 21 May 1948) 

Solutions for point and. line sources are given, for the ‘transient’ case only, in both stationary 
and moving co-ordinate systems. These are then integrated to give the solutions for a 
supersonic aerofoil (a) entering a sharp-edged gust, ( 6 ) following a sudden change of incidence. 

The method of obtaining oscillatory (flutter) solutions from (h) comes next j and it is 
shown that these solutions check with those of Temple <&, Jahn ( 1945 ) and hence with others. 
The failure of Collar’s simplified theory (Collar 1944 ) is also explained. . 

Finally, the results of some calculations on the entry of supersonic aircraft into gusts are 
given. Thes 9 results are in non-dimeiisional form and cover a fairly wide range of speeds; 
wing loadings and gust profiles. 


Inteodtjction 

This work gives the linearized theory of thin two-dimensional supersonic aerofoils 
in unsteady motion, in a form which brings out its full physical significance. The 
method of attack is the superposition of the fundamental fields of fiow due to point 
and line sources. Results are given for the growth of lift following a change of in¬ 
cidence, and following entry into gusts of various types, and all these results 
appear to be new. 

Most previous investigators, with an eye to flutter applications, have concentrated 
on periodic solutions. Possio, von Borbejy, Temple & Jahn ( 1945 ) and Garriok & _ 
Rubinow ( 1947 ) successively calculated the pressure distribution over a thin two- 
dimensional aerofoil performing small oscillations in a supersonic stream. Mathe¬ 
matically, these are perfectly satisfactory solutions to a problem in hyperbolic 
partial differential equations, and their accuracy from this point of view is fully 
established. But they are open to the criticism that they offer little insight into the 
physical processes involved. 

The type of solution just as fundamental as the oscillatory one is the ‘transient ’ • 
solution, whose characteristic expression is the Heaviside unit-step function. The 
functions representing the growth of lift over an aerofoil following a change of 
incidence or entry into a sharp-edged gust have been prominent in the corre¬ 
sponding theory for incompressible fluid and are associated wi$h the names of 
Wagner, von K&rmto and Sears. It is fotmd that in the supersonic case these solu¬ 
tions are readily obtained and admit of direct physical interpretation. The chord- 
wise pressure distributions, analogous to those of Sohngen ( 1940 ), are by-prodUcts 
of this calculation. 

1. Dbixnitions and Stotation 

<l> = velocity potential such that velocity vector u = — grad 

p = air density. 

, p = air-pressure change from standard. 

[ 246 ] 
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a = velocity of sound. . 

U - velocity of source or aerofoil relative to the undisturbed fluid. 

r volume of fluid emitted per unit time by point source, 
or volume of fluid emitted per unit time per unit length by line source, 
^ ~ or volume of fluid emitted per unit time per unit area by sheet of sources, 

^ according to context. 
v = gust velocity. 

[i = Mach angle = sin~^ (a/D")- 

toTT = time variable, 
c = chord of aerofoil. 

s = Ut/c = non-dimensional time variable. 

X = chordwise dimension measured in chords. 
w = 'wing-loading per unit area. 

L = lift-loading per unit area. 

W = wjcpg = non-dimensional ■wing-loading parameter. , 
d = gust-gradient distance measured in chords. 

= pipm sec [i = pressure-gro'wth function for gust. 
ijr^a = lift-growth function for gust. 

= pIpO'Ua sec p = pressure-growth function for change in incidence a. 

^ 2 a = lift-growth function for change in incidence. 

H{x) = Heaviside’s unit-step function = 1-0 if * ^ 0 , = 0 if a: < 0. 

S{x) = Dirac’s ^-function = dH{x)ldx. 

The above list is by no means exhaustive, but all subsidiary symbols are defined 
as they occur. 

2. Point soxjkob at best 

The phenomena are easily visualized in this simple case, and are described rather 
folly as an introduction to the point of view required in the later developments of 
this paper. With the usual assumptions of the linearized theory, a disturbance 
travels ■with the speed of sound a, regarded as constant. Clearly, a point dist^urbance 
win spread to a sphere of ra(fltie oi after time t. 

The wave equation for the velocity potential with spherical symmetry is 

02 02 

— = (2.1) 

andr^ = y) is a solution, for all ordinary functions/. In particular, for a source 
wliicli emits volume F as a pulse at ^ = 0 the appropriate solution is 

<j> = (Fa/47rr)0(ai—r). 
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The radial velocity is u = — d^jdr. This cannot reaUy he drawn in a graph, bnt the 
flux through a fixed sphere of radius r up to time t is 

F = 47Tr^j udr = V{H{at—r)+rS{at—r)} (see figure 1). 

As the wave passes through the fixed sphere there is an outward, followed by an 
inward, surge leaviug a residual flux V. Correspondingly, the pressure change is 

p = pdipjdt {pV^al4mr)8'{at—r), 

j&om which it will be seen that the disturbance propagates as a high-pressure surge 
followed by a low-pressure surge. 



Figure 2. Flux for point ©mission for time ti» 

The behaviour when the emission is constant at volume F per unit time for i > 0 
will now be understandable. The appropriate solution of (2-1) is 

^ = {V/4:nr)H(at—r), 

giving the radial velocity 

V, = (VI4:7rr^){rS{at—r)+H{ai--r)} 

and flux F = VtHiat—r) 

and pressure change p = {pVal^TTr)d{at—r). 

If the source operates for a finite time the flux is 

which is illustrated in figure 2. 

It should be noted that 

(i) We have used discontinuous solutions to an equation involving second partial 
derivatives. This is oommpn practice, and a justification for it by Jeffreys ( 194 ^) 
is accessible. 
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. (ii) Although we have used the linearized theory, which requires small disturb¬ 
ances, the solutions do not satisfy this condition. Nevertheless, if we use these 
solutions to calculate others in which the disturbances are- small, these latter 
solutions will be valid approximations. 


3, Lute sotrROB 

An infinite line source is the natural uixit in the development of the two-dimen¬ 
sional theory. We shall find it advantageous to use both stationary and moving line 
sources. 

3-1. Line, sowce at rest 

The wave equation for the velocity potential with cylindrical symmetry is 


dr^'^-r dr dfi" 


(3-M) 


and the easiest way to obtain selected solutions is to integrate the appropriate point 
source solutions. For example, for a uniform line source distributed along the z-axis 
which emits volume V per unit length as a pulse at i = 0, the solution is 

^ = 2J ( Vaj4:710.) Sijxt—o) dz, 
where a® = z®-|-r®, 

i.e. • ^ = {Vdl27r)(aH^-r^)-iH{at-r), (3-i-2) 

and it will be found that (3-1-1) is formally satisfied by this result. 

If the emission is constant at volume V per unit length per unit time for f > 0 
the solution is 

^ = 2J {yi'd7io)H{at—a)dz, 

i-e- <j> = iyi2n)Goshr^{atlr)H{at—r). (3-l’3) 

The radial velocity is 


u = — {d^jdr) = {yatf^Tir) H{at — r) 

and the flux throi^h unit length of a cylinder of radius r, up to time t, is 

F - 27rrJ udr = {Vla){aH^—r^)iH{at—r) 
and the pressure change is 

p = {pVal27T){aH^-r^)-iH(at—r). ^ {3-l*4) 

For comparison with figure 2 the flux for line emission for time t^ is shown in 
figure 3. 
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3 - 2 . Line source with velocity U>a 

If the emission is in the form of a pulse, no new solution is required. The disturbance 
is confined to the surface and interior of a cylinder of radius at, which drifts down¬ 
stream with velocity U, and touches a ‘Mach wedge’ of semi-angle n = sin~^ (a/?7). 

The solution for constant emission V per unit length per unit time for t>0 is 
much more interesting, and presents some novel features (cf. Garrick & Rubinow 
1947)- 



Figure 4 is a plane section perpendicular to the line source at' 0, and, as a matter 
of linguistic convenience, figures and areas in this plane will be referred to instead of 
the cylindrical surfaces and volumes they represent. The axis Ox is directed down¬ 
stream parallel to the undistrurbed flow, and Oy is perpendicular to it. The fines 
OM^ and OM^ are the traces of the Mach wedge. The following geometrical results 
will be needed frequently. 

Consider the field point P. If P is within the Mach angle, it is possible to draw 
two circles touching QMx and OM^ and passing through P, of radii ar^ and ar^, with 
centres Ct and 0^ lying on the axis Ox. If P is the point {x, y), then and fg are the 
roots of the equation {jJ^-a^)r^-2Uxa-+lx^+y^) = 0 (3-2-1) 

and OCx = Vr^, OC^ = Ur^. 

Select < rg so that 

rx = iUx-aB)lim-al), r^ = {Ux+aB)l{m-a^), 

== a^—y^oot^/i. 




where 
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It -win be convenient in what follows to regard as co-ordinates of P. This 
is ambiguous in that one pair of values of and refers to two points P, but since 
the solutions are symmetrical, this is harmless. Note that (i) and real and 
distinct, P lies within the Mach angle; (ii) and complex, P lies outside the Mach 
angle; (iii) and equal, P Ues on the Mach lines. 

We now return to the case of the continuously emitting line source, and find the 
velocity potential. 

Suppose r-i and are real and less than t 

Figure 4 shows that P is affected only by waves whose radii ar satisfy the con¬ 
dition Integrating equation (3* 1-2) the velocity potential for constant 

emission F per unit length per unit time for ^ > 0 is clearly 

= (Fa/27r)J {a\t—7Y—'m^}~^E{a{t—r) — ‘m}dT 

where = {x—U{t- t)}® -I- y*. 

The substitution r = f—r reduces this to 

^ = (Fo/27r)f (aV— 

Jn 

and the further substitution r = cos® d^-r^ sin® $ gives us 

= iVtmfi. (3-2-3) 



In this case the effective waves satisfy < r < ^ and we get 

^ = (Fa/27r) J {ah^—v3^)-*dr = {V/n)t&ii/ij dd, 


where sin®di = 

Thus ^ = (F/7r)tan/tsin~®{(i—ri)/(r 2 —rj)}*, 


(3-2-4) 


Suppose Ti and r^ > t. 

Then ^ = 0. 

The results are illustrated in figure 5. It will be seen that the disturbance is 
confined to the surface and interior of the cylinder of radius at, centre at (Ut,0), 
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and the Mach wedge joining it to the source. Within the cylinder, is a function 
of Ti, ^2 and t, and the equipotential surfaces are elliptic cylinders touching the 
circular cylinder along its lines of contact with the Mach wedge. As the cylinder 
travels downstream, it leaves behind it a region in which ^ = const, and the flow 
consists of a velocity surge across the wave fronts. This is the final flow pattern 
spreading downstream—^which is obviously necessary since changes cannot be 
propagated upstream if U> a. 

4. Entry or a sotersonio aerofoil into a sharp-edged gust 

From a practical point of view, the pressure distribution over the aerofoil is what 
is wanted. In addition, we shall calculate features of the velocity potential and 
velocity distribution sufficient to enable us to picture the physical processes 
involved, 

4* 1. The field of flow and method of treatment 

There is one peculiarity about this problem, which is common to the incompres¬ 
sible and supersonic cases. It is that the velocity is discontinuous at the gust front, 
which must be regarded as a vortex sheet, and to describe the flow completely we 
require two different velocity potentials on either side of the gust front. What is 
actually done is to superimpose two fields of flow. In the first we include the gust 
velocity, and let the elements of the aerofoil entering the gust move so that their 
normal velocity component relative to the gust is zero. It is not really possible to 
draw this, but a representation is suggested in figure 6 . 

■§ still air. 


aerofoil velocity 

Figure 6 

It is obvious that no forces on the aerofoil can be generated in this way, sipce no 
disturbance is caused. In the second part, we reunite the fragments of the aerofoil, 
and calculate the corresponding forces. 

still air 

0 --aerofoil velocity 

Figure 7 

Figure 7 represents this, and corresponds to the 'broken-stick’ diagram of von 
Karm 4 n & Sears ( 1938 ). Their method is to consider the bound and shed vorticiti^ 
and so obtain the circulation. A more obvious method is to represent the part of the 
aerofoil in the gust by a distribution of doublets, and this method is the more con¬ 
venient in the supersonic^ case. 


still air 


U 


gust vel.i/j 

-.f 


I 

'OOl 


U 
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It may be remarked that in both methods the aerofoil in the second diagram is 
supposed to lie everywhere very near the axis Ox, so that the solution is only valid 
for small values of v. In practice, interest centres on gusts in which the velocity v is 
not small, but varies gradually through a ‘gradient distance’. Solutions for gusts 
of this type, obtained from the sharp-edged gust solution by use of a superposition 
integral, are valid provided that the variation in v over the chord of the aerofoil is small. 

4-2. Solution by means of rnovirig somces 

It was stated above that the aerofoil would be represented by a distribution of 
doublets. It is fortunate that, in the supersonic case in two dimensions, the two sides 
of the aerofoil are completely separated, and distribution of sources will suffice 
for half the field. For the other half we have only to change a few signs. 

Figure 7 suggests the method of solution. We replace the elements shown there by 
line sources, which proceed with speed U and begin operating when they cross the 
gust front. The appropriate diagram, obtained by repetition of figure 6, is given as 
figure 8. 



The'boundary of the disturbance in half the field is the thick line. Within the 
shaded space and r^ real and less than t), inte^ation of equation (3-2*3) gives 

= iF(a: tan/i-y). 

The equipotentials are plahes parallel to the wave front, and the velocity is a uniform 
velocity perpendicular to the wave front, superimposed on the general flow U. 
In other words, the final (Ackeret) flow is established here, and to get the right normal 
velocity at the aerofoil we must have V = 2v. Thus 

f> = v{xis.Txii-y) and j?=pOTseo/i (4'2-l) 

throughout this region. 

The velocity potential and pressure distribution within the cylinder can be cal¬ 
culated by integration of the solution of § 3’2, and the iiitegrals are, in fact, expressible 
in elementary fonctions. The evaluation of these integrals is highly complicated, 
however, and so are the results. Accordingly, the pressure distribution within the 
cylinder will be calculated over the aerofoil itself, i.e. for t/ = 0 only. 

It happens to be easier to proceed by adopting a different point of view developed 
in the next section. Mathematically, it amounts to changing the order of integration. 
Integration by the methods of this section has been performed, to check the results, 
but is not presented. 
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4-3. Solution by means of stationary sources 

Physically, we can replace the aerofoil by stationary sources which spring into 
operation as the leading edge of the aerofoil passes over them—a notion exploited 
by Prandtl. The appropriate diagram is figure 9. 



Once the decision has been made to restrict calculation to y = 0, the velocity 
potential loses its interest, and we may as well calculate the pressure distribution 
direct. This is equivalent to differentiating under an integral sign. 

Let P be the point (x, 0). 

Let Q be the point (Ur, 0), such that 0<r<t. 

Consider a line source of strength (VUSr) situated at Q, and suppose that this 
source has been operating for time r. Then, from equation (3-l'4), the pressure 
change at P due to this source is 

Sp = (pVaU/27r)(a^r^— (x— Ur)^}~*H(ar— | x— Ur\^dr, 
and the total pressure change at P is 

p = (pFa/27r)sec/{J {(r—rj) {r^—r)}-^H{ar— \x—Ur |}dr, 
where = xl(U +o), r^ = xj{U—a), in agreement with equation (3*2‘2). 


If x<(U—a)t 

Then r-y and r^ are both less than t. The limits of integration are really controlled 

rr, 

by the unit-step fonction and are I . It may be verified that in this case 

Jr, 

p = pvaaeo/i, 

in agreement with (4-2'l). 

If (U—a)t<x<(U+a)t 

Then ry<t<r^ and the limits of integration are effectively |* and the result is 

p = pva5eo/i{2dln) 

where = {{U—a)l2ax}{(U+a)t—x}. 


(4-3-1) 


If x>{U+a)t 

This is in the xmdisturbed region, and no pressure change exists. 
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4-4. Lift and p!-essure-gr(ywth functions for sfuirp-edged gust 

Kgure 8 gives a picture of what is going on. simple Aokeret flow in, the shaded 
region {r^ and r^ less than t) and a rather complicated transition zone with a cylindrical 
boundary. As the aerofoil penetrates the gust the picture grows in size, but does not 
change otherwise until the trailing edge enters the disturbance. A new pattern then 
springs from the rear of the aerofoil, but has no effect on the aerofoil itself. If tandem 
aerofoils become the fashion, it will be necessary to extend the calculations to this 
field, but for the moment this can be omitted. 

We proceed to calculate the lift and moment growth functions, first introducing 
certain non-dimensional quantities, as follows: 

s = 17i/(chord), X — a:/(chord) 

= p[(pvaseQ/i) = pressure due to gust-r-Ackeret value. 


sin/I 



0 0-2 0-4 0-6 0-8 10 1-2 1*4 1-6 1-8 20 

Xjs 

Figubb 10. Pressure-growth function for gust. ^iQ^pffyuaaea/i. 


In this notatioUj the results of equations (4-2-1) and (4-3-1) become 

• if A '<(1 —sin;«)5, 

^io = 2 d/ 7 r if ( 1 —sm/i)s<Z<(l-|-sin/t)s, 

^10 = 0 if Z>(l- 4 -sm/ 4 )a, 
where ^ sin® 6=1 — oosec ju,+ cos/i cot juisjX). 

Numerical values are given in figure 10 . The calculations were performed with a 
10 in. slide-rule, and should be accurate to ^ % or better. 

It is convenient to have also the hft-growth function defined by 

^^20 = f i^'iG — bft due to gust-r Aokeret value. 
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By direction integration 

— seosp , if s< (1+ sin/t)~\ ' 

ir 2 Cf = 2ddn + SGos/i{l — (2d^l7T)} if (l + sm;i)-J-<s<(1—sin^a)-!, 

^2C?==1 if s>(l-sin/t)-\ ► (4*4'2), 

where 2 sin® = 1 ~ cosec /i+cos /i cot 

and tan ®02 = tan®0i(l + sin/i)/(l—sin/t). 

Numerical values are given in figure 11. 
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FiGtTRB 11. Lift-growth function for gust, = lift due to gust/Ackeret value. 


It would be possible to calculate a moment-growth function also, since this is 
implicit in the pressure distribution. Owing to separation near the trailing edge and 
the general sensitivity of moment calculations, estimates of supersonic pitching 
moments have hitherto proved unreliable, and it is thought unwise to pretend that 
the methods adopted here are likely to prove more successful. 


6. GkOWTH OB’ LEffT OVBB A STTPEESOOTO ABEOEOIL, 

B-OXIiOWlNG A OBABrOB OB’ INCrDENCE 

In the corresponding theory for incompressible flow, it is convenient to separate 
the effects of acceleration, angular velocity and change of incidence. Of the three, 
the last is the most important. Physically, a change of incidence without angular 
velocity is realized by imposing a small velocity v normal to the chord, and only this 
case is treated here. Angular velocity can be treated on similar lines, if i^uired, by 
making the strength of the somce distribution vary linearly with the chordwise 
dimension. 
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6*1. Method of treatment 

At the moment when the velocity v is imposed, each strip of aerofoil begins to 
behave asa line doublet (or source, as far as half the field is concerned) in the manner 
described in §4-1, and treatment is possible by moving sources and by stationary 
sources. 

Treatinent by stationary sources has one big advantage—^it links the calculation 
up with that already performed for the gust, and so saves work. A little thought will 
make it clear that to change from the gust to the change of incidence, we have to 
addasheet of sources to the right of the'gust front’, which begin operatingat* = 0. 
Tor an aerofoil of finite chord, this sheet should be of finite and variable width. 
But as long as our interest is restricted to the region forward of the Mach wedge from 
the trailing edge, it will serve as well if we take a sheet of sources covering the whole 
plane to the right of the gust front. 

The velocity and pressure distribution for such a semi-infinite sheet of sources 
is the subject of the next section. , 

6-2. Sheet of stationary sources 

We consider a uniform sheet of sources covering the whole half-plane for which 
y — 0, x>0, and suppose that the emission is constant at volume F per unit area 
per unit time for t^O, and zero for t < 0. The solution can be obtained in an elemen¬ 
tary fadiion by integrating the corresponding solutions for a line source. 

At time t, the disturbance occupies a cyUnder of radius at, with axis along the 
edge of the sheet, and a ‘sandwich’ of thickness 2at (figure 12). 




Eiguke 13. Pressijre distribution along a-axis for sheet of sources. 



A physical theory of supersonic aerofoils in unsteady flow 267 

Within the shaded region, the behaviour is that of an infinite sheet. The flow is 
pure expansion normal to the sheet, with velocity and the bounding plnnag are 
plane wave fronts. Thus, within the shaded space the pressure change is 

p = \pVa. (5-2-1) 

Within the cylinder, the velocity distribution is rather complicated. The pressure 
distribution is obtained by integration of (3-1-4) and is foimd to be 

p = (pFo/47r){7r+2sin~^(a;/.s/[a®i2-2/2])}, 
or, in the most important case when y = 0 

p = (/oFa/477-) { 7 T +2 sin~’- (x/at)}. , (6*2-2) 


6'3. Flow pattern and lift and pressure-growth functions for change of incidence 

, Figure 14 illustrates the flow patterns obtaining after the aerofoil has travelled 
and 1*1 chords after the change of incidence (/i = 30°). It is clear that, of 
the various zones present, only those marked A, B,0 affect the upper surface of the 
aerofoil. Region A is one of pure expansion normal to the aerofoil, and the velocity 
superimposed on the general velocity U is perpendicular to the aerofoil. In the initial 
stages of the motion, region A covers most of the aerofoil. 
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Region C is the region in which the final (Ackeret) flow is already established. 
Initially very gTnn.Tlj it ultimately covers the whole aerofoil. In this region, the 
perturbation velocity is normal to the wave fronts. 

Region JS is a complicated transition zone, and no attempt is made at verbal 

description. 

We now proceed to calculate the lift and moment growth functions, using the 
fact that the pressure distribution is to be obtained by combining the solutions of 
§ 6*2 with those of § 4-4. Define the pressure growth function for change of incidence 
by , pressure 

~ value’ 

where v == Ux (change in incidence). 

The results of preceding sections expressed in non-dimensional form give 

if X<(l-sin/4)s, 

= ( 2 dj 7 i) + i cos/{{I + {26aln)} if (1 - sin/t) s < X < (1 -I- sin/t) s, | 

= cos,M if X > (1 -h sin/t) s, 

where sm 63 = cosec/t{(X/s) -1} and ^ is as in equation (4-4-1). 

Numerical values are given in figure 15. 
l-Or 
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FiauBE 16. Pressure-growth function, for change in incidence, =: plpUaocseo/i. 

I 

, It is convenient to have also the lift-growth function ^2,,,defined by 
^20 = J — lift-j-Ackeret value. 


if s<(l-|-sin/t)~i, 


Then, integratii^, 

■^ 3 ^ = oos,M 

fia = fzcf+i cos/t{l - (1 - sin/i) ; 

+ (s/7r)sia,£ioos/t{04sin64-|-cos04 —Jtt} if (l-f-sia,K)-i<s<(l-sin;t)“\ 




aa ■ 


where 


if s>(l—sin/t)“\ 
. sm @4 = cosec/t{(l js) — 1}. 


( 6 - 3 - 2 ) 
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Numerical values are given in figure 16. 

The curves in figures 15 and 16 are very peculiar, but they have been tested in the 
manner described in the next section. Nevertheless, it ■would be comforting to see 
them supported by an independent investigation. 
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s = chords travelled 


FiatTKB 16. Lift-growth function for change in incidence. 
= lift dne to change of incidence/Aokeret value. 


6. FLUTTBK DBBTVATrVBS 

Flutter derivati'ves have already been computed, using linearized theory, by 
several methods and, in particular. Temple ^ Jahn ( 1945 ) give a wide range of 
restdts. The various methods (with the exception of that of OoUar) agree, and there 
is no doubt that the results are accurate ■within the limitations of the linearized 
theory. In these circumstances, there is no occasion to indulge in further calculations 
of this kind, and all that ■will be done is to show how the results of §<6 of this work 
can be made to yield flutter derivatives (in particular, the flexural damping deriva¬ 
tive li) and to explain why Collar’s theory is incorrect. 

Q-1. The derivatively 

Consider a two-dimensional aerofoil oscillating in such a way that no pitching 
occurs, and the displacement normal to the chord is 

2 /= sin (As), 

so that A is the frequency parameter 27r/c/?7,/ being the frequency. Then , 
y = V = cos{/^)?iAUjc and y = v — —am.{Xs)h^AU^Jc\ 

Let fj be an auxiliary variable corresponding to s. Then the lift Lis 

L =—ZpaAT^Usva.X{s—rj)'^yJ^'rj)dr}. (6'1'1) 

JO 
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For the purpose of calculating 4®rivati'V'es, we may suppose s large, and it is 
suflBcient to suppose s > (1 - sin/t)-i. Evaluation of the integral leads to an expres¬ 
sion of the form L = L^am (Aa) + cos (A^) -f- constant, 
where 4 and 4 are the coefiaeients of sin (As) and cos (As) in the final form of equation 
(6-1-1). Then l^^LJpUU and k^LijpU^M. 

The analysis is lengthy and is not presented here, but it is a fact that the results 
so obtained agree with those of other investigators, which is quite an exacting test 
of the results of §§ 4 and 5. 

6 - 2 . Collar’s theory 

An elementary theory for supersonic flutter derivatives was put forward by 
CoUar in a tentative fashion (Collar 1944 ). He made it quite clear that his funda- 
^lental hypothesis—that the Ackeret theory is applicable to unsteady flow—-was 
^proved, and later Temple & Jahn ( 1945 ) showed that his results were wrong 
except in the limitirig cases of zero frequency or infinite Mach number. 

The reason why his assumption was wrong is clearly shown by figure 14. The 
Ackeret flow is labelled C in that figure, and it is this that Collar took for the flow over 
the whole aerofoil. Thus for the functioh he took 1-0 throughout, which is only 
correct when /i = 0 and the Mach number is infinite. In the other case when the 
frequency is small, the re^ons for which +1 are swept off the aerofoil before they 
have much effect, and his results are again correct in the limit when the frequency 
tends to zero. 

7. Lnra or LOADBD wtsros ntm to otrsTS 

The results of §§4 and 6 apply to wings whose motion is rectilinear, but a real 
aircraft is deflected from its path when it enters a gust, and the lift on its wings is in 
consequence modified. In the incompressible theory, the study of two-dimensional 
loaded wings which are firee to move vertically (but not to pitch) has proved profit¬ 
able and the correspondmg supersotlic case is examined here. 

The work which follows is subject to aU the restrictions of linearized theory, with 
the additional limitation that pitch is omitted. The range of variables covered— 
speed, wing-loading, gust profile—^is fairly extensive. 

i 7-1. Sharf-edged gust 
Let w = wing-loading per unit area. 

Lg = lift-loading due to the gust only, per unit area. 

4 = Uft-loading due to the motion of the wing, per unit area. 

4 = ^pvaseop, = final value of the lift-loading for a wing purstiing a recti¬ 
linear path. 

L = Lg+L^ — total hfb-loading. 

W = ajcpg = wing-loading parameter. 

The equation of motion is = Lgja, and, of course, LgjLa = the function 
determined in § 4. Using the superposition integral with the results of § 6 , 

4 = - 2 /oasec/i f 
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Changing to non-dimensional variables, 

LJLo = -{2ta.n/ilW)jir^{s-7i)~{'ri)dy. 

This amounts to an integral equation for the lift, since ar® kno-wn 

functions, and an operational method of solution is indicated. In fact, owing to the 
awkward nature of the functions involved, a numerical method of solution was 
adopted, but only the results are of interest. Figures 17 to 20 show values of LjL^ 
for Mach numbers up to 2*0, and W = 25, 50,100 and oo. 



FiauBB 17. Lift of loaded wings entering sharp-edged gusts, 
sin/j = 0'60 M = 2-0 



Fiatuis: 18. lift of loaded wings entering sharp-edged gusts. 
sia/« = 0-60 M = 1'667 










LIL, 
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r-oo 



Figube 19. Lift of loaded ■wings entering sharp-edged gusts, 
sin /fi = 0*70 3f=l‘43 

W«oo 




7*2. Linear flat-topped gust ' 

, The gust profile used as standard nowadays has a transition distance (measured 
as d chords in length) in which the gust velocity v increases linearly with distance of 
penetration into the gust, and v is taken constant for greater distances of penetra¬ 
tion, Figure 21 shows the notation adopted here. 

Let Li = 2/)&asec/6. 

|If wehave r r. rs t 

in wMeh isasin§7"l. Ifs>d, the solution can be obtained from this by super- 
poedtion. 





2 4 6 8 0 "2 4 6 8 

8 = chords travelled s = chords travelled 

(a) (6) 

FiauBB 23, Lift of loaded wings entering linear gusts. 

(a) sin/i =; 0*70. (6) = 0*80. 

-1 "pf =5 00 , ;—• - TF'ss: 5Q, and- W = 25, 
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The gust-alleviating factor (figure 24) has its usual sense of the ratio of the actual 
Hfb to the steady lift which would be produced by the change of incidence due to 
the gust. 



PioxTRE 24. Gust-e^eviatmg factors. 

(a) sin/e = 0*50. (6) sin/6 = 0*60. (c) sm/6 = 0’70. (d) sin/6 « 0*80. 


7‘3. moments 

Although the calculation of pitching moments has been condemned as unreliable, 
it is proper to point out that these moments appear to be unfavourable. That is, 
the centre of pressure is forward of the mid-chord axis if the lift is increasing. 

I wish to express my thanks to Professor G. Temple, P.R.S., for his interest and 
encouragement. 
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[Plates 10 to 12] 

Introduction 

In opening the discussion Professor M, H. A. Newman said that it would l)e confined 
to machines which are automedic, i.e. require no human intervention at any stage; 
dAgital, i.e. such that separate digits of each number are Stored in the machine at 
every stage (in contrast to ‘analogue’ machines such as the Differential Analyzer 
where the numbers are represented by directly measured physical quantities, e.g. 
lengths); mA. general-purpose machines, i.e. machines able without modification to 
carry out any of a wide variety of computing jobs. 

A HISTORICAL SURVEY OP DIGITAL COMPUTING MACHINES 

By D. R. Hartrbe, F.R.S. 

•[Plates 10 and 11] 

1. Babbage’s analytical engine 

The general idea of such a large automatic caloulatiag machine is not new. Over 
100 years ago, about 1838, Oharlefi Babbage, who was Lucasian Professor of Mathe¬ 
matics at Cambridge, conceived what he called an ‘ analytical engine ’ which was just 
such a machine. This must not be confused with Babbage’s better-known ‘difference 
engine’ which was an earlier and quite distinct conception, mudi more limited in 
scope and mechanically simpler. The ‘analytical engine’ was to consist of what 
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Babbage called a ‘store’ in which numerical information could be recorded on a 
bank of counters, what he called a ‘mill’ in which arithmetical operations could be 
carried out on numbers taken from the ‘store’, and a unit to which Babbage did not 
give a name, but which we may call the ‘control unit’, which should control the 
sequence of operations, the selection of the numbers on which they were to be per¬ 
formed, and the disposal of the results. 

This control was to be carried out through a series of punched cards, like the cards' 
of a Jacquard loom used for weaving damasks and other elaborately patterned 
fabrics. Plxmgers passing through holes in the cards were to operate the mechanism 
for selecting the counters in the ‘ store ’ from which numbers were to be transferred to 
the ‘mill’, the arithmetical operation to be carried out on them, and the counter to 
which the result was to be transferred. There were to be two sets of such cards, one 
specifying the sequence of operations and the other specifying the selection of the 
counters for these transfers. 

In one r^pect Babbage’s ‘analytical engine’ was not automatic. Tabulated 
functions were to be punched on cards, and if the value of such a function was 
wanted, the machine was to display the argument value for which it required the 
function value, and to ring a bell. An attendant was then to pick out the card with 
the specified argument value, and insert it into the machine, which would verify that 
it had been supplied with the right card, and read off the function value; if by mistake 
it had been supplied with a wrong card, it would * ring a louder bell ’. Babbage planned 
that the tabulated functions would themselves be calculated and punched on cards ’ 
by the machine, and therefore would necessarily be correct. 

It is interesting, in view of recent and prospective developments in large automatic 
digital calculating machines, to see the scale Babbage contemplated for his ‘store’, 
which was to have a capacity of 1000 numbers of 60 deci m al digits. 

Babbage’s ‘analytical engine’, planded in the infancy of the science of electricity, 
had perforce to be purely mechardcal. Many of the functions required in such 
a machine, particularly those concerned with the control of the sequence of opera¬ 
tions, can be carried out much more easily by electrical means, by the use of such 
components as relays and electronic valves; but the electrical relay was only invented 
by Henry in 1835, and was not available in quantity, as a reliable component, till 
many years later. 


2. Functions of comfon&nts of an automatic digital calcvlaMng machine 

An automatic, digital machine must, of course, have facilities for carrying out 
a/rithmMicdl operations, of which the essential ones are addition, multiplication, 
recogmtion of the sign of a number and of the equality of two numbers; subtraction 
can be repla<ced by addition of a complement; division, which may be rather an 
untidy process to mechanize, can be replaced by ah iterative process which involves 
only multiplication and subtraction; and square root, which can be regarded as 
division by a variable divisor, can be replaced by a similar iterative process. The 
, part of the machine which carries out the arithmetical operations corresponds to the 
min ofBabbage’s analytical engine. In machines operating by means of electronic 
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circuits, individual arithmetical operations may be carried out in times of the order 
of a millisecond. 

But facilities for carrying out arithmetical operations are by no means all that is 
wanted. The machine must also have a store or memory both for numbers and for the 
operating instructions. For a machine which carries out arithmetical operations at 
high speed, it is quite necessary not only to make.the machine automatic but to take 
full advantage of this high speed, that the memory should be of such a form that 
numbers can be recorded into it and read out from it in times of the order of those 
required for the arithmetical operations; that is, in times of the order of nuUiseoonds 
for an electronic machine. 

There must also be facilities for input, or outpvi, for internal transfer of numbers 
between different parts of the machine, and, most important, there must be some 
control U3ait which must take the operating in structions in -the appropriate order 
and ensure that the operations called for are carried out. 

It often happens, not only once but many times in an extended calculation, that 
a stage is reached at which there are two7 or perhaps more, alternative procedures for 
the subsequent work. The control should include the faculty, for which the word 
‘judgement’ has been used (first by Babbage), of selecting the appropriate criterion 
to apply in such a situation, assessing the results of applying it, and on the basis of 
this assessment selecting the appropriate one of the alternative procedures. It is 
interesting that Babbage had already clearly recognized the importance of providing • 
the*machine with this faculty, and had seen, in principle, how it could be provided by 
purely mechanical means; it is, however, much easier to arrange electrically. It is 
interesting, too, that various accounts of Babbage’s work and the analytical engine; 
make no reference to this featme, as if its importance has not been appreciated till 
quite recently; Babbage himself, though, was clearly aware of its importance. 

Storage and control are aspects of an automatic calculating machine at least as 
important as the facilities for arithmetical operations. The versatility of the machine 
and the range of problems to which it can be applied effectively depend largely on the 
capacity of the storage and the flexibility of the control. 

3. Representation of numbers in the macJvme 

In otur ordinary digital representation of numbers, successive digits stand for 
coefficients of successive powers of ten; but there is no particular virtue, ^ far as the 
machine is concerned, in ten as a base, and an alternative is to use a binary repre¬ 
sentation, in which the coefficients are all O’s and I’s and stand for the coefficients of 
successive powers of two. 

In some kinds of calculating machines, it is convenient to represent numbers by 
a set of elements each of which has only two distinct indications, for example, by 
asetofrelayseachofwhichinay be ‘on’ or ‘off’,byasetofpositionsonapapertape 
at each of which a hole mayor may not be punched, by a set of electronic valV^ used 
as ‘on-off’ elements, or by a set of signals each consisting of the presence or absence 
of an electrical pidse. The two indications can be regarded as representing ‘0’ and 
‘ 1 ’, and the use of such elements suggests the use of the binary representation of 
numbers in the machine. 
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On the other hand, use of such elements does not necessarily impose the use of the 
binary representation. It is quite possible to code numbers expressed in decimal 
form on to a set of such elemeiits. This is in fact done on the ENIAO,'the B.T.L. 
relay computers, and on the l^NIVAC projected by Mauchley & Eckert. 

4. Addition 

There are two ways pf carrying out addition, first by counting, that is, by succes¬ 
sive addition of units, and secondly by use of an addition table. A machine, working 
in scale of ten and adding by counting, has to be provided with means for carrying 
out the following operations! 

0+1=1 6+1=6 
flt+0 = flt 1 + 1 = 2 6 + 1 = 7 
2+1=3 7+1=8 
3+1=4 8+1=9 
4+1 = 5 9 + 1 = 10 

whereas one working in scale of ten and adding by using an addition table has to be 
supplied with the whole addition table for a-i- 6, for all values of a and b from 0 to 
9 (figure 1). In scale of two, there is ho distinction between the two methods; both 
involve just 0 +0 = 0, 0 +1 = 1, 1-f-J = 10* 
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FiaxjKB 1. Decimal addition table. 


Further, addition in the different decimal (or binarjr) places can be carried out 
successively or simultaneously; in the latter case, the carry-over figures are registered 
in the main addition, and added in later, and this addition of the carry-over figures 
can be done successively or simultaneously. It may not be obvious at first sight that 
simultaneous carry-over is possible, for carry-over from one significant figure may 
depend on whether there is carry-over into this place from the next on the right. 
However, it is interesting to note that Babbage already realized that it is possible, 
and actually devised a mechanical means of accomplishing it. ’An electrical method 
of doing it is used on the ENIAC, and another electrical method is used in Dr Booth’s 
Automatic Relay Computer. 

Multiplication, the treatment of the decimal (or binary) point and of negative 
numbers in addition and in multiplication, and the treatment of decimal-binary and 
binary-decimal conversion in the case of a machine which works in terms of the 
binary representation of numbers, are all important matters which must be left with * 
a bare mention. 
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5. The I.B.M. automatic sequence-controlled calculator 

This, the i^rst large automatic digital calculating machine built, was developed by 
Professor H. H. Aiken and the Company, and is now installed in the new 

Computation Laboratory at Harvard University. In its principles and in its functions 
it can be regarded as a realization of Babbage’s conception of the ‘ analytical ftnginft 
though in structure, with its extensive use of electrical relays, it is very different 
from anythmg Babbage could have foreseen. 



FiauaB 2. Basic principle of Automatic Sequence-Controlled Calculator. 

Its basic principle is represented very schematically in the diagram (figure 2). 
A shaft is driven continuously by a motor, and rotation can be transferred from it to 
mechanical counting units, through magnetic clutches controlled by relays. These 
relays may themselves be controlled by circuits made through contacts on other 
relays or counters, through switches, or through holes in punched cards or tape. 
A counting unit has ten discrete positions, and the shaft, though continuously 
rotating, can be regarded as a source of mechanical ijnpulses each of which steps the 
counter from one position to the next. A counting unit also carries a set of contacts, 
through which the number represented by its position at any time can be read out 
from it. There is one such coimting unit for each of the 23 decimal places of each of the 
72 counters which form the main ‘store’ for numbers. .Figure 3,plate 10, shows 
a general view of the machine. On the left is a set of switches on which values of 
constants can be set by hand; then there are the banks of counters, a multiply-divide 
unit, function and sequence-control units, and beyond them, off the picture, is the 
output unit m the form of two electrical t 3 ^ewriters. 

The sequence of computing operations is specified to the machine in coded form by 
means of punchings on a paper tape which is fed through the sequence-control unit 
(figure 4, plate 10). Electrical circuits made through the hPles operate relays which 
set up the circuits for the operation specified by the punched holes. On completion 
of the operation specified by one row of holes, the sequence-control mechanism 
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normally steps'the tape on so that the next row o£ holes is read. But facilities are 
provided for stepping.the tape on or back a number of holes if required, as for 
example in iterative processes. 

6. Relay machirtes 

In the Tng.PiTiiTift just described, relays are used extensively as control elements. 
There is another group .of machines in which relays are used for the storage and 
indioation of numerical information and for which the arithmetic is done through the 
connexions between groups of relays. Much.of the development of these machines 
has been done by the'Bell Telephone Laboratories, and a large general-purpose 
Tn^.filiinA of this is installed at the Ballistics Research Laboratory at Aberdeen 

Proving Ground. These machines are interesting in that addition (in scale of ten) is 
carried out by use of an addition table built into the connexions between sets of 
relays, and not by counting. 

Professor Aiken at Harvard has also built a large general-purpose relay domputer 
for the U.S. Navy Department. 

7. TUENIAC. 

The first nn.lfi n1fl. f,ing machine using the technique of electronic circuits, with the 
speed of operation they provide, was the ENIAO (Electronic Numerical Integrator 
and Calculator), developed at the Moore School of Electrical Engineering at the 
University of Pennsylvaiiia for the Ballistics Research Laboratory at Aberdeen 
Proving Ground, and now re-erected at Aberdeen. It.operates by counting electrical 
pulses, produced at the rate of 100,000 per sec., by electronic counting circuits, and 
works in scale of ten, normally to ten-figure capacity. In some respects it can be 
regarded as an electronic analogue of the Automatic Sequence-Controlled Calculator 
at Harvard. The general principle of operation is represented, very schematically 
and in a very simplified form, in figure 6, which is derived from the corresponding 
figure for the A.S.C.C. simply by relabelling the different parts: (i) the motor as 
a source of mechanical impulses becomes an electrical pulse generator, (ii) the 
mechanical counter becomes an electrical counting circuit, (iii) the control'relay 
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Figuxb 6 . Basic principle of the BNIAC. 
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Figubb 3. General view of Automatic Sequence-Controlled Calculator. 



Figure 4. Sequence-control mechanism of Automatic Sequence-Controlled Calculator. 
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Figure 6. General view of the ENIAC. 



Fiotoe 7. Close-up front view of two accumulators of the ENIAC. 
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becomes a control circuit, (iv) the clutch becomes an electronic gate, which allows 
puj^es to pass from the pulse generator to the counting circuit only when the gate 
is opened by a signal from the control circuit. 

Figure 6, plate 11, shows a general view of the ENIAC. It consists of a series of units 
each built up on one or more panels. The different units are connected by three sets 
of transmission lines. One set is permanently connected to all units, and is supplied 
with a standard pattern of pulses by the pulse generator. Connexions to the other 
sets of lines are set up by hand according to the sequence of computing operations 
to be carried out; one set of lines transfers pulses representing numerical information 
between the various units, the other set transfers pulses which stimulate the units of 
the machine to operate in the required sequence. Figure 7, plate 11, shows a close- 
up of two units with connexions. 

An important unit of the machine is one called the ‘master .programmer’, which 
controls the sequence, not of individual arithmetical operations, but of whole 
sequences of such operations treated as units. With this unit it is possible to arrange 
for the machine automatically to alter the computing sequence according to the 
results of the calculation, and this provides the control with the faculty of ‘judge¬ 
ment ’ mentioned in § 2. 

Quite recently, news has come from America of the completion by the I.B.M. 
company of another electronic machine called the Selective Sequence Electronic 
Calculator, but my information about thisiis too meagre for me to do more than 
mention it. . 

The Crown copyright in the illustrations is reserved. They are reproduced here 
with the kind permission of the Controller of H.M. Stationery Office. 


GmmAL PBrfron>LBS ob the dusiost op ajx-pxtbposb ooMPtrins-G MAOHram 
By M. H. a. Newman, F.R.S. 


Professor Hartree in his paper has recalled that all the essential ideas of the 
general-purpose calculating machines now bfeing made are to be found in Babbage’s 
plans for his analytical engine. In modem tunes the idea of a universal calculating 
machine was independently introduced by Turing (1938) in comiexibn with aiogical 
problem, which there is unfortunately no time to mention, and the construction of 
actual machines was begunlndependentlyin America, towards the end of the late war., 
A ‘universal’ machine is one which, when given suitable instmctions, will carry out 
automatically any well-defined series of computations of certain specified kinds, say 
additions, subtractions, multiplications and divisions of integers or finite decimals. 


This is a rather doubtful definition, sinoe it dep^ds on what is meant by,a ‘w^- 
defihed’ sferies of computations; and undoubtedly the best definition of this is ‘qn© 
that can be done by a machine ’. However, this description is not quite so circul^l^ 
it may seem; for most people have a fairly dear idea ©f-what processes cspi bed^E^ 
by machines specially constraeted for each separate purpose. There are, 
machines for solving sets of linear algebraic equations, for finding of 

large integers, for solving cudinary differential equations of and so on. 

A universal machine is a single machine ivhioh, when provided mlii statable instra©^- 
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tions, will perform any caloulatioh that could be done by a specially constructed 
TnnnTiinPi No real machine can be truly universal because its size is limited—for 
example, no manbiTift will work out zr to 10 “““ places of decimals, because there is no 
room in the world for the working or the answer; but subject to this limitation of 
size, the machines now being made in America and in this country will be ‘ universal ’ 
—if they work at aU; that is, they will do every kmd of job that can be done by 
special machines. 

In certain general respects they are all similar. There is provision for storiiig 
numbers, say in the scale of 2 , so that each number appears as a row of, say, forty 
O’s and 1 ’s in certain places or ‘ houses ’ in the machine. A ‘ 0 ’ and a ‘ 1 ’ are for this 
purpose two recognizably different physical states of some piece of apparatus. 
Certain of these numbers, or ‘words’ are read, one after another, as orders. In one 
possible type of machine an order consists of four numbers, for example 11,13,27,4. 
The number 4 signifies ‘ add ’, and when control shifts to this word the ‘ houses ’ J? 11 
and H 13 will be connected to the adder as inputs, and H 27 as output. The numbers 
stored in 11 and HIZ pass through the adder, are added, and the sum is passed on to 
H 27. The control then shifts to the next order. In most real machines the process just 
described would be done by three separate orders, the first bringing [J? 11 ] (content 
of A? 11 ) to a central accumulator, the second adding [jfflS] into the accumulator, 
and the third sending the result to S' 27; thus only one address would be required in 
each order. 

A machine with storage, with this automatic-telephone-exchange arrangement 
and with the necessary adders, subtracters and so on, is, in a sense, already a universal 
machine; for given any definite and not too long series of additions, subtractions, 
etc., the numbers involved and the operations to be done could be set up as a series of 
orders in the way just described, and the machine started off. This would, however, 
be an entirely pointless procedure, since the setting up of the numbers and orders on 
the machine would take about as long as doing the computations with a desk machine; 
it is essential for practical usefulness that the number of orders to be set up by hand 
on the machine should be very much smaller than the number of operations to be 
performed. That this is possible is due to the regular recurrence in mathematical 
computations of the same series of operations, done over and over again on different 
data. To take advantage of this, two further facihties are needed, of basic importance 
in the design. They are best explained by an example (simplified in many respects, 
of which one or two will be mentioned at the end). The machine shall be of the 
‘three address’ type described above. 

■^e square root of a number a can be computed by the sequence a:„ defined in¬ 
ductively by a^>a, = ^{x^+ajx^), which is steadily decreasing if xl>a, and 

converges to ^a. Supposing a > 1 , we may choose x^ to be a itself, and the procedure 
is to compute x^,x ^,... for the nmnber of places possible m the machine, lintil there 
is no further change from x^ to Suppose that initially a is housed in both H 1 
and H 2 . The ‘ orders ’ shall be in a series of houses Z 1 , Z 2,...; 
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They could be as follows: 

Xl.HljH2-^H 3 (i.e. divide the content of J? 1 by that ofH 2 and send to H 3), 
X 2 .HS+H 2 -^Hi, 

X 3. 2 (‘halving’ is likely to be standard). 

House H 2 now holds If, therefore, the same series of operations could be per¬ 
formed again, the machine would finally calculate and put it in H 2 ; and so on. 
What is needed then is the power to give the order ‘ go back to X 1 for the next order ’. 
The order X4is accordingly 

X4. Control-^JCl. 

The process now recommences*, and * 3 , are calculated. However, something is 

still missing; there is no way of t elling the machine to stop when it has finished. If 
finding were the whole job the machine has to perform, the stopping might be done 
by a hand-operated switch, but it is likely to be part of a bigger operation, and it is 
therefore essential that the transition to a new piece of work should happen auto¬ 
matically. A conditioned change of control is needed, i.e. the capacity to change 
control to an arbitrarily specified order if (say) a certain number is positive, but to go 
on to the next order otherwise. Consider the modified routine: 

Xl.HllH2^HZ, 

X2.HZ4^H2^H4, 

X3.|H4-»J?5, 

X4.H2-H6-^H6, 

X5.H5^X2. 

S 

The difference x^ — x^ is now in H 6 , ready for discrimination. If % = x^ the process is 
over, if x^ > x^ it should continue. Therefore 

^ 6 . I£H 6 > 0 , control 1 [otherwise proceed to X7]. 

X7, Stop [or control to to begin a new process]. 

The provision for Change of control, and above all for conditional change of control 
according to the sign of a certain number, is the most characteristic part of these 
machines. As Professor Hartree has mentioned, it was clearly envisaged by Babbage 
100 years ago. It enables inductive procedures to be programmed by a set of orders 
whose extent does not depend on the length of the induction; and the process is 
automatically stopped when a certain criterion is satisfied. If the orders given above 
were included in some longer routine they could be used-repeatedly, by first writing 
the number to be square-rooted into S 1 and H 2 , and then shifting control to X 1 . 

Prom this highly simplified accoimt it emerges that the essential internal parts of 
“ 41^0 machine are, first, a storage for numbers (which may also be orders). (In most 
of the machines now being made, storage for firom 5000 to 10,000 nimbers, each of 
30 to 40 digits, is contemplated.) Secondly, adders, multipliers, etc. Thirdly, an 
‘automatic telephone exchange’ for selecting ‘houses’, coimecting them to the 
arithmetic organ, and writing the answers in other prescribed houses. Finally, means 
of moving control at any stage to any chosen order, if a certain condition is satisfied, 
otherwise passing to the next order iii the normal sequence. Besides these there must 
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be ways of setting up the machine at the ohtset, and extracting the final answer in 
usable form. 

Among the many respects in which real machines and real routines will differ from 
the ideally simplified one I have so briefiy sketched, there are two to which some 
reference should be made. On most machines the houses will not be connected 
directly to the adder, etc., doing an operation. The contents will first be copied on to 
some static device, such as a set of trigger circuits (leaving the original intact), and 
the operations will be done from this copy; the answer will also first appear on 
triggers, and may then be copied into a storage. This means that there is less practical 
difference than might appear between the arrangements in which two or three houses 
are designated in each separate order, and those that mention only one house. 

A matter which affects both routines and machines is the problem of so-called 
‘ rounding-off errors ’. It is clear that the arithmetic operations of which the machine 
is capable are only approximations to the true solution of, say, a set of partial 
differential equations. But after this has been allowed for, the machine stiH cannot 
do accurately even the arithmetic operations it is capable of, because, for example, 
the exact multiplication of two ft-figure numbers gives a 2n-figure number, and so at 
some stage part of the result has to be thrown away. When this is done repeatedly ah 
. ever-increasing stretch of the answers become unreliable, and the true answer is 
liable to be completely engulfed if the number of operations ,is large and precautions 
are not taken. This question was entirely ignored in the square-rooting process given 
above. A genuine routine for finding the maximum possible number of reliable 
figures of and then stopping would be a good deal more oomphcated. The problems 
that arise in this connexion are so difficult to answer with certainty that among rival 
procedures for evaluating a function, one for which the error is easily controlled is 
much more highly valued than more rapidly convergent processes of problematic 
cumulative error. These questions have been attacked, with special reference to 
matmr-inversion, by John von Neumann & H. H. Goldstine (1947), and also by 
A. M. Turing (to appear shortly). 

A third very important matter which I have not mentioned is the problem of 
checking. Tracking the causes of errors in machine-operation, which may be due 
either to faulty instructions or to machine failure, is a problem which must be treated 
as seriously as that of performing the arithmetic operations themselves, if inordinate 
delays are to be avoided. It is a matter which has to be borne in mind at all stages in 
the design of the machine. 

The design oe a praohoad high-speed computing maohinb. The EDS AO 

By M. V. Wilkes 
[P late 12] 

I would hke to give a descriptiori of the high-speed electronic digital calculating 
machine now in an advanced stage of construction in the University Mathematical 
laboratory, Cambridge, and known as the EDSAO (Electronic Delay Storage 
Aiitomatic-Calculator). Before doing this I will set forth some of the considerations 
underlying its design. 
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It will be realized that the potential power of electronic digital computing machines 
is very great, and that they are likely to have a far-reaching effect oh certain fields of 
scientific research. It is, for example, often possible to write down the mathematical 
equations governing a situation but not possible to treat them analytically. If any 
progress is to be made in these cases it must be by a direct numerical attack on the 
fundamental equations. There have in recent years been a number of examples of this 
method. I might mention Professor Hartree’s work on self-consistent fields and 
Professor Southwell’s relaxation methods. In both cases the equations expressing 
the physical laws appropriate to the problem are written down and an approximate 
numerical solution sought without any intervening analysis of the conventional type. 
This kind of method is in principle of wide application and power, and the reason 
why it has not been more generally applied is that the labour of carrying out the 
necessary numerical processes is too great. 

It is through work of this type that machines like the EDSAO wjll have their most 
important influence on scientific advance. Much mathematical work will, however, 
be necessary for each and every problem'undertaken in order to reduce it to a form in 
which digital computation is possible. The techniques used in conjunction with 
electronic machines will be of the same kind as those used in ordinary computation; 
an example is the use of finite differeiioes instead of derivatives. In this respect 
digital machines may be contrasted with analogue machines which introduce special 
techniques of their own. These techniques are, to be regarded in a sense as side shoots 
from the main growth of numerical analysis. 

The field oif application of electronic machines which I have described may be 
distinguished from another more obvious one, namely, the performance on a larger 
scale of work which is at the moment done by human computers. The ordinary run of 
work undertaken in any mathematical computmg organization falls into this class, 
as also does the tabulation of mathematical functions for publication. 

Although much mathematical work will often be necessary to reduce problems to 
a form suitable for solution on an electronic machine it does not unfortunately seem 
possible to do very much preliminary work before a machine is available. It is true 
that some exploration of the possibilities may be made by programming problems 
on paper for a hypothetical machine, but such work is soon found to pose more 
questions than it answers—questions Which caimot be answered until a machine is 
available. 

It was in order to be in a position to initiate a programme of work of the kind 
described above that the project of building a machine in the University Mathe¬ 
matical Laboratory was started. 

Description of the ED8A 0 

Preliminary design work for the EDSAO was started in November 1946 shortly 
after I had returned from a visit, to the United States, where I was fortunate in being 
able to attend the lattek part of a course on electronic computing machines at the 
Moore School of Electrical Engineering, Philadelphia. I learnt a great deal of 
what I know of the subject during that course, and I am particularly inde\)ted 
to Dr Mauohly, Dr Eckert and Dr Shaxpless. 
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The EDSAC will be a purely serial machine working in the scale of 2. In its first 
form it will have a memory capacity for 612 numbers each with 10 decimal digits. 
There will be facilities for using some or aU of this capacity for 5-deoimal numbers, 
two 5-<decimal numbers being accommodated in the space required for one 10- 
decimal number. Part of this capacity must be reserved for orders each pf which 
takes up the same space as a 5-deeimal number. This size of memory should be 
sufficient to enable a start to be made on the applications we have in mind; it can be 
added to later as need arises. 

The memory is the heart of a high-speed calculating machine, and a number of 
different systems, depending on different physical principles, are now being de¬ 
veloped. At the end of 1946, however, the only system which depended on a 
sufficiently well-established principle to be adopted with confidence as the basis of 
a practical machine was one which made use of an ultrasonic delay device. Alsinular 
type of memory is being used in the EDVAC, a machine tmder construction in the 
Moore School, although the development work has been carried out independently 
for the two projects. 

The principteof the ultrasonic delay storage system is shown in figure 8 . The delay 
unit itself consists of a tube filled with mercury. The ends are closed by means of two 
similar X-cut quartz crystals. Electric pulses applied to one of the crystals give rise 
to ultrasonic pulses which travel through the mercury with the velocity of sound. 
I^en they reach the far end of the tube they are reconverted by the second crystal 
into electric pulses. The length of the mercury column varies from a few centimetres 
to a metre or more according to the delay time required. 



Fist®® 8. Principle of memory system using an •ultrasonic delay unit. 

In the arrangement shown in the diagram the pulses emerging from the delay unit 
are amplified and routed back to the input. They thus circulate indefinitely and are 
available when required. In order to prevent successive deterioration of the pulses it 
IS necessary to restore them to a standard size and shape each time they emerge 
from the delay unit. This is done in effect by replacing them with new pulses—known 
as clock pulses—from a continuously running pulse generator, the output of which is 
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connocted to tho input of the delay unit through an electronic switch or ^gate’ 
circuit. The gate is normally closed and is only opened when a pulse appears at the 
amplifier output. A clock pulse thus passes into the delay unit whenever a pulse 
emerges from the other end of the delay unit, but not otherwise. It will be seen that 
this is equivalent to a continuous circulation of pulses. 

Figure 9 is a simplified schematic diagram of the whole machine. The memory 
contains thirty-two ultrasonic delay tubes each capable of holding the equivalent of 
sixteen 10-decimal numbers. Transfer of numbers to and from the output and input 
mechanism, or to and from the computer, is effected by suitable signals passed 
from the control unit to the units concerned. Part of the computer is marked 
/accumulator’, and may be regarded as analogous to the product register of an 
ordinary calculating machine; it is used for accumulating totals and sums of products. 
There are also registers, not shown separately in the diagram, for holding the 
multiplier and multiplicand during the operation of multiplication. A small amount 
of storage capacity is thus required in the computer as distinct from the main 
memory. 

The action qf the machine may be made clearer by the following extract from the 


order code: 



A 

n 

Add number in memory position n into accumulator. 

8 

n 

Subtract number in memory position n from accumulator. 

R 

n 

Transfer number in memory position n to multiplier register. 

V 

n 

Multiply number in memory position n by number in multiplier 
register and add result into accumulator. 

T 

n 

Transfer ntimber in accumulator to memory position n and clear 
accumulator. 

E 

n 

If number in accumulator is positive (or zero) execute next the 
order which stands in memory position n; otherwise proceed 
serially. 

Suppose, for example, that it is desired to take two numbers from the memory. 


add them together, and place the result in some specified place in the memory. Three 
separate orders are required. First the two numbers are called out of the memory one 
after the other by means of A orders. The sum is then to be found in the accumulator 
(which it is assumed was cleared before the operation began) and a T order is neces¬ 
sary to transfer it to the given position in the memory. 

The E order is the conditional transfer order which enables the future course of 
'action of the machine to be made dependent on the results of earlier calculations. 
Apart from this orders are executed serially in the order in which they stand in the 
memory. 

Figure 10, plate 12, is a photograph of a group of short ultrasonic delay units of the 
kind used for storing single numbers in the computer. The mercury column in the 
shortest units is about 10 cm, long. Figure 11, plate 12, is a photograph, of a battery 
of sixteen tubes, each capable of holding sixteen 10-decimal numbers. The overall 
length is about 2 m. The main memory of the EDSAC as at present planned consists 
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of two such batteries, each with two racks of associated electronic equipment; parts 
of these can be seen in. the photograph. 



Figtjbe 9. Simplified schematic diagram of the EDSAC. 


Speed of operation 

It is foxHid that a machine which realizes in some degree the speed and flexibility 
made possible by electronic methods is large and complex. The technical dij0&oulties 
in building it are greatly increased if the highest possible speed of operation is 
required. In view of the fact that speeds naturally obtainable by electronic methods 
are so far in advance of anything otherwise possible I do not consider that the time 
has yet come to try to achieve the highest possible speed. In any case, purely on 
eDgineOTng grounds, I believe that the construction of a machine in which no such 
attempt is made is an essential preliniinary to the later construction of a more 
ambitious machine. Refinements and complications, both those introduced to give 
higher speed and those introduced to make operation more simple, should, I think, be 
left for later machines. 

The EDSAC will perform arithmetic operations—^multiplications, subtractions, 
additions—^at a rate of about 15,000 per min. In making this estigaate it is assumed 
that 25 % of the operations are mtiltiplications. The speed of the feDSAC will there¬ 
fore be several thousand tim.es that of a human computer.equipped with a desk 
machine. This will be quite adequate to enable us to make, if all goes well, substantial 
with the type of problem I have referred to. It is, however, of interest to see 
what the possibilities are for achieving higher speeds of operation in futiire machines. 
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FiaxTBE 10. Photogi*aph of a group of short ultrasonic delay units. 



Figure 11. A battery of sixteen ultrasonic delay units together with 
part of the associated equipment. 


(Facing p. 278 ) 
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About two-thirds of the EDSAO operating time will be spent in waiting for 
numbers to come out of the memory, so that if an instantaneous memory (working 
with the same pulse length) were available an increase by a factor of 3 could be ob¬ 
tained. The use of shorter pulses—technically possible though not easy—could give 
another factor .of 3. 

With memories of the instantaneous type, higher speeds could be obtained by 
parallel operation. Actual speeds would depend on vaijous factors, and I wiU only 
mention a figure which seems to me to represent an upper limit for an electronic 
machine with one arithmetic unit using conventional tubes and circuits, namely 
6x10® operations per minute, or 460 times the speed of the EDSAC. I think it -wiU be 
some time before this figure is attained. 

The good progress made with the construction of the EDSAC has been largely due 
to the enthusiasm of my team and I would mention in particular IVIx W. Renwick. 
I would like to thank Mr T. Gold for much advice on the design and hanrlling of 
ultrasonic delay units and for help in assembling the batteries. 

A OATHODB-EAY TUBE DIGIT STOEE 

By E. C. Williams 
Basic ‘princifle 

The basic principle lies in the fact that when a beam of cathode rays strikes an 
insulating surface capable of secondary emission, the potential of the spot bom¬ 
barded is modified relative to the potential of adjacent spots. This phenomenon is 
also used in various television cameras such as the Iconoscope and Emitrbn. The 
experimental fact that the phenomenon is measurable in ordinary cathode-ray tubes 
as well as in special camera tubes was discovered at the Radiation Laboratory, 
Boston, Mass., during the war. The equipment necessary to demonstrate the effect is 
shown in figure 12. ' 



Any change in the potential distribution on the inner surface of the c J.t. screen 
due to electron bombardment ictflu^ices the potential of the external pic^p plate 
by capacitance-coupling and gives ri^ .tp a signal at the output terihi^ of the 
amplifier. Since thq coupling is capa«to1ave, these signals dep^ii the extent to. 
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■wMch the potential of the screen is modified by bombardment and not on the 
absolute screen potential; they therefore essentially contain information as to the 
state of the screen before the bombardment commences, that is to say, the signals are 
related to the history of the screen over a longer or shorter period, of duration 
dependent on the surface insulation. It follows that if a mechanism can be found for 
suitably controlling the state of potential distribution set up oh the screen, then at 
a subsequent instant bombardment of the screen by the electron beam will cause the 
amplifier to supply an output signal characteristic of the conditions previously set 
up. This is the essential requirement of a memory system. 

Arrangement of digits 

In order that a storage scheme shall have practical value, it is necessary that it 
should be capable of storing a considerable number of (hgits. The'screen of a cathode- 
ray tube is continuous and some method of splitting it into effectively separate 
storage elements is needed. This can be arranged by using suitable deflexion wave¬ 
forms for the X and Y plates combined with a modulation or ‘bright up ’ waveform 
applied to the modulator (brilliance control) electrode of the c.r.t. consisting of what 
are called ‘ clock pulses ’. Thus the waveforms shown in figure 13 result in a display on 
the c.r.t. face as shown, comprising sixteen separate bright spots, each of which can, if 
they are adequately spaced, be treated as an independent storage element. This 
arrangement is clearly suited to the storage of ‘sequentially’ represented numbers 
since the elements 0,1,2, 3 of any ‘line’ are scanned sequentially. The arrangement 
shown would hold four four-digit numbers, one to each line, and would have no 


digit — 0 1 2 3 
number 0^ • • • 



dark'grid' ‘clock? piulses'? ' 
— 

Figtjbb 13 
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practical value. However, the ‘4x4’ array was only introduced for ease of des¬ 
cription, and similar waveforms permit arrays of say thirty-two lines, each containing 
thirty-two digits, to be set up. 

It should be noted that in arrays of this kind the location of a given digit is not 
defined geometrically as being at a certain point on the c.r.t. face; it is defined in 
terms of two deflecting potentials, or more conveniently, since the ‘clock’ pulses 
break up the linear X sweep into operative and inoperative times, in terms of a clock 
pulse number or digit number coimted from the beginning of the sweep, and a line 
number representing the number of equal downward steps of Y shift counted from 
the top. To test the content of an element the relevant deflexion voltages must be 
reproduced to a high degree of accuracy; with thirty-two fines and thirty-two digits 
a 3 % error will correspond with an error of one digit or one line. 


The two states of an element 

The two states of each element necessary to represent 0 and 1 in binary numbers 
have been chosen as a ‘ dot ’ for zero and a ‘ dash ’ for unity, see figure 14, in which the 
top diagram refers to the number 0000 and the lower diagram to the number 0100. 
The ‘ dash ’ is created from the dot simply by adding an additional period of brOfiance 
to the short pulse producing the dot, as indicated. 


0 0 0 0 

• 0 0.0 
0 12 3 


nxunber 

appearance 


JT_ri_rLrL 


grid waveform 


^— amplifier 


output waveform 


0 10 0 uumber * 

O lO O appearance 

grid waveform 

amplifier output waveform 
Fiotob 14 

When this display is laid down in one sweep of the c.r.t. spot (i.e. "written’) it is 
found that when the beam next sweeps over the elements, the amplifier delivers 
signals characteristic of the stored pattern as shown. In particular at the instant of 
" bright up ’ of each element a pulse is delivered which is negative if the element was 
a dot andispositiveif the element was a dash. Space will not allow of an explanation 
of this experimentally established fact. Stored information can thus be recovered, 
or "read’ from the store. In general it is necessary that the process of "reading’ 
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should not eradicate the stored information: to prevent this it is necessary to cattse 
the * reading ’ beam to' rewrite * what it reads. The process as regards a single element 
must be: 

(1) Leave the previous element. 

(2) Test the state of the present element and feed out the information. 

(3) Eetum the element to the state in which it was found. 

(4) Leave the element. 

Fortunately, this can be arranged to occur since the 'reading’ or 'state testing’ 
pulse is simply the' dot’ pulse which represents zero, and if zero is found to exist in 
the element the mere process of reading with a dot pulse has returned it to that state. 
On the other hand, if unity is found, the positive pulse indicating this fact occurs 
during the' dot ’ pulse, and is available in plenty of time to be used to instruct the c.r. 
beam to draw out a dash in this element. This is done by causing it to operate a ' gate ’ 
which controls the duration of the intensification pulse, and transmits a dot or a dash 
as instructed by the amplifier. The arrangement is as in figure 15. 



pulses pulses 

Figure 15 . The gate transmits (a), dot pulses if the amp. output is negative; (6) dash pulses 

if the amp. output is positive. 

Begeneration of stored information 

A charge distribution on an insulating surface is not maintained indefinitely, it 
leaks away and 'spreads’ after a time dependent on the surface insulation. With 
ordinary c.r.t. screens the distribution ceases to be recognizable after a second or less, 
though with other surfaces storage periods of several hours have been observed. 

♦ Leakage effects are unimportant provided the record is 'read’ and 'rewritten’, as 
explained in the previous section, at intervals short compared with the leakage time 
of the surface, since at each 'reading’ the distribution is set up anew. 

Arrangements are therefore made to cause each line to be read at frequent intervals 
by scanning the array of elements continuously. Waveforms such as those in figure 13 
are suitable in all respects except that the content of each 'line’ only becomes 
available when its turn in the sequence is reached. To eliminate the waste of time this 
would involve the lines are not scanned in the order 0, 1, 2, 3, 0, 1, 2, 3, ..., 

where p is the number of lines in the array, but in the order 0, 1, n, 2, ti, 3, ..., 

P, TZr, 0, 1, n,..., in which n is any line number. The number n can be changed at will 
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without altering the ordered sequence with which it is interleaved. The intervals 
during which the ordered sequence occurs are called ‘ scan phase ’ intervals, those in 
which the chosen line is swept are called ‘action phase’ intervals. The ‘scan phase’ 
intervals represent tune set aside for the sole purpose of ‘regenerating’ the stored 
information. Each interval lasts about SOO/isec. and with thirty-two lines in the 
array each hne is ‘regenerated’ every 20msec. In order to ensure that information 
written into the store or read out of it shall relate to the chosen line n, it is necessary 
to gate the input and output arrangements so that they are operative only in the 
action phase intervals. 

As noted earlier, the recovery of a stored digit with complete freedom from un¬ 
certainty demands the accurate reproduction of two deflecting potentials and also 
infers constant deflexion sensitivity. In practice, this demands highly stable supply 
voltages, components and valves, but the period over which this high stability is 
required is the interval between successive visits to a given digit, in this case 20 msec. 
It follows that slow drifts in supply voltages, component values and valve character¬ 
istics are innocuous provided the changes they introduce during 20 msec. ^ are 
negligible. Such slow drifts merely cause the stored pattern to drift across the storage 
surface without change of shape or loss of control of the individual digits. The 
problem of recovering a digit thus reduces to the problem of reproducing a pair of 
potentials (or a clock pulse number and a line shift number) with negligible departure 
from the values relevant not more than 20 msec, earlier, rather than the reproduction 
of two absolute shift potentials. This is a major advantage of frequent regeneration 
and no attempt has been made to use screens with long inherent memory times for 
this reason. Furthermore, long memory time appears to go hand in hand with slow 
setting up of a wanted distribution. With the present arrangement the state of an 
element can be changed from zero to unity in 4/tseo., the reverse process occupying 
1/isec. only. 

Experimental remits 

Stores have been operated with thirty-two lines and with sixty-four lines, each line 
contaming thirty-two digits; 12 in. diameter cathode-ray tubes were used.’ By means 
of a typewriter with keys numbered 0 to 31 it was possible to convert any digit in the 
chosen action line from 0 to 1 or vice versa. The action line was selected by a series of 
switches contributing amounts of shift 1,2,4,8,16, etc. By this means any desired 
pattern could be set up and watched on a monitor tube for spontaneous changes. 
For easy recognition, words were delineated on the array as shown in figures 16 and 17; 
in one case the writing is in zeroes on a matrix of ones aaid in the other the reverse is 
true. Storage periods of 4Jhr. have been observed, during which period about 10® 
separate regenerations of a digit occurred without error. 

The area needed to store a single digit depends on the accuracy of focus of the c.r.t. 
spot. More recent experiments indicate that with good focus 2048 digits can be 
stored in a square of 10 cm. side on a -6 in. c.r.t. ' 

. Time-scale 

The time-scale of the system is O/iseo.'/digit, which is much slower iiian the time- 
scale of projected ‘delay tank’ storage systems. On the other hand, some time is 
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s 

saved by the fact that access can be had to any line without waiting for it to appear 
in the ordered sequence. The slower time-scale is advantageous in the engineering 
sense, in that the various gate circuits, computer elements and so on, can operate 
more slowly, permitting some underruiming of the valves employed. The time-scale 
is set by the time taken to cause a change of state in an element, it might be speeded 
up by a factor pf two; but unless super high-speed computation is essential the slower 
rate is preferred on aH counts. 



FlGtTRB 16 


Figxxre 17 

This storage has been developed in the Royal Society Computing Machine 
Laboratory at Manchester University. The development has been materially 
assisted by T,B.E., Great Malvern, and particularly by Mr J. Kilburn of that 
establishment, who is at present attached to the Laboratory. The system will be 
described in full in a forthcoming I.E.E, paper. 
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The atjtomatio ooMPtriiNa enoinb at the National Physical Labobatoey 

By J. H. Wilkinson 

Since the machine which is being built at the National Physical Laboratory is 
a serial, digital, computing machine using a delay line type of memory it has much in 
common with the machine which has already been described by Dr Wilkes, and for 
this reason I do not intend to describe it in detail. There are, however, one or two very 
important respects-in which our machine differs from other proposed delay linA 
machines and I propose to speak mainly about these diflferences. 

It has often been claimed that the cathode-ray tube type of storage provides 
a faster machine than the delay line type of storage, for the same pulse rate, because 
it is necessary to waste time in a delay line machine in waiting for instructions to 
become available. It is true that if instructions are placed in consecutive positions in 
the memory, only one instruction at most can be obeyed for each transit time of 
a delay line. If, however, the successive instructions are stored in such positions in 
the memory that the next instruction is available immediately on the termination of 
the current instruction, this delay can be avoided. In order to take advantage of this 
increasein speed it is necessary to have a number of short tanks, each of which stores 
only one standard number as compared with thirty-two in the long tanks. As long as 
we are manipulating numbers which are stored in the short tanks it is possible to obey 
as many as sixteen instructions in one transit time. It might be imagined that since 
most of our numbers must necessarily be stored in long tanks it would not often be 
possible to take advantage of this arrangement of our instructions. Experience in 
coding shows that this is not true because a great number of instructions in any in¬ 
struction table are concerned with such jobs as counting the number of times a 
repetitive cycle has been traversed, performing discriminations and so on, and these 
operations may be carried out in short tanks even when the main problmn with which 
the table is concerned applies to numbers stored in long tanks. Another feature of 
our method of coding which is not foimd in other electronic computers which are being 
designed, is that we can perform arithmetic operations on sequences of consecutive 
numbers in long tanks (and repeated operations on numbers in short tanks), with a 
single instruction. This leads to a considerable sunphfication in the instructions 
needed for many computations, particularly those involving two dimensional 
meshes of numbers, and gives a further increase of speed. 

The combined effect of these two features of our coding and logical control is that 
the delay line type of memory compares quite favoiuably with the cathode-ray tube 
type of memory in respect of speed, and at the same time the logical control can be 
made somewhat simpler. 

Although a soimd code is a sine qua non of any efficient automatic computing 
machine, it is far from being the only problem involved in programming. Before the 
detailed coding of any large scale computing problem can be started it is necessary to 
undertake a considerable amount of preliminary planning and this stage of the work 
is almost completely independent of the method of coding adopted for the machine. 
In our experience it is this part of the programming which is the mpst formidable 
and once it has been completed the detailed coding, using mther our code or the code 
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adopted by the Princeton group, is comparatively straightforward and often takes 
quite a small percentage of the total time. Since the programming is likely to be the 
main bottleneck in the use of an electronic computer we have given a good deal of 
thought to the preparation of standard routines of considerable generality for the 
more important processes involved in coiliputation. By this means we hope to reduce 
the time taken to code up large-scale computing problems, by building them up, as it 
were, from prefabricated units. In order to make the standard routines as general as 
possible they are usually constructed with a number of parameters. For example, the 
routine for solving linear equations might be of the following type. Given A, B,n 
and cZ in certain positions, it produces the solution to d binary places, of the set of 
linear equation of order stored in the memory beginning at position A, the posi¬ 
tions in the memory beginning at position B being used for calculating the residuals 
and other subsidiary tasks. Since these basic routines are hkely to be of very wide 
application it is permissible to spend much longer in producing efficient tables for 
them than would otherwise be the case. It has been our practice at the N.P.L. to 
carry out concurrently with the theoretical development of a general routine, a 
practical investigation on desk calculating machines. This is not because we regard 
the weapons of mathematical analysis as inadequate for the task but because it is 
easy to overlook difficulties which will arise in some directions and conversely to 
overrate difficulties which will arise in other directions if the practical investigation is 
omitted. This is particularly true of such difficulties as ensuring that all numbers 
derived lie in the permitted range and that the process adopted is stable with respect 
to rounding-off errors. 

We are of the opinion that success in programming for an electronic computer will 
depend more upon the development of an adequate method of organizing these 
standard routines and integratmg them into large-scale computing problems than 
upon any other single factor. 


Recent comftjteb pbojeots 
By a. D. Booth 

A.R.O. (Automatic Relay Computer) is a part relay, part electronic calculating 
machine now nearing completion at the laboratories of the British Rubber Producers 
Research Association, Welwyn Garden City. 

This machine is a digital computer, capable of dealing with any problem which can 
be expressed in terms of the processes of ordinary arithmetic. 

It comprises an arithmetic unit and control, both constructed of standard tele¬ 
phone relays, and a memory which consists of a rotating drum on which data is 
impressed in the form of magnetic impulses. Binary scale is used, and the machine is 
constructed primarily to work to 6-decimal accuracy, though numbers having any 
multiple of this number of ffigits can be handled. 

When a problem has been prepared for the machine the sequence of orders and any 
necessary imtial data will be punched on to teletype tape and transferred from there 
to the memory. Results will also be recorded on tape. 
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The main bulk of construction is now complete, and the machine has been in action 
as a multiplier, multiplying two 20 digit binary numbers in Jsec. A dividing unit 
which works at the same rate is also complete. 

A second machine, similar in layout but entirely electronic, is shortly to be built at 
Birkbeck College, University of London. It is hoped that this machine wiU have 
a multiplication time of 100/isee., and a memory for 4096 numbers, and will therefore 
be able to deal with problems of complex crystal structure analysis and of mathe¬ 
matical physios which are beyond the range of the slower relay machine. 

Rbpbkenobs 

* 

IsTeumaim, J. von & Goldstine, H. H. 1947 Bull, ATmr, Math, Boc, 53, 1021 to 1099. 
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The nuclear /3-spectra of thorium B—and C-*C', and the 
intensities of some /3-ray lines of thorium (B-f-C-fC") 

By D. G. E. Mabtin, University of Liver fool 
. ABD H. 0. W. RiOBAjaDSON, University of Edinburgh 

(Communicated by N. Feather, F.R.S.—Received 23 October 1947— 

Revised 6 May 1948) 

% 

The ^-spectra of Th(0+C") and Th(B + 0+0") have been measured using semioiroular 
focusing. The sources were mounted between two thin films to prevent the escape of ThC'^ by 
a-reooil. The intensities of seven of the >^-ray lines were measured and the continuous spectra 
of ThB.C and ThO.O' were found by subtraction using the known spectrum of ThO'*',I>. 

The end-point of ThC.C' is at 2*260MeV, and the shape of the yff-ray spectrum 

differs but little from that of an allowed transition for energies above 0*9 MeV. A detailed 
comparison is made with the shape of the compound spectrum required to account for the 
known y-rays of ThO', using the theory of forbidden transitions. A spin change of AZ = ± 2 
is ruled out, but AZ = 0 or ± 1 is possible. 

The /^-speotruan of ThB seems to be composite with its principal end-points at 0*331 and 
0*669 MeV. The intensity of the high-energy transition between the ground states is about 
0*12 ±0*02 electrons per disintegration* The K internal conversion coefficient of the F y-ray 
was found to be about 0*377, 16 % higher than the theoretical value for ma^etic dipole 
radiation, 

1 . Introdtjotion 

Measuxements of the p-v&y spectrum of Th 0 "-J-D have recently been given by 
Martin, Richardson & Hsil ( 1948 ) in a paper to, be referred to as MRH. By sub¬ 
tracting this spectrum from the combined yff-spectrum of Th(0+C") deternmed 
with the same spectrometer, the hitherto little-known spectrum of ThC->-C' has 
been obtained. These measurements, together withsome of the spectrum of Th B -> C, 
are described below.* 

* The es^erimental work described in this paper was carried out in the Gteorge Holt Physics 
Laboratory of the University of Liverpool during the period 1946-7. 
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The nuclear spectrum of Th0->0' is found to have a shape ■which ditfers but 
little from that predicted by the Fermi theory for a single allo-wed transition. In 
particular, the high-energy end-point seems to be approached linearly (figure 4) 
in disagreement ■with the result of Ahchanian & Nikitin ( 1938 )) 'who found a steeper 
approach near the end-point suggesting a fimte neutrino mass. 

The half-life of 60-5 min. makes the transition either first or second forbidden, 
so that it is of interest to look for the deviations from the allowed transition shape 
which are predicted by theory for forbidden transitions. The number of /?-counts 
was large enough to keep the statistical standard deviations below ^ %, and the 
so'uroes were mminted between very thin films to avoid back-scattering and distor¬ 
tion due to loss of Th C" projected by the a-recoil from Th 0. Some mcertainty, 
however, arises because the ThC^C' y^-transition is not in fact simple, and the 
relative intensities of the component partial spectra are in doubt. 

An interestiog result is that there seems to be a small deficit of low-energy yd-rays 
in figure 4 which is difficult to explain by absorption. The theoretical implications 
of such a deficit have been discussed by Lewis & Bohm ( 1946 ). 

The spectrum of Th B ->■ C is found to have a main component of energy 0 - 331 MeV 
and a weak high-energy component of 0*569 MeV which very probably arises in a 
direct transition to the ground state. 

The opportunity has been taken to redetermine the absolute intensities of some 
important yff-ray lines and to find the internal conversion coefficient of the strong 
F y-ray of Th B C, using a value for the excitation deduced from the strengths of 
the components of the complex continuous yff-spectrum. The use of a rotating coil 
made it possible to measure the areas of some of the strong lines directly in terms of 
the magnetic field. 

2. GBIOBE-M^eXLBE TUBE 

The magnetic spectrograph has been described in MRH. The /J-particle counts 
were registered by a scale of 32 unit fed from a discrimmator having a fairly constant 
dead-time of about l*3x 10 “*sec. The Geiger-MuUer tube of 1 cm. diameter was 
filled with 2 cm. pressure of alcohol vapour and 10 cm. of argon and had a gas 
reservoir of about 85 cm.®. The gas was changed frequently, but in spite of this, 
changes of counting efficiency of the order of 2 % sometimes occurred during the 
course of a run. These changes can be detected in figure 3 and are presumably due 
to decomposition of the alcohol. They provide the chief limitation of accuracy. 

The correction for loss of counts caused by the mica window of the counter of 
2 mg./om.® thickness was made by using the formula 

l-J,IIo = KI{Hp)^. ( 1 ) 

This formula, found by Schonland ( 1925 ) to express the absorption in thin alu¬ 
minium, gave fair agreement on comparing the low-energy end of our spectrum of 
Th (B-hC-fC'') with that of Flammersfeld { 1939 ) who worked with negligible 
absorption. For the jP-line {Hp = 1386) the correction is 4 %, which is much less 
than the 19 % given by the absorption curve of Martin & Townsend ( 1939 ) for a 
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different geometry. To use the higher value in the present work ’would destroy the 
agreement with Flammersfeld’s intensity for the jP-line and make its internal 
conversion coefi&cient very high. 


3. Prepaeation op the sotoces 

• 

For sources of Th (B + 0+C") aluminium leaf of 0-13 mg./cm.* was exposed on 
one side to thoron in an electric field through a slit-shaped opening 6 mm.'wide for 
times exceeding 22 hr. The active surface was then pressed against a filTin of cellulose 
nitrate of about O-Olmg./cm.* which rested on a second layer of aluminium leaf. 
The celluloid was made adhesive by mixing it with partially polymerized gl 3 ^tal. 
The resulting sandwich was out into a strip 9 mm. wide which was then clamped 
m a holder in the spectrograph with its active side towards the focused beam so 
that the latter did not have to pass through the cementing celluloid. 

For sources of Th (C + C") the method of selective deposition on nickel was used. 
First, gold leaf of 0-18mg./om.* was supported on a thin celluloid film and a small 
area of nickel about 0-6 cm. wide was electroplated on to the gold to a thickness of 
about 0 - 2 mg./cm.*. After washing the leaf, a drop of Th(B + 0+ C") in h/10-HOI 
containing some inactive lead was placed on the nickel and warmed to about 
60° C for a few minutes. The drop was then removed and the residue of the solution 
was washed off by a jet of water -with total immersion. The remaining nickel layer 
was very thin because most of it was dissolved away by the H/lO-aoid. 

Finally, the source was either mounted round the edge by cementing it to a ring 
of aluminium foil of Img./cm.*, or covered with aluminium leaf of 0-13 mg./cm.* 
and mounted as a strip in the way described above. In neither case did the focused 
beam pass through the gold leaf. 

In spite of the presence of inactive lead in the solution, traces of the lead isotope 
ThB were always deposited when sources were prepared in this way. The resulting 
small radioactivity was measured after that due to Th C (of 60-6 min. half-life) had 
decayed away and the necessary corrections were subtracted. 


4. AsSIGHMBHT OE /ff-EAY MOMENTUM 

To measure the magnetic intensity, a coil was rotated at constant speed ha the 
field by a synchronous motor controlled by a tuning fork. The generated voltage, 
after mechanical commutation and smoothing "with a high-impedance low-pass 
filter, was measured by a vernier potentiometer. The constant factor needed to 
convert the voltage reading to the average Hp value of the beam of >5-rays entering 
the counter was found by accurately measuring the shape of a strong y?-ray line and 
finding its centroid. To the voltage reading at the centroid -was then assigned the 
value of jffp found for the line in the absolute determination of ElMs ( 1932 ), corrected 
for the retardation A{3p) caused by the 0-13mg./cm.* of aluminium which covered 
the source. The values of A(fl'p) were deduced, taking count of the factor oosec 22 ° 
arising from the inclination of the source to the focused beam, from the results of 
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White &, MiUington ( 1928 ) for mica and are given in table 1. When compared with 
the shapes of other lines, that of the strong J’-line showed an anomaly which is 
discussed below. The constant factor for converting voltage to Hp was therefore 
found from the centroids of the L and M lines. 


5. IlSWENSITIES OE THE LIHES 

Intensity measurements were made of certain yJ-ray lines, some of which are shown 
in figure 1 , using a strong source of about 10 me. To reduce statistical errors about 
20,000 counts per point were usually taken, but for the weak 0 and P lines, for which 
the heights were less than 10 % of the continuous background, the numbers were 
30,000 and 50,000 per plotted point. 



Eigube 1. >^-ray lines. The anomalously large low-energy foot of the Pdine can be. seen. 

The abscissa is the voltage generated in the rotating coil and is equal to jffp/2956. 

Compared with the L and M lines, the P-hne in figure 1 can be seen to have an 
abnormally large low-energy tail. The broadening seems not to be due to the ordinary 
straggling of the yff-rays in passing through the aluminium covering the source, 
although this effect should be most in evidence at low energies. The theoretical 
broadening due to straggling was calculated for the P-line using the integral equation 
of White & Millington (iqaS) and was found to be only 1 % of the natural width of 



291 


Nuclear ^-spectra of thorium B-^C and C->C' 

the line due to the geometry of the source and slits. For energies above 0'4MeV 
this broadening should be quite negligible, and the height h of the line in counts/min. 
should be proportional to its intensity in eleotrons/disintegration. Since the width 
of the F-line was smaller when weak sources were used, it is possible that the 
anomalous broadening was due to the formation of aggregates on the source or to 
deposition of an organic product due to decomposition by irradiation. 

The whole area of the jF-line was measured, and its ratio to the area below the 
Th (C + C") momentum-distribution curve was found after correcting for absorption 
, in the mica. Multiplication by the factor 1-106, the number of disintegrations of 
Th C which accompany each disintegration of Th B in transient equilibrium (Arnoult 
1939 ), then gave its absolute intensity. The means of several measurements of the 
lines are given in table 1 . The value for the JD-line was found from the area, but for 
the other lines both areas and heights h were used. No systematic change in the 
ratio axe&jh was found for energies above the i-lme at 0-42 MeV. The probable 
errors range from 2 % for the strong lines up to 7 % for the weak ones. 


Table 1. Valltbs of the httehsities of the likes ik bleoteoks bee dis- 

INTEGEATIOK, WITH THE EBStrLTIKG y-TEAKSITIOK PEOBABHilTIES 
OALOIJLATBD FEOM THE THEOEBTIOAL OOKVBESIOK COEFFICIENTS CC^ 


fi-T&y line 

F 

G 

L 

M 

0 

P 

X 

Hp (EUis 1932 ) 

1,386 

1,594 

2,603 

2,887 

3,416 

3,924 

10,000 

retardation A(Hp) 

3-7 

3*2 

2*1 

1*9 

1*7 

1*6 

1-4 

% loss in window 

4-1 

2*3 

0 


— 

— 

— 

emitting nucleus 

ThC 

ThB 

ThB 

ThB 

ThC' 

ThB 

ThB 


31-3 

2*64 

1‘84 

1*66 

0*106 

0*262 

0-178 

values of Flammersfeld 

30-8 

2*68 

2*21 

1*72 

0*127 

0*251 

0-230 

internal conversion coeiEcient ( 1 ) 

0*326 

0*24 

0*0706 

— 

0*0165 

0*0108 

0*0017 

( 2 ) 

— 

— 

— 

0*021 

0*0136 

0*0092 

0-0015 

transition probability py ( 1 ) 

0*96 

0*11 

0*26 

— 

0*064 

0*24 

1*03 

( 2 ) 

— 

— 

— 

0^64 

0*078 . 

0*285 

1-19 


For the F, G and L rays is given for magnetic dipole (m.d.) radiation. For the others the 
lower row is for electric quadripole (h.Q.) and the upper is the ‘empirical’ (mixed) value of 
Hulme, Mott, Oppenheimer & Taylor ( 1936 ). pr for the M ray is corrected for the coincidence 
of the M yff-hne with the conversion electrons ejected from the L shell by the L y-ray, assuming 
= 6 :1. The branching ratio for ThO is taken to be 0-337 (Kovarik & Adams 1938 ). 
The values of If quoted from Flammersfeld ( 1939 ) have been recalculated, using his area for 
the Th(C-fO'') continuous spectrum to represent one disintegration of ThC or (1-106)“^ 
disintegrations of ThB. 


6 . The nctolbae fi-sAYS of ThC->C' 

The momentum distributions of the decay electrons are shown in figure 3 before 
and after subtracting the Th C* -» D spectrum of MRH. 

The low-energy part of the Th C->-C' spectrum derives from experiments with 
sources of Th C and shows greater random errors than does the high-energy region 
for which Th (B -I- 0 -f- C") could be used. The errors arise from the smaller numbers of 
counts, from fitting the spectra, and in correcting for ThB contamination. 

Some points were found using an tmcovered source* of Th C. They can be seen to 
be in fair agreement with the others which suggests that little.distortion was pro- 
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FraTOB 2. The X-line and the high-energy tail to the ^^-spectrmn. 



ItoTOE 3. Momeatum distributions for (a) ThCB + C+C"), (6) Th(C+C") and (c) TbC. The 
valu^ oiSp for the points + for curve (o) were obtained from the magnet current using 
^alibmtion curve. The uncertainty in Hp is a little greater than for the points O and □. 
The pomts ® and O were obtained with covered sources of Th (0 + 0") and the points + 
urath ^ uncovered source. The experimental points are not corrected for absorption in 
•the imca wmdow which is estimated to be 13 % at Bp = 1060. 




^{N/F) 
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duced by the covering. The loss of Th C" by a-recoil from this source was measured 
and corrected for. The value found for the loss, about 40 %, showed that the source 
was clean. 



e in me,® 


Figubb 4. Comparison of the /^-spectrum of Th C. C' with the theory of allowed and first 
forbidden transitions. Curve (a) Th(B + C); (b) Th(C+C^); (c) ThC; (d) a composite 
spectrum of two components of energy 5*40 and 3*99 W 20 ® and the allowed shape; 
(e) composite with main component of the first forbidden tensor (4) shape (curve 4 in 
figure 6); (/) composite with main component AJ = ± 2. The end-points of the y^-spectra 
corresponding to excitation of the levels in figure 6 are indicated by vertical arrows. In 
curves (d), (e) and (/) the intensity of the 3'99 wo® spectrum is taken to be 6*6 %. 

FiGXJitB 4 a. The high-energy end of the Th C. C' spectrum. 


The spectrum is compared with theory in figure 4, where ^{NjF) is plotted against 
the electron energy e. e includes the rest energy and is in units mc^ = 0-51089 MeV. 
For an allowed transition, 

^ 2(1 + >8) I T{8 + (iaZe)lp) e(^« 

{T{l + 2S)f ’ > ^ 

where S - r is the nuclear radius in units hj^irmc, p 

(= Hp/1704-2) is the electron momentum in units me and jZ (= 84) is the atomic 
number of the product nucleus. ^ . . 


^(NIF) 
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The spectrum does not differ much from the straight-line shape predicted for 
a ain gift allowed transition, except at low energies. It must, however, be complex in 
order to account for the y-rays of Th C', which are too weak in intensity to arise 
from the 100 % yfi-excitation of a single excited state of Th 0' by /J-transition. For 
the same reason the main y?-decay must be to the ground state of Th C\ 

A curious feature of figure 4 is the fall in ^j{NjF) at the low-energy end near e = 1 . 
This seems difSoult to explain by absorption and is discussed in § 8 . 


7. The hioh-bk’eegy eegion oe the combined spbotehm 

TheTh C end-poiut at e = 5-406 ± 0-006 me* or 2-2606 ± 0-0026 MeV is approached 
linearly (see figure 4 a) apart from random deviations which are probably not 
significant. This result differs from that of Alichanian & Nikitin ( 1938 ) who found 
that the last 60keV of the spectrum showed a steeper descent than predicted by 
the Fermi theory if zero neutrino rest mass is assumed. 

A weak high-energy tail to the combined Th(C-l-C'') spectrum can be seen in 
figure 2 ending under the A-line. Beyond the Za-line the counting rate seemed to be 
independent of Hp and, in agreement with Bradt, Halter, Heine & Scherrer ( 1946 ), 
we found no sign of an internal conversion line due to a 3-2 MeV y-ray. An intensity 
of 1 % of that of the A-line would have been detected. 

A high-energy tail is also shown in the curve of Henderson ( 1934 ) for Th O' ->-D. 
In our case it must be due partly to Compton recoil electrons ejected from the 
0-13mg./cm.* of aluminium which covered the source. This, however, cannot be 
the full explanation, since it was still present with an uncovered source and it extends 
into a region between the maximum energy of the Compton electrons at 2-39 MeV 
and the A-line at 2-63 MeV. The possibility that such a tail might arise from the 
ejection of bound electrons by ‘internal scattering’ (Curie 1936 ) of the A y-ray in 
the parent atom has been discussed by Cooper & Morrison ( 1940 ). They estimated 
the number of ejected electrons between 2-39 and 2-62 MeV to be ^ of the number 
in ,the A /?-ray line. This agrees with the figure of 60 % fotmd in the present 
work. On the other hand, the possibility remains that some of the tail is due to a 
very weak y?-transition to the excited state of Pb*®® expected to lie at 2-62 MeV (the 
presumed initial state for emission of the A y-ray). 


8 . ^-EXCITATION OE THE BNEEGY LEVELS OE ThC' 

A possible level scheme for Th C’ is shown in figure 5, though in this diagram the 
only levels which can be assigned with certainty to ThC' are those at 1-80 and 
0-726 MeV, which give the well-known groups of long-range a-rays. 

The figure gives the estimates of Latyshev & Kulchitsky ( 1941 ) for the transition 
probabilities p'J' deduced from the intensities of the Compton recoil groups. 

The two close levels at 1 • 80 and 1-62 MeV are probably excited by the yff-rays which 
cause Ihe increase of slope in curve c (figure 4 ) which occurs near e = 2-0. The 
increase seems to be compatible with the combined intensity of 8-3 % for the two 
levels given in figure 6 . 
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Passing finally to the •well-estahlished level at 0'726MeV we find no appreciable 
change in slope of the spectrum corresponding to the y?-rays with end-point 'at 
e = 3-99 me® which should excite this state. The change in slope to be expected is 
shown by curve (d), figure 4, assuming ^-spectra of the allowed shape and taking the 
lowest value of yi?-excitation compatible with the intensity of the 0 internal conver¬ 
sion line in table 1 . This lowest value of 6-4 % is obtained by choosing the ‘ empirioal ’ 
value of ajg;of Huhne etal. ( 1936 ) which obeys the spin selection rule AI = 0 or +1 
with no change of parity. An intensity of this order has been found by the present 
authors from measurements of the ‘external’ photoelectron spectrum ejected by 
the y-rays, but Johansson ( 1947 ) has suggested a higher value of 18 %. However, 
the latter value is less than the 24 % predicted for electric dipole radiation (for which 
ocs: is 0-0044) and is thus diflacult to relate to the theory of internal conversion. 




5 - 1 % 

3-2 

% 

0 





Figube 6. Possible energy levels 


1-62 


% 

.g 


0-726 


0 

ofThC'. 


The experimental spectrum seems to be straighter than curve (d), and this might, 
be explained in three ways: 

(1) The 0 y«ray may be in cascade with y-rays from the upper level such as that 
which gives the weak Pa line. It cannot yet be said that enough cascade 
y-excitation has been found. 

(2) The main yff-decay between the ground states of Th C and Th C' may deviate 
from the shape usually assumed for an allowed transition because of the presence of 
a factor (1—a/e) in the expression for the probability of electron emission with 
energy This factor has been shown by Hoyle (193 7) Q'rise from the cross- 
products which occur if the expression for the interaction in ^-decay contains a 
linear combination of the five possible invariants instead of a single invariant. The 
greatest possible value of a is unity, giving curve 1 in figure 6. 

If a is adjusted to some value less than 1 the observed shape of the spectrum can 
be explained, including the fall in aJ(NIF) at low energies. The latter effect may be 
similar to that found by Backus ( 1945 ) for the electrons of Cu®^, but its reality with 
Th C->- C' is not established with certainty owing to the technical difficulties. 

( 3 ) The main yff-decay may be a first or second forbidden transition, as is suggested 
by the half period of 60-5 min. This might give sufficient upward convexity to the 
graph of ^{NIF) to mask the change of slope at e == 3-99 mc^. It cannot explain the 
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fall in at low energies without again invoking the hypothesis of a ^-inter- 

action which is a linear combination of invariants. 



KanBE 6. Theoretical correction factors O for spectra with end-points at e « 6-40 me® for 
Z ~ 83. The corrected spectrum has the ordinate ON, where N is the value for an allowed 
transition. The relations between C and y for the curves for first forbidden transitions are 
given in table 2. Curve 1 gives C = yl20 = (1 — 1/e), the factor for an allowed spectrum 
with the maximum possible low-energy deficit. 

9, COMPABISOIS' WITH THE THEOBY OE EOBBIDDBH TEAKSITIOHS 

We use the notation of Konopinski & Uhlenbeck ( 1941 ) in their treatment of the 
Fermi theory of forbidden yff-transitions. It appears that about fifteen different types 
of matrix element are possible in a first forbidden transition, giving spectra of nine 
different shapes. The shapes can be found from the correction factors C plotted in 
figure 6 and written out in table 2, which also gives the selection rules for the nuclear 
spin quantum number I. 

The table omits the pseudo-scalar interaction and other cases which give a spec- 
t:^um of the allowed shape with G = constant. If the yff-interaction contains only one 
of the five possible invariants, only a few of the fifteen matrix elements can con¬ 
tribute simultaneously to the decay. If, however, a linear combination of the 
invariants is present, then in addition to the contributions in table 2 we may expect 
others of different shape due to the cross-product terms mentioned in § 8. For the 
case of a smgle invariant, the matrix element giving curve 8 arises as a cross-piy)duot 
between the appropriate element which gives curve 3,5 or 6 and another which gives 
C = constant. The cross-product contribution may be expected to be small. 
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Table 2. Oobeeotion eaotobs C and spin selection rules 



EOB EIBST EOBBIDDBN TRANSITIONS 




curve and 
ordinate scale 

nuclear spin 

y^-ray interaction 

correction, factor C 

for C in figure 6 

change A7 

scalar 

+ 2£i -f Jkf«+2&J7o/3 

2a 

2/ +178*6 

0, ± 1, but no 0 ->*0 



2b 

2/ + 138*6 


axial vector 

k^Lo/e+LJ2+M0+ ZkNolZ 

3a 

2/+178*6 

0, ± 1, but no 0->*0 



36 

2/+138*6 


tensor 

k’‘Lo/d+Mt+2kNJ3 

4ia 

3/+178*6 

0; 0->0 is allowed 



46 

138*6 


vector 

k»LJ3 -f 2Li +.Ma- 2kNJ3 

5 

a/+178*6 

0, i 19 uo 0 0 

tensor 

' k’‘LJ6 + LJ2 + Ma-2kNJ3 

6 

178*6 

O 9 db 19 elo 0 -> 0 

axial vector 

&®io/9 + Mo-2feMo/3 

7 

2/ + 178*6 

0; 0->0 is allowed 

vector, tensor, axial vector 

kLJ3-N^ 

8 

3//2 

0, + 1; no0“>0 

tensor and axial vector 

k’>Loll2 + 3LJ4t 

9 

y 

0, ±1, ±2; no0-^0, 





or l<->0 


The coustaxit 178-6 = (1 — S)j%r^, where S = 0-80 (equation (2)) and r = 2-367 x 10"%/27rmc. 

The theory gives a definite result if the spin change of the nucleus is AI = ± 2. 

In this ease only the matrix element SI I® can cause d-decay, with the strongly 

a 

varying correction factor of curve 9 in figure 6. The resulting compound spectrum 
is shown by curve (/) in figure 4 which contains, as before, a component of allowed 
shape and 6-6 % intensity added to excite the 0*726 MeV level. The compound shape 
is clearly too curved to agree with experiment, so that the spin change for the main 
transition is definitely restricted to A7 = 0 or ± 1. 

Within this restriction we have much snaaller departures from the allowed shape. 
Tor example, the compound spectrum for the tensor factor 4 gives curve (e) in 
figure 4. This curve has a little more upward convexity than is shown by experiment 
and has a deficit of electrons near e = 2-4 me.®. To get better agreement we need 
added contributions from other matrix elements providing spectra of the allowed 
shape, or with downward convexity, or an increased yS-excitation of the 0*726 MeV 
level in excess of 6*6 %. 

Tor a first forbidden transition (with parity change) it is thus not possible to 
exclude with certainty any of the five possible interactions, but the spin change can 
be restricted to be AI = 0 or ± 1. 

Tor a second forbidden transition (with no parity change) there are only two 
possibilities giving spectra of a suitable shape. They are, first, the vector interaction 

with spin change AI = 1 0, with matrix element J*a x *■ aJid. correction factor 3 

in table 2. This type of transition obeys the Termi selection rules and will not be 
considered further. The second possibility is the tensor interaction with matrix 

element Ja * r and the tensor correction factor 4 which again gives curve (e) in figure 4. 

This case requires the yff-transition to be between two states with 1 = 0. Trom the 
purely experimental point of view it remains then of equal likelihood with the first 
forbidden transition with AI = 0 or ± 1. 
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10 . The /S-rays oe ThB 

The graph of ^J(NIF) against e is shown in figure 7. Here N has been found by- 
subtracting values lying on the smooth cmrve for Th (0 + C") in figure 3 from the 
experimental points for Th (B + C+C"). The graph has a high-energy tail showing 
that the spectrum is very probably composite. The possible energy levels which may 
receive j^-exoitation are shown in the scheme of figure 8 due to Itoh & Watase ( 1941 ), 
with an earlier alternative of Ellis ( 1932 ) given by the broken lines. 



e in we® 


Figtoe 7. ^-speotrum of ThB. Curve (o) ^/(N/F) against e; curve (6) against e, where 

y = The sharp kink near e = 1-64 we* marks the end-point for the strong 

^-transition which excites the F y-ray. 





Figxer® 8 . Possible e^ergy levels of Th C. 
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It is evident that the high-energy tail extends considerably beyond the previously 
accepted end-point at about 0'34MeV (Amoult 1939 ), but the precise upper limit 
is not clear owing to the uncertainty in the underlying spectrum of Th (C-f- C"). 
We can, however, obtain it with some accuracy by an argument based on the high 
intensity pf of the F y-transition. 

Let us first analyze the spectrum into two components, each of the allowed form, 
by the following procedure. We have, for a composite spectrum, 

y = ^{NlF) = {^ 'ZAJe^ - (A^ = 0 for e > ej, (3) 

where A^ is proportional to the square of the matrix element of the heavy particle 
transition to the nth level of the product nucleus. Differentiating, 

= (A„ = 0fore>eJ.. (4) 

On plotting — y{dy[de) against e, as in figure 7, we get an unclosed polygon showing 
sharp kinks at e = e„ because there the slope — S4n suddenly changes. This gives 
a convenient method for finding the end-points e„ in a composite spectrum. 

In figure 7 a kink occurs at e = 1-647 + 0-005 mc^. The change in slope is so large 
that it clearly marks the end-point for a strong /?-transition to an excited state of 
Th 0 which must give rise to a strong y-transition. The only strong y-ray in figme 8 
is the jP-ray of 0-238 MeV, so that theyff-spectrum ending at e = 1-647, or 0-3307 MeV, 
must excite the 0-238 MeV level. The only lower levels available for /^-excitation by 
the high-energy tail are the ground state and the doubtful level at 0-116 MeV. The 
tail clearly extends beyond e = 1 - 88 , corresponding to the 0-116 MeV level, so that 
the end-point must be at 0-33070-2379 = 0-6686 + 0-0026MeV or 2-113»ic®. 

The polygon shows no increase of slope at e = 1-62 me® which corresponds to 
the 0-299 MeV level in figure 8 . This suggests that the F y-ray is strong enough to 
feed the H ray -svhich is sequent to it. The highest level at 0-414MeV must then take 
the bulk of the remaining /7-excitation. No corresponding kink in the polygon at 
e = 1-3 is apparent, but this may be explained by absorption in the mica window. 

The intensity of the /7-decay to the ground state can be found from the area 
of the momentum distribution given by the straight line 4 jB in figure 7, if we assume 
a spectrum of the allowed shape. We get = 0-12 + 0-02 per disintegration of Th B. 

11. The ESTTEBNAIi OONVBBSION OOEEEIOIENT OC^ OE THE J’-UCNE 

According to table 1 the observed intensity of 0-313 for this fine leads to a tran- ■ 
sition probability pr of 0-96 if the theoretical value of for pure M.D. radiation is 
assumed. The figure 0-96 is too high because it leaves no margin for the direct 
/ff-excitatiohp^of the ground state. 

We have, from figure 8 , = 1 

Assuming p^-+p^o = 0-05 ±0-02 and p^ = 0-12 + 0-12, we get p|.= O-SS'+O-OS, 
and hence = 0-377 + 0-014. This is 16 % higher than the theoretical 

value of 0*325. 


20-2 
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In conclusion, we wish to express our thanks to ProfessTor Sir James Ch^wiok 
for his general interest in the work and to Professor W. McO. Lewis fo:^ lending the 
vernier potentiometer. 
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On the mixing of sea water by turbulence 

By j. PEOtTDMAK, P.R.S. 

{Received 22 Afril 1948) 

The theory of diffusion by continuous movements, due to Sir Geoffrey Taylor, is applied to 
the variations, both in time and space, of the distribution of salinity in the sea. It is assumed 
(4'40) that the correlation between certain quantities depending on the turbulence at one 
instant and other quantities depending on the turbulence at a subsequent instant are zero, if 
these Instants are separated by more than a certain minimum interval of time. Formulae are 
■ derived for the distribution of salinity at one time in terms of the distribution at an earlier 
time (4*50), and for the time rate of transport of mass of salt (4^60). It is a consequence of 
these formulae that the coefSloients of eddy diffusion, as usually defined, do not, in general, 
depend only on the state of turbulence, but depend also on the distribution of salinity. In 
certain simple cases, however, the coefficients of eddy diffusion do depend only on the 
turbulence. Such a case is provided by the central region^of the Irish Sea, and the theory is 
applied to estimate the mean current through this region (§5*1). 

1. IlSTTRODTJOTION 

We shall consider the variations of salinity, both in time and space, but the argu¬ 
ments would apply equally well to the variations of temperature when the direct 
effects of radiation are not appreciable. The effects of molecular diffusion and of 
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molecular conductivity are quite negligible compared with those of eddy diEfusion 
and of eddy conductivity, and we shall make no further mention of them. 

We shall denote the time by t and Cartesian co-ordinates by x, y, z. We shall use 
the symbol [ ] to denote a mean value through a fundamental volume centred on 
a particular point and at a particular time. Such a mean value will be a function 
of the time and of the co-ordinates of the centre of the fundamental volume. 

We shall denote the components of mean current \>yU,V,W, and the components 
of the total current by 

U + u, V+v, W+w, 

so that '' [u] = [v] = = 0, (I'l) 

and we shall call u, v, w the components of turbulent current.' 

For the purposes of this paper, the salinity may be taken as the number of g. of 
sea salt contained in 1 kg. of sea water. We shall denote the mean salinity by S and 
the total salinity by „ 


so that 


M = o, 


( 1 . 2 ) 


and we shall refer to s as the turbulent salinity. 

The time rate 6f transport of mass of salt across a small area A perpendicular 

T^pA(U+u)i3 + s), 

where p denotes the density of the sea water, supposed constant and uniform. The 
mean value of this is • i .lyrra , r /i y>\ 


and there are similar formulae for the rates of transport of salt parallel to the other 
axes. 


2. EQUATION'S OB’ OONTTNUITY 

The equation of continuity of volume of water may be written 

|(c-+«)+|.(F+.)+|(r+»)-o, 


( 2 . 10 ) 


and on taking mean values through, the fundamental volume centred on a;, 2 j, 

we deduce that 


From (2-10) and (2.11) we deduce that 


du dv dw _ 
dx^dy- dz ’ 


( 2 . 12 ) 


The equation of continuity of mass of salt may be written 


( 2 - 20 ) 
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■which expresses the fact that the salinity associated -vnth a particular particle of 
water does not change as the particle moves. On taking the mean value of (2-20), 
as before, we deduce that 


f^4. ijl. + y— + W— 


:)-[( 


■ 0 8 0 

'U5- + w^'+-u)5- 
ox dy az 


;)s =0, 


and then, on adding to ( 2 * 21 ) the 2 ero quantity 


we*deduoe that 


(du dv dw\ 
[3a;"^ 02 /"^ dz) 


The coefficients of eddy diffusion are three functions of time and position, Ky, 
Kg defined by means of the equations 

r 1 rr 9 ^ r 1 .. ir r i . IT /o or>\ 

[tts] — [t)5] — Ky^^, [itJa] — ■ Kg^^. (2‘30) 

When the distribution of salt is stationary, we have ZSjdt — 0 , and 
[iw], [i?s], [w], K^, Ky, Kg 


are functions of position only. 

48 a special case, suppose that XJ is constant and uniform, F = W = 0, and that 

S:-= 8fi+8x{y^ + aM), 

where 8^, 8x and a are constants, so that the distribution of mean salinity is 
stationary, and on sections z = constant, the lines of equal salinity are equal 
parabolas with their axes on y = 0 . Then the equations ( 2 * 22 ) and (2'30) yield 

and if we assume that K,. is independent of x and Ky is finite, we deduce that 

Ua—'2Ky. 


An approximate ex^ple of this is afforded by the central region of the Irish 8ea, 
where the mean salinity is practically independent of depth and the lines of equal 
salinity on a chart are approximately parabolas with their axes along the central 
line of the sea (Proudman 1940 ). For the paiabola which has its vertex between 
Holyhead and Dublin we calculate firom the chart that a = 8 km. We shah return 
to this example in §5(1). . • 


The equation ( 2 * 22 ) shows that the part of d8Jdt due to the turbulence is inde¬ 
pendent of the part due 'to the mean current. In the remainder of this paper we shall 
use ^es which are mo'ving, parallel to themselves, "with the mean velocity of the 


water, supposed 
then becomes 


uniform in the region under consideration. The equation ( 2 - 22 ) 


d8, 0 , , 0 , , 0 


(2-40) 
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When V = W — 0,, and the distribution of mean salinity is stationary, 

S, [usl [vs], [u;s], Ky, K, 

are functions of x + Ut, y, z, 

and t , X do not enter otherwise. 

■3. Taxlob’s theory oe eddy nrmrsioiir 

Let i denote a component of turbulent displacement of a particle of water from 
time zero to time t, so calculated that 

m = o. 

Suppose that over a certain region the mean state of turbulence is both constant 
and uniform, so that [m®] is independent both of time and position in this region. 
Let jB{t) denote the correlation coefficient between the components, at times t and 
i+T, of velocity of the same particle of water. Then Taylor (1920) proved that 



(3-1) 

= r R{r)drdr'. 

J J T?«0 

(3-2) 

Suppose that, when t > t^, jB(t) = 0, and write 


2i = JJ‘j2(T)dr; 

(3-3) 

then, for #>Ti, = 

(3-4) 


and [f is a linear function of t. 


We shall apply this theory to the three components vj, ^ of turbulent displace' 
ment, and suppose that definite intervals of time Tj, Tj exist analogous to r^. 

4., VARYDirO DISTBIBirTIOlir OE MEAH SAMNITY 

The mean turbulence may, or may not, be constant and uniform, independently 
of the distribution of the mean salinity. 

Let q(So,t,x,y,z,^,ij,0$Sf,dgS7iS^ (4-10) 

denote the fraction of water at time # in a fundamental volume, whose-centre is at 
X , y , z , for which at time zero the turbulent salinity lay between a,, and Sq + Ss ^, and 
for which the components of turbulent displacement fix»m time zero to time t lie 
'between ^ and and ri + dri,^ and ^+ 8^. Then 

f f f f q.isQ,t,x,y,^,i,'>i,Qds^^id7id^^i, (4-ii) 

J —00 J —00 J —00 J —00 ' 

and if/denotes any function of the turbulence at time t at the point x , y , z , we have 

f f f (4-12) 

J —00 J —00 J — 00 J —00 
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We now denote the mean salinity at time t and at the point x, y, z by 8(t x v \ 
Of the water which at time t lies in the immediate neighbourhood of the *noi*+ 
X, y, z, the fraction (4-10) was, at time zero, within the cuboid whose corners we ^ 

y-V> y-rj-Sn, 

and its tmbulent salinity lay between and So+This fraction of water had 
mean salmity ^(0,« -y - z - ^), and therefore its total salinity was 

We then deduce that ° 

S{t,x,y,z) = [8(0,x-i,y-n,z-^)-\ + [3^l 
Now, on using (4'12), 

[ 8 { 0 ,x-l„y- 7 i,z-Q] 

J a> ^00 ^00 ^00 

- » J - 00 J - CO J - 00® ~ ^ ~ y, 2, 7, C) dso 

^ p p p p f a 

J ~oo J-00 J-00 J-00 1 dx ^ dy ^dz 

X ^(0, », y, z) . g-(5o, t, ®, y,«, Q da^d^dTjdC 

We deduce *om (4-30) that, as i-s- o, (^*30) 

—Cl->'^(0,a:,y,2;), f4-31^ 


|['^(o,a^-^,y-y,z-O]^0, 

and then, &om (4-20), that, as t^O, 

9 9 

3:>S'(<,«,y,z)H^_[o]. 

IVom (2-40) we have ^ 

SO that, from (4*34^ ^roi_L^ri 3 


(4-31) 

(4-32) 

(4-33) 

(4-34) 


(4-36) 


(4-36) 
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We now suppose that an interval of time exists such that, for i > Tq, 

[«o] = 0. [Sfll] = [So^] = [Sotl = 0, (4-40) 

so that there is no correlation between the tiurbulent salinity at time zero and either 
the turbulent displacement or turbulent velocity of the same water at time f. 

In the remainder of the paper we shall take t greater than each of t,, Tj, Tg. 

From (4'20) and (4-40) we then have 

S{t,x,y,z) = [.S{0,x-^,y-ri,z^02, (4-60) 

and this formula gives the distribution of the mean salinity at time t in terms of the 
distribution of mean salinity at time zero and of the mean values of certain functions 
of the turbulent displacements from time zero to time t. 

On using (4-40) we have 

[US'] = [(^+a)«] 

= [/S(0,aj-^,y—)/,z-0^+5ol] 

= [SiO,x-^,y~7),z-Ql,]. (4-60) 

S imil ar expressions may be found for [«s] and {ws\. 

It is interesting to verify that the equation' (2*40) may be deduced from the 
equations (4-60) and (4-60). From (4-60) we deduce that 

^^S{t,x,y,z) = ^i^+ri^+t^S{b,x-g,y-ri,z-^ 

and if to this we add the zero quantity 

we obtain, on using (4*60), 

[m;s] = 0, 

which is the same as (2*40) and (4*36)< 

From (4*60) we deduce that 

+ !-,»), (4-70) 

and similar formulae may be obtained for [va] and [wa]. 
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Wheu t^e mean tiirbulence is uniform such functions as 

m m, \.tt\ 

depend only on t and not on x, y, z. In this case we deduce from (4-30) and (4-70) that 

( 0 0 0 02 02 02 02 02 


where 


= m, x„= 




Xy, = -{riZil = X^y=^-[iy^-, 

z^-i1z4k“] = ^K*I]. 

z*.+z,i[r] = ^[^|]; 

Xy^,+XylvQ+X,iv^] = hv%i]; 


(4-72) 


We notice that the quantities 


Xx9 Xy) X^f *«• 


are directly determined by (4'72) and depend only on the turbulence and not on the 
distribution of salinity. Similar formulae may be found for [w] and \w$\ in terms 
of functions ^ 777 

■*a;> •••> ^yy ***•• 

When the mean turbulence is such that 


if one or more of the integers Z, m, % is odd, so that it may be called symmetrical about 
the directions of the axes, the formulae (4*30), (4-70) and (4-71) may be much 
simplified. We then have, for example, 

Xy = X^ = 0 ,* 

* ^y^ ^yz ~ ^zx ^ ^xy 

= Xs^ == Xy%^ — ... = 0 . 

The formulae (4*71) may be compared with the first of (2*30); the coefficient of 
eddy diffusion j&aj’willnnly be independent of the distribution of salinity when (4*71) 
reduces to the term involving X^. Similarly, Ky and will only be independent of 
the distribution of salinity«when the formulae corresponding to (4*71) reduce to 
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the terms involving Yy and respectively. Special cases in .which the coefficients 
of eddy diffusion depend only on the turbulence include those in which: 

( 1 ) the mean turbulence is uniform and such that aUthe functions X, 7, Z are 
zero except X^, 

( 2 ) the mean turbulence is uniform and symmetrical about the axes, and the 
*mean salinity is a quadratic function of x, y, z. 

When the mean current is parallel to Ox and has a speed XJ and the distribution 
of mean salinity is stationary, we see from the end of § 2 that 

S{t,x,y,z) = S{0,x+Ut,y,z). ■ ■ (4-80) 


5. Examples 

We now examine three cases in which the distribution of mean sahnity at zero 
time is specially simple. 

( 1 ) Eirsttake 8{0,x,y,z) = So'+Sj^iy^+ax), (5-10) 

. where S^, Si and a are constants, so that, at zero time and on sections z = constant, 
the lines of equal salinity are equal parabolas with aU their axes on y = 0 . 

Then we deduce that 


S{t,x,y,z) = 

(6-11) 

M = 

-Sii2y[vil-[v^i] + amV 

- ^i(2y[yy ] - [y*y]+ogy]), 


(5-12) 

[ws] = 

-Si{2y[7i^-Wt] + amk 




When the mean turbulence is uniform we have 

■^S{t,x,y.z) = SiU, ^S(t,x,y,z) - 28iy, ^8{t,x,y,z) = 0, (6-13> 

which axe independent of time. From ( 5 * 12 ) and (6-13) we may deduce formulae 
for Ky, E:*. 

When the mean tmrbulence is symmetrical about the directions of the axes, the 
formulae ( 6 - 12 ) reduce to 

[«s] = -VK|], m^-28iym, [M»] = 0, (6-14) 

and in this case ' Ky - [yy], (6-16) 

which depend only on the turbulence. 

When the mean turbulence is constant, we see from the end of § 3 that, at any 
poiut, 8{t, X, y, z) is a linear function of the time; and when the turbulence is also 
uniform and symmetrical we see from {3*4) and (6-16) that 

• K^=[u^Ti, Ky^ii^T^ (6-16) 

which are both constant and uniform. 

When the mean cucrent is parallel to. Ox and has a speed U, and when this dis¬ 
tribution of mean salinity is stationary, we have, from (4-80) and (6*11), 

- y 2 + [^ 2 ] + aa; = y'^+a{x Vt) 


(6-17) 



(5-18) 
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for all values of t, x, y. It follows that . 

m = aUt, 

and then, from (6-16) and (5-16), 

from the distribution of temperature as when calculated from the dis- 

*ea (§ 2 ). I^om a study of the seasonal interchanges of heat, Bowden ( 1948 ) evaluated 
at pomts on either side of mid-channel. From these values we estimate that for 
mid-channel Kj, = lOScm.^/sec., so that, from (6-15) and (6-16) 

IVVl = = ,10«cm.7seo. 

(V'STwe ft«m §2 

r 7 _ ^ ^ cm.^/sec. 

8 kS^-- cm./sec. 

estimate of V is of value, because there have been very few estimates of the 

^iT uncertain. The quantity 

that ’ ^ = 10 <^“^-/sec. we deduce 

/y, _ ,10«cm.2/sec. _ 

* ( 10 om./sec.)® “ 

( 2 )lr»ittake 

8 {t, X, y, z) = d'o+ 3 ^{y^+ 6 ya[^ 2 ] + [^ 4 j Zax[§^}), 

[ms] = _3,S^aa.2[-^|j^ 

[w] = _ + y[7i^ri]), ] 

[los] = 0 . 

When the mean turbulence is also uniform, we have 
9 o, 

^ 8 {t,x,y,z) = 3 /Sia(a: 2 +[^ 2 J), 


( 6 - 21 ) 

( 6 - 22 ) 


^S{t,x,y,z) = 4^fi(y3 + 3 y|-^ 2 ])^ 


SO that 


0 

^S{t,x,y,z) = 0, 




(5-23) 


(6-24) 
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We notice that and Ky depend on position as well as on the turbulence. When the 
mean turbulence is also constant, we notice that at any point is the reciprocal of a 
linear function of the time. 

If the mean current is parallel to Ox and has a speed U and if the distribution of 
mean salinity is stationa/ry, we have, from (4*80) and ( 6 - 21 ), 

2 /*+ 4 . [^ 4 ]+ 4 .3aa;[|a] = y^+a{x+ Utf, 

for all values of t, x, y. This requires that the mean turbulence shall be non-uniform. 
(3) As a final example, take 

8{0,x,y,z) — 8 fi + 8 -i_e-’^QOsfy<io&yz, (5-30) 

where 8 ^^, 8 ^ are constant salinities and a, y are the reciprocals of constant lengths. 
Suppose also that the mean turbulence is uniform and synmetrical about the 
directions of the axes. 

Then we deduce that 

8 {t,x,y,z) = 8 Q + 8 ^e-‘^cioBfiy cos 7 z[e“^ coscosy^j 

[«a] = 81 e~*® cos fy cosyz[e“^ cos fri cosy^ 

[«s] = /Si e“*® sin fy cos yz[e“^ sin yffi/ cos y^^], • 

[w] = /Si e~“® cos fy sin yz[e“^ cos fy sin y^ 

„ [e^^coS/gj? cosy^^ ■ 

® ~ a[e*S cos fy cos yQ ’ 

jr _ oosy^y] 

^ ~ file^^oosfy cosyS] ’ 

„ _ [e'^toosfiy sinygtl 
* ~ y[e“5 cos fy cos y^ 

We notice that K,., Ky, Kg depend on the constants which specify the distribution 
of the mean sahnity at zero time as well as on the turbulence. 

When the mean current is parallel to Ox and has a speed U and when the dis¬ 
tribution of mean salinity is stationary, we have, from (4*80) and (6-31) 

e~*®cosyffy cosyz[e*^cosoosy^ = 6 -<^^^^oo 8 fy cosyz (6-34) 

for all values of t, x, y, z. It follows that 

[e*^cos/ff^ cosy^J = e““*^*. ' (6-35) 

On differentiating (6‘36) with respect to t, we deduce that 

a^K^-p^Ky-y^Kg = -aU. (5-36) 


(6-31) 

(6-32) 

(6-33) 
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The lunar atmospheric tide at twenty-seven stations 
widely distributed over the globef 

By S. Chapmak, ER.S. aitd K. K. Tsohtj, Queen’s OoUege, Oxford 

{JReceived 23 April 1948 —Bead 11 November 1948) 


DeterminatioxLS of the lunar atmospheric tide at twenty-seven stations, in America, Africa 
and other parts of the world, have been made by the Chapman-Miller method from bi-hourly 
values of the barometric pressure extending, in the aggregate for the twenty-seven stations, over 
about 500 years. Examination of the results thus obtained reveals the following: (1) The 
amplitude decrelfees with increasing latitude, though the decrease is not quite regular. 
(2) The phase angles 6 ^ are in the usual quadrant, betokening a lag of high tide after the 
moon’s transit, though the lag itself differs from station to station. (3) At almost all the 
stations the lunar air-tide undergoes a very appreciable annual change; a reduction in the 
values of both $2 and Ca occurs in both hemispheres near the December solstice. (4) IsTo very 
appreciable variation of the air-tide with height has been found up to about 3350 m. (6) In the 
XJ.S.A. the tide has a notable reduction of 02 on the western coast, but no striking contrast in 
the case of d® can be noted. (6) Several stations in East Africa, together with Singapore and 
Batavia, show results which indicate a specially interesting region where the tide has the 
biggest amplitude found anywhere on the surface of the earth, and where the phase lag is 
normal. (7) An asymmetrical distribution of Ca about the equator in the same continent 
(Ajfiica) is also very surprising and requires proper interpretation. 


§ 1 . This paper gives determinatioiis of the lunar atmospheric tide at-twenty- 
seven stations as listed in table 1 it Continues a series of papers on this tide 
already published (Chapman and co-workers, 1918 to 1938 ). The period covered 
by each determination is indicated, but at some stations there were gaps in the 
material used; the last column of table 1 gives the equivalent number of* years’ 
data actually used. 

Of these twenty-seven stations fourteen are in America, seven in Africa, and six 
in other parts of the world; they have been chosen by two criteria, the desirability 
of determining the air-tide there, and the availability of the necessary data concerned. 

The data for San Fernando, Lisbon, Coimbra and Manila were obtained directly 
jfrom the Annals published by these four observatories. The data for the remaining 
twenty-three stations were unpublished, but were very kindly supplied, on request, 
either in manuscript form or in photostat copy, by the Directors of the institutions 
concerned. Grateful acknowledgement is made to the following for the loan of data 
(for the stations indicated by their index numbers in square brackets) *. the late 
Dr W. R. Gregg of the United States Weather Bureau [ 1 - 9 ]; Dr W* H. Wright of 
the lick Observatory, Mount Hamilton [ 10 ]; Dr W. S. Adams and Dr S. B. Nicholson 
of the Mount Wilson Observatory [ 11 ]; Commander S. T. B. Moorhead and 

t A separate paper, surnmarizing and discussing the present state of our knowledge of the 
lunar atmospheric tide, is now in preparation. 

f Some of the results for seventeen of these stations were shown graphically in the Presi¬ 
dential Address by one of us (S.C.) to the Association of Meteorology, International Union of 
Geod^y and Geophysics, at the Washington Assembly, September 1939; the numerical results 
here given correct certain errors of phase angles in these previously published results. 

[ 310 ] 
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Luna/r atmospheric tide at twertty-seven stations 

Mr P. 0. Bartrum of the Bermuda Meteorological Service [12]; Dr G. A. Wagner 
of the Peruvian Meteorological Service [13]; Dr J. A. Fleming and Mr F. T. Davies 
of the Department of Terrestrial Magnetism of the Carnegie Institution of 
Washington [14]; Mr A. Walter of the British East Africa Meteorological Service 
[16-19]; Dr D. E. Smith of the British West Africa Meteorological Service [20]; 
Dr T. E. W. Schumann of the Pretoria Meteorological Office and Dr J. Jackson of 
the Royal Observatory, Cape Town [21]; Dr D. Ashbel of the Hebrew University, 
Jerusalem [25]; and the late Dr E. Kidson of the Wellington Meteorological 
Office [27]. 

Table 1 

number 

feet above of years’ 


number and station 

latitude 

longitude 

sea-level 

period data used 

1 . 

Galveston 

29‘'18'N. 

94® 60'W. 

64 

1893-1904 

12 

2 . 

New Orleans 

29® 67'N. 

90® 4'W. 

53 

1893-1904. 

12 

3. 

Washington, D.C. 

38® 64'N. 

77® 3'W. 

112 

1893-1904 

12 

4. 

Philadelphia 

39® 67'N. 

76®10'W. 

117 

1893-1904 

12 

5. 

San Diego 

32® 43'N. 

117® 10'W. 

87 

1889-1904 

15fs 

6. 

Dodge City 

37®46'N. 

100® O'W. 

2,508 

1889-1904 

16^ 

7. 

San Francisco 

37®48'N. 

122 ® 26'W. 

165 

1889-1904 

15iV 

8 . 

Salt Lake City 

40®46'N. 

Ill® 64'W. 

4,360 

1889-1904 


9. 

Portland, .Oregon 

46® 32'N. 

122® 41'W. 

153 

1889-1904 

16j 

10 . 

Lick Observatory 

37®62'N. 

122 ® 16'W. 

4,213 

1890-1937 

43f 

11 . 

Mount Wilson 

34® 9'N. 

118® 10'W. 

6,848 

1917-1923, 

1928-1936 

16f 

12 . 

Bermuda 

32®22'N. 

640 40'w. 

160 

1932-1937 

6 | 

13. 

La Molina, Lima 

12® 6'S. 

77® 3'W. 

823 

1929-1936 


14. 

Huancayo, Peru 

12 ® 3'S. 

76®20'W. 

11,000 

1924-1938 

I4i 

16. 

Kololo Hill 

0®20'N. 

32®36'E. 

— 

1931-1936 

6 | 

16. 

Kabete, Kenya 

1®16'S. 

36®48'E. 

— 

1931-1936 

6 

17. 

Kazeh Hill 

6 ® 3'S. 

32®63'E. 

— 

1931-1936 

6 

18. 

Chukwani Palace 

6 ® 10'S. 

39®11'E. 

— 

1931-1936 

6 

19. 

Broken Hill 

14®24'S. 

28®24'E. 

— 

1932-1936 

6 

20 . 

Lagos, Nigeria 

6®27'N. 

3®24'E. 

22 

1932-1939 

6 ^ 

21 . 

Pretoria 

26®32'S. 

29® 36'E. 

4,360 

1929-1938 


22 . 

San Fernando 

36®28'N. 

6 ®12'W. 

96 

1876-1930 

6 S| 

23. 

Disbon 

38®43'N. 

9® 9'W. 

311 

1864-1917 

54 

24. 

Coimbra 

40® 12'N. 

8®26'W. 

462 

1868-1929 

6 li 

26. 

Haifa-J erusalem* 

32® O'N. 

35® O'E. 

— 

1934-1938 


26. 

Manila 

14® 36'N. 

120® 69'E. 

47 

1890-1934 


27. 

Wellington, N.Z. 

41® 8'S. 

174® 46'E. 

— 

1914-1938 

24,^ 


♦ See §14. 


The original data supplied are hourly or bi-hourly readings of the barometric 
pressure; they are derived from self-recording barographs or microbarographs, 
standardized by eye observations at suitable intervals. The barographs, together 
with the standard mercury barometers, differ both in type and in maker from 
station to station or from time to time; these instruments are mostly by Short 
and Mason or Negretti and Zambra of London, or Jules Richard of Paris. The 
readings are expressed either in inches of mercury to 0-01 in. or in millimetres to 
0*1 mm.; all are instantaneous values at the exact hours of the time-reckoning 
used. 
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§2. The material was analyzed by the Chapman-Miller method ( 1940 ), in order 
to determine the lunar atmospheric tide at these stations. This method is applicable 
to hourly, bi-hourly or tri-hourly data, but the present work is based throughout 
on bi-hourly values; even when hourly data were available, the alternate hourly 
observations were ignored. The reductions were faciUtated by the use of a set of 
punching, sortiug and tabulating machines, kindly loaned to the Depart¬ 
ment of Mathematics at the Imperial College of Science and Technology, London, 
by the British Tabulating Machine Company Ltd., to whom grateful acknowledge¬ 
ment is made for this generous and helpful action. 

Only the second harmonic component of the lunar atmospheric tide was 

determined, in the form Cg sin (2t + 6 ^), 

where t denotes mean lunar time reckoned from the local hour of mean lunar 
transit, at the rate of 360° per lunar day; all necessary corrections have been 
properly made and included in 6 ^, the phase angle, and in O 2 , the amplitude, which 
is here always expressed in microbars, at the rate 3’386 x 10* per in., or 1333*22 
per mm. of mercury. 

For each of these twenty-seven stations, the aimual mean tide and three seasonal 
results from the whole material were derived and are given below; the seasonal 
subdivisions were made as follows: 

J = June solstice = May to August. 

E = Equinoxes = March, April, September, October. 

D = December solstice = November to February. 

For some stations for which long series of data were available, the material was 
further divided up into decades or approximate decades, separately treated, in 
order to compare results; sometimes determinations for the calendar months were 
also made, if this finer subdivision of the material seemed to be allowable. In all 
cases, each subgroup of the data was treated as a unit, and the solar daily variation 
for that unit, together with the non-oyclic change, were eliminated from that 
material, in determining the lunar atmospheric tide. 

In addition, the probable errors (p.b.) of the results were determined and are 
indicated below alongside the corresponding lunar determinations. They were 
derived separately for each subgroup of the material in the manner described by 
Miller ( 1934 ). This uncertainty of the determination affects both and d^, but not 
independently; here it suffices to say that the smaller the ratio c^/p.®., the better 
the determination. Generally speaking, any determination of the aif-tide will be 
considered as successful only if exceeds three times the corresponding probable 
error. The following tables include some non-well-determined results; their probable 
errors are marked with an asterisk to indicate that the ratio c^/p.®. is less than 3. 

The iinffAB, aie-iidb ovbe the U.S.A. 

§ 3. The results gwren in table 2 show the annual mean lunar atmospheric tide 
for eleven United States stations and Bermuda, as derived from the whole period 
. in eadb, case. The probable errors (in microbars) are shown, and also the number {N) 
of days’ data used. 
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Lunar atmospheric tide at tweniy-seven stations 

These stations- cover a region with a range of longitude about six tiTYian that of 
latitude. Judging from the ratios C 2 /P.B., the tide is well determined for all these 
stations except Salt Lake City and Portland, where the tide is exceptionally small. 
The stations are here arranged in order of longitude j this illustrates a very striking 
fact, i.e. a notable reduction of Cg on the western coast. 


Table 2 


number and station 

W. long. 

N 

C 2 

e. 

P.E. 

[12] Bermuda 

65° 

2,055 

41*5 

66-8° 

±5-9 

[4] Philadelphia 

75° 

4,382 

28-2 

64-2° 

±4-4 

[3] Washington, D.C. 

77° 

4,382 

3M 

58-6° 

±4-9 

[2] New Orleans 

90° 

' 4,382 

33-9 

69*6° 

±3-9 

[1] Galveston 

95° 

4,382 

35*7 

70*9° 

±4-9 

[6] Dodge City 

100° 

5,506 

21-8 

73*3° 

±6-4 

■ [8] Salt Lake City 

112° 

5,512 

7*1 

60*6° 

±6-0* 

[6] San Diego 

117° 

5,509 

23-2 

68*8° 

±4-8 

[11] Mount Wilson 

118° 

5,784 

15*9 

76-6° 

±2-4 

[10] Lick Observatory 

122° 

15,935 

10-9 

67*7° 

±1-8 

[7] San Francisco 

122° 

5,515 

14*7 

67-9° 

±3-6 

[9] Portland 

123° 

6,539 

2-8 

64*1° 

±6-4* 


Bermuda, the most easterly station, has the biggest amplitude of the air-tide 
among all these stations. The amplitudes are of similar magnitude, about 30 micro- 
bars, at several stations situated in the eastern part of the United States. At 
Bodge City the amplitude is about 22 microbars, rather small compared with the 
more easterly stations in about the same latitude. Farther to the west, the tide 
becomes increasingly abnormal in the smallness of its amplitude. At Lick Observatory, 
San Francisco and Mount Wilson the amplitudes are from 11 to 16 microbars. The 
results at Salt Lake City and Portland are hot yet well determined, but they seem 
also to establish that at both stations the tide is specially small. The same pheno¬ 
menon had previously been found for the Canadian stations, among which Victoria 
(48° N., 123° W.) and Vancouver (49° N., 123° W.) were abnormally small, the 
mean result for these two stations being Cj = 4-2, $2 = 101°. It is as yet uncertain 
whether this notable reduction is due to the influence of the great mountain chain 
along the west of the continent, or whether there is some other cause. Generally 
speaking, these values of show also a decrease of amplitude with’ increasing 
latitude, though the decrease is not quite regular. 

As regards the distribution of 6 ^ at these twelve stations, the results are all in 
the normal quadrant; that is, they all indicate a moderate lag of high tide after the 
moon’s transit. No striking contrast between the western and the eastern coasts 
can be noted; the values of 6 ^ range from 61 to 76° for these stations. The phases 
for Portland and Salt Lake City are of course not weU determined. 

§ 4. The determinations of the tide at the separate seasons J, E, D, for the whole 
period, together with the corresponding probable errors, are given in table 3. 

These results agree with those found for most other stations in indicating that 
the phase angle is less near the December solstice than at other times of the year*, 
and at most stations the amplitude is greatest for the J group of months. In each 
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of these seasonal groups the result for any station is based on only one-third of the 
data used in obtaining the annual mean result for the same station; hence the 
probable errors are multiplied in the ratio ^3 or 1-732—that is to say, nearly 
doubled. But the accuracy still remains sufficient to show that the notable 
reduction of the amplitudes on the western coast and the general nature of their 
dependence on the latitude remain the same throughout the year. There are, 
however, certain abnormal values of 6 ^ which are uncertain because of the associated 
large probable errors. 

Table 3 


season ... 


number and station Cg 
[12] Bermuda 49.3 

[4] Philadelphia 37-0 

[3] Washington, D.C. 36-2 
. [2] ITew OrleaoTS 41-3 

[1] Galveston 48*1 

[6] Bodge City 32*1 

[8] Salt Lal^e City 13*9 

5] San Diego 32*8 

[11] Mount Wilson 10*7 

[10] Lick Observatory 13-1 

[7] San Francisco 18-9 

[0] Portland 7-0 


J E 

. 


e . 

P.E. 



87*8° 

± 

6-7 

44-3 

88-6® 

80-6° 

± 

7-2 

29-7 

63-9® 

76-7° 

± 

8-2 

36-2 

76-2® 

92-5° 

± 

6-2 

24-9 

67-2® 

85*7® 

± 

7-9 

36-2 

79-4® 

74-9® 

±10-5 

8-1 

100-9® 

1018® 

± 

7-9* 

17-0 

70-8® 

89-6® 

± 

9-6 

23-4 

70-6® 

113-7® 

± 

4-1* 

21-3 

94-2° 

87-7® 

± 

3*0 

12-6 

87-3® 

80-0® 

± 

5-8 

13-6 

67-4® 

96-8® 

± 

6-4* 

8-6 

164-3® 


D 


P.E. 

<5a 


P.E. 

±14-1 

60*4 

17-6® 

± 10-8 

± 

7-4 

22-2 

30-1® 

± 8-3* 

± 

6-6 

34-2 

12-9® 

± 10 - 3 ' 

± 

7-9 

40-3 

44-6® 

± 6-8 

± 

9-2 

3M 

32-1® 

± 8-2 

± 10-2* 

28-2 

63-4® 

± 12-6* 

± 

7-8* 

17-0 

309-4® 

± 10-2* 

± 

8-6* 

20-3 

30-0® 

± 6-7 

± 

4-0 . 

23-0 

34-9® 

± 4-0 

i 

3-2 

11-6 

19-9® 

± 3-2 

± 

6-4* 

16-3 

22-7® 

± 6-1* 

±' 

9-1* 

14^0 

360-6® 

± 11-6* 


indilted Observatory for two subperiods as 

inaicated below are given m table 4. 


J 

E 

D 

all 


Table 4. 
1917-1928 


Motot Wilson [li] 


1929-1936 


N 

^a . 


P.B. 

' N 

Cg 


974 

975 
947 

2896 

11-3 

20-6 

27-3 

18-1 

126*1® 

68-1® 

48-4® 

70-6® 

±6-2 

±6-3 

±6-6 

±3-3 

972 

964 

962 

2888 

10-6 

26-7 

20-4 

13*9 

101-6® 

116-0® 

16-9® 

81-9® 


P.E. 

±5-3* 

± 6^0 

±5-7 

±3-3 


Wh^ fcr liok Obsenratoiy was divided into three snbgtonpe of yeore 

^ .ubgrouje, the seasonal reenlte being onntted owing to the large probaht 


Obsbbvatoby [10] 


Table 6. Liok 

N 

5346 

6201 

6388 


17-3 63-8® 

8-3 91.50 

8-3 73.50 


P.E. 

±3-7 

± 2 - 8 * 

±3-0* 


1890-1905 

1906-1921 

1922-1937 
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Similaxly, the data for each of the five stations, San Diego, Dodge City, San 
IVancisco, Salt Lake City and Portland, \vere divided into two halves to determine 
the annual mean results for the separate sets; but in view of the size of their probable 
errors in proportion to c^, these results are not included here. 

The LtnsTAB aie-txdb at La Mouna and Httaktoato 

§ 6 . Hitherto Buenos Ayres (35° S., 68 ° W.) was the only South American 
station where the lunar atmospheric tide had been d&termined. Table 6 gives the 
results of two more reductions of this tide, for La Molina (Lima) and Huancayo, 
both in Peru. 

Table 6 




La Molina, Lima [13] 
^ _ 



Huancayo [14] 



IP 

C2 

0, 

P.E. 

' N 

C2 

e. 

P.I!. 

J 

612 

42-3 

81-8“ 

±7-5 

1833 

62-4 

69-0° 

±16-0 

E 

620 

65-2 

79-7“ 

±8-7 

1820 

41-6 

96-0® 

±12-9 

D 

612 

39-0 

49-6'’ 

±7-5 

1787 

27-2 

52-0® 

■± 9-1 

aU 

1844 

47-6 

73-0° 

±4-6 

5440 

39-0 

74-1° 

± 7-3 


Judging from the ratios 62 /P.E., the tide at both stations may already be regardeji 
as well determined, though further investigations will be dtesirable, when longer 
series of data are available. It is interesting to note the small probable error of the 
results for La Molina despite the relatively small number {N) of days’ data used. 

As compared with the results for Batavia ( 6 ° S., 106° E.; 03 = 83, 0^ = 68 °) and 
Apia, Samoa (13°S., 17 rW.;Ca= 73 , 52 = 69 °),thetideatLaMolinaandHuancayo 
is smaller in amplitude and larger in phase angle. However, the reduction in the 
values of both C 2 and $2 during the D months is in good agreement with that found 
for most other stations in the world. Again, at many stations, the J value of 
exceeds the E value; this is also the case for Huancayo, but not for La Molina. 

§7., As San Eranoisco and lick Observatory, San Diego and Mount Wilson, 
La Molina and Huancayo, are three pairs of adjacent stations at considerably 
different heights, they afford valuable material for the detemiination of the height- 
dependence of the lunar atmospheric tide. Table 7 shows the comparisons thus 
made; in each pair, the values of C 2 and 62 for the high-levelktation are subtracted 
from those for the low-level one, giving Acg and A 02 *0 nearest unit. 

Table 7 


San Francisco—Lick San Diego—Mt Wilson La Molina—^Huancayo 



AH = 

1237 m* 

1 


1767 m.. 

AH 

= 3103m. 


Acg 


Acg 


A02 

A62 

J 

6 

_ 8° 

22 

-24“ 

-10 

13‘ 

E 

. 1 

-20“ 

2 

-24“ 

24 

-15‘ 

D 

5 

3“ 

-3 

- 6“ 

12 

- 2‘ 

all 

4 . 

-10“ 

7 

- 7“ 

9 

- 1‘ 


’ 21-2 
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The amplitudes at the high-leTel stations are slightly less than those at the low- 
level stations, as one might expect. On the contrary, the phase angles at the high- 
level stations are sKghtly larger. Also, Ac^ seems to increase with the height 
difference, while decreases numerically. However, taking into account the 
probable errors to which these results are subject, no great stress can be laid upon 
these variations of Ac 2 and A^j up to about 3350 m. 

ThesameresulthadpreviouslybeenindicatedbyPramanik,Chatterji&Joshi(i 93 i) 
in a preliminary manner for two adjacent stations, Periyakulam and Kodaikanal, 
in southern India. The two places are only about 8 miles apart, but Periyakulam, 
in the valley, is 288 m. above sea-level, whereas Kodaikanal is at a height of 2343 m. 
Determinations of the air-tide at these two tropical stations were obtained from 
about 7 years’ hourly readings at each station. A comparison of the results is made 
in table 8 ; the values of ABg are consistent with those for San Diego—^Mount Wilson, 
but the signs of the very small differences Acg are probably accidental in view of 
the probable errors. 

Table 8. PBBivAKTrLAM—K odaikanal, S. India 
AH = 2066 m. 

J E D aU 

. - > -. . ->-. . -<-. .- ■ -. 

Acg ^ 0 ^ Acg A^2 Acg A^2 Acg A^2 

-2 -16'" 2 -14® -2 -3° 0 -6®’ 

The LtTNAE ADB-TIDE AT AeBIOAN STATIONS 

§ 8 . Hitherto the lunar atmospheric tide in Africa has been determined only at 
Helwan (30° K., 31° E.) and Kimberley (29° S., 26° E.) for the seasonal as well as 
the annual means and at Accra ( 6 ° N., 0 ° W.) and Dar-es-Salaam (7° S., 39° E.) 
(Bartels 1939 ) for the annual mean only. By the courtesy of Mx Walter, Dr Smith, 
Dr Schumann and Dr Jackson, the data for seven further African stations were 
received and analyzed to determine the lunar air-tide (see table 9 ). Among these 
stations, five are in East Africa, one in West Africa and one in South AMca; aU 
of them are in relatively low latitudes, so that the tide can be determined reasonably 
well from the rather short series of data available for these stations. 


Table 9 


number and station 

lat. 

N 

C2 


P.B. 

[20] Lagos, Nigeria 

6®N. 

2338 

69*2 

73*1° 

±12-4 

[15] Kololo Hill 

0°N. 

2072 

91-2 

77*9° 

±16-0 

[16] Kabete, Kenya 

rs. 

2192 

87*4 

72-6° 

±16-4 

[17]KazehHiU 

5°S. 

2192 

86-4 

68-3° 

±15-4 

[18] Ghuljwani Palace 

6^8. 

2192 

91-6 

66-9° 

±16-1 

[19] Broken HiU 


1827 

84-4 

66-7° 

± 16-L 

[21] Pretoria 

26° 8. 

3682 

42-0 

89-9° 

± 7-8 


In table 9 the stations are arranged in order of latitude; this table gives the 
results of the mean lunar atmospheric tide for each station, as determined for the 
whole period used. The ratios between the C 2 and the corresponding probable errors 
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are all about six; the determinations may already be regarded as successful. The 
values of 6 ^, shoiving a normal lag of high tide after lunar transit, are quite aiTnilar 
for all the stations, except that at Pretoria the high tide occurs just at the moon’s 
transit. The amplitudes of the tide at the five eastern stations, ranging from 84 to 
92 miorobars, are of the same order as those at Singapore (1° N., 104° E.; Cj = 89, 
= 76°), Batavia (6° S., 107° E.; Cg = 83, 6^ = 68°) andDar-es-Salaam (7° S., 39°E.; 
Ca = 84 ,.^2 = ^ similar latitudes; the results for these eight stations indicate 

a specially interesting region where the tide has the biggest semi-amplitude, well 
above 80 microbars, found anywhere on the surface of the earth, and where the 
phase lag is normal, being on the average about three-quarters of an hour after 
lunar transit. Table 9 shows also a decrease of amplitude with increasing latitude, 
though the decrease is not very regular. Also noteworthy is the fact that although 
the southern stations Ohukwani Palace and Batavia are situated at almost the 
same, distance (6°) from the equator as the northern stations Lagos and Accra, yet 
the amplitudes at the former are distinctly larger than those at the latter. The 
same result holds good for afiother two African stations, Kimberley (C2=46, 
@2 =101°) and Helwan (C 2 = 36, 6 ^ = 64°), situated at nearly the same distance (30°) 
south and north of the equator. Such an asymmetrical distribution of Cg about 
the equator in the same continent is rather surprising and requires proper 
interpretation. 


§ 9. The African results for the seasonal subgroups for the whole period are 
given in table 10. 


season .. 


J . 

Table 10 

B 



D 


number and station 

Cjs ^ 


F.B. 

Og 


P.B. 

^2 

e. 

P.E. 

[20] Lagos, Nigeria 

78-4 

76-7° 

±23*6 

76*2 

78*8® 

±23*0 

62*4 

61-9° 

±17-6 

[16] Kololo Hill 

106*6 

82-6® 

±31-3 

86*0 

86-4® 

±26*1 

83*6 

63-4° 

±26*2 

[16] Kabete, Kenya 

99-0 

76-0® 

±29-6 

99-3 

76*6® 

±29-6 

64*4 

ei-v 

±20-1 

[17] KazehHill 

102-1 

63-0® 

±30-9 

83*8 

68*1® 

±26*6 

74*3 

63-1° 

±22-8 

[18] Chtikwani Palace 

96-8 

71-6® 

±28-6 

96*0 

67*1® 

±28*8 

83*9 

69-2° 

±26-4 

[19] Broken Hill 

89*0 

71-4® 

±26*7 

77*0 

67*9® 

±24*8 

.88*8 

69-9'’ 

±27-1 

[21] Pretoria 

39-9 

90-3® 

±12*2 

43-1 

100*3® 

±13-6 

44*3 

79-7° 

±14*9 


These results, though subject to greater probable errors, still show the same main 
features as the annual mean values. Almost aU the stations in table 10 appear to 
have the common characteristic already found at most of the other stations yet 
investigated, that both the amplitude ^nd the phase angle for the December 
solstice are less th a n for the other two seasons. This remarkable property of the 
air-tide, which is not seasonal, because shared by both hemispheres, is not yet 
successfully explained. It is properly caEed an armual change. 


The LuiirAB aib-tide at Coucbba, Lisbon and San Fernando 

§ 10. The lunar air-tide for Coimbra and Lisbon in Portugal and San Fernando 
in Spain was derived from the very valuable long series of published records issued 
by these observatories; these appear to be the first determinations of the tide yet 
made for any station in this Peninsular region. 
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The results of the lunar atmospheric tide, as determined from the whole data 
used for each station,, are given in table 11 j the probable errors are exceptionally 
smaE, so that both and 6 ^ are untisuaUy well determined. 


Table 11 


number and station 

N. lat. 

period 

N 

^2 

^2 

P.B. 

[22] San Fernando 

36° - 

1875-1930 

20,333 

27-7 

79-1° 

±1-6 

[23] Lisbon 

39° 

1864-1917 

19,723 

22-1 

62-4° 

±1-7 

[24] Coimbra 

40° 

1868-1929 

22,394 

16-9 

73-7° 

±1-7 


The nearest stations at which the lunar atmospheric tide has been determined 
are the two stations in the Azores, for which the particulars given in table 12 show 
similar amplitudes but smaller phase angles. 

Table 12 

PontaDelgada 38 ° N. 26 ° W. c, = 22 6 ^= 55 ° p.e. = ± 1-6 

Santa Cruz 39 °N. 31 ° W. = 18 = 68 ° p.b. = ± 2-2 

At all these five stations, however, and particularly at Coimbra, the amplitudes 
are somewhat small, compared with those at ToMo (36° N., 140° E.; 055 = 39, 
@2 = 60°), Sapporo (43° N., 141° E.; 26, 6 ^ = 69°), Washington, D.C. (39° N”., 

77° W.; Ca = 31, 6 ^ = 39°) and Philadelphia (40° N., 76° W.; Cj = 28, 6 ^ = 64°), in 
similar latitudes, though in widely different longitudes. 

§ 11 . Eor each station separate reductions were made from the material for the 
groups of years shown in table 13; the numbers of days {N) available in each group 
for each station are also hadioated after the dates. 

Table 13 ■ 


San Pemando [22] Lisbon [23] Coimbra [24] 

^ 1 1 


group 

years 

N 

years 

N 

years 

N 

i 

1875-1889 

5376 

1864-1876 

4749 

1868-1882 

5228 

2 

1890-1899 

3635 

1877-1889 

4748 

1883-1897 

6479 

3 

1900-1909 

3652 

1890-1903 

5112 

1898-1913 

5843 

4 

1910-1920 

4018 

1904r-1917 

5114 

1914-1929 

5844 

5 

1921-1930 

3652 





The annual mean results for these separate groups of years are given in table 14. 




Table 14 





San Fernando [22] 

Lisbon [23] 

Coimbra [24] 

group 

Cj 

P.B. 

C 2 62 

P.E. 

O 2 . $2 

P.E. 

1 

32-5 83-6° 

±3-1 

25*1 48*2° 

±3*2 

18*1 64*7® 

±3*5 

2 

23-3 84-4° 

±3-9 

23*2 67*0° 

±3*6 

10*0 74*1® 

±4*2* 

3 

27-1 80-8° 

±4-0 

20*9 64*6° 

±3*4 

16*7 74*8® 

±2*8 

4 

28-0 71-7° 

±2*8 

20*6 71*5° 

±3*5 

23*7 85*6® 

±3*0 

5 

26-0 72-9° 

±3*4 






The differences between the results for the separate groups of years are such as 
the probable errors would lead one to expect. 
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i§l2. Table 15 gives the seasonal results of the lunar atmospheric tide at these 
Peniusular stations, for the separate groups of years indicated in table 13, and for 
the whole period in each case. 

Table 16 


San Fernando [22] Lisbon [23] Coimbra [24] 


group 

Cg ± P.E. 

d. 

C2±P.B. 

O 2 

C2±P.E. 

0 . 



0 

J (June solstice) 




1 

42-0 ± 6-7 

82*2° 

23-6 ±4-4 

69*6° 

21*2 + 6*0 

82-6° 

2 

39*6 ± 4-7 

103*7'^ 

32-3 ±6-8 

71*2° 

10*6 ±6*7* 

100*0° 

3 

29-9 ± 5-9 

96*3° 

20-0 ± 4-6 

86*2° 

24*6 ±4*4 

82*6° 

4 

36-8 ± 4-2 

91-3* 

16*0 ±3*8 

86*2° 

24*7 ±4-0 

81-5° 

5 

28-2 ±4*3 

85*6° 





all 

35*4 ±2*3 ' 

90*7° 

22*3 ±2*3 

74*6° 

20-3 + 2*5 

84*6° 




E (Equinoctial months) 



1 

25-9 ±4*6 

102-1* 

32-3 ±6-2 

62*9° 

20*2 ±6*9 

36-4° 

2 

26*7 ± 6*4 

87-7“ 

18*6 ±6*7* 

84*6° 

11*0±7*6‘^ 

78-3° 

3 

39*2 ±6*6 

79-7* 

23*4 ±6*9 

71*1° 

20*6 ±6*0 

73*4° 

4 

28*0+6*2 . 

66-2“ 

20-6 ± 4-9 

73*6° 

28*2 ±6*2 

93*4° 

6 

18*3 ±6*7* 

77.40 





aU 

26*9 ± 2*6 

83-7* 

23*2 ±3*0 

68-3° 

18*7 ±3*0 

73*0° 




’ D (December solstice) 



1 

30*7 ±6*9 

67-7* 

, 22*1 ±6*0 

26*4° 

17*4 ±6*2* 

36*0° 

2 

16*9 ±8*9* 

12-6* 

21*9 ±6*3 

46-3'' 

17*9 ±8*4* 

60*4° 

3 

14*0 ±7*9* 

46-8“ 

23-7 ±7-0 

34*0° 

7*4 ±6*0* 

29*0° 

*4 

24*0 ±6*1 

43-3° 

26*6 ±8*4 

6^-4° 

18*2 ±6-9 

70*7° 

6 

32*8 ±6*6 

64-4* 





all 

23*2 ±3*1 

60-9* 

23-1 ±3*6 

40*0° 

14*0 ±3*2 

49*9° 


These results show that all the three stations share in the mysterious annual 
variation of the tide observed elsewhere; the D phase angle in the case of aU years 
is smaller than the J phase angle by 40°, 36°, 36° respectively, betokening a re¬ 
tardation of high tide in the atmosphere by more than one Itmar hour, from J to D. 
Agam, allowing for the probable errors, the internal accordance of the results is 
satisfactory; the deviations of the group values of ©2 or 6 ^ for each station from their 
means are in general of the expected order of magnitude and may be attributed to 
accidental error. 

§ 13. In view of the long series of data available for these stations, a more detailed 
investigation of the variation of the tide throughout the year would be of value; 
as this reduces the material for each deternjination to one-twelfth of the whole, 
the probable error is, however, multiplied between three and four times. Hence 
for each of these stations the tide has been determined for each calendar month, 
combining aU years.' Judging by the probable errors involved, the determination 
of the month-tp-month variations of the tide for San Fernando is the most successful 
one among these three; stations; the reason is possibly that San Fernando, being 
situated in a lower latitude, though still out of the tropics, has a greater tidal 
amplitude and smaller accidental vaa^ations of the pressure. 
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The results are embodied in table 16. Also, the combined monthly values for 
these three stations, weighted accordiug to the number of days involved, are given 
in the last column and may be taken to represent the month-to-month variations 
of the tide in this Peniusular region. 

Table 16 



San Fernando [22] 

. Lisbon [23] 

Coimbra 

[24] 

mean 


month 

C 2 i P.E. 

e. 

Cj±P.E. 


Ca±p.B. 

dz 

^ . 

C2±P.E. 

^2 

Jan. 

39-3 ±6-7 ^ 

30*0® 

33-1 ±6-6 

26*2° 

19*8 ±8*5* 

31-3* 

30*8 ±4*0 

29*2° 

Feh. 

13*8 ±7*5* 

4.40 

19-4 ±7-l* 

33*9° 

13*7 + 8*8* 

68-6'’ 

14*2 ±4*5 

35*3° 

Mar. 

28-7 ± 6-4: 

61-9° 

26-9 ±8*4 

48*9° 

16*9 ±6*8* 

69-2° 

23*4 ±4*2 

59*7° 

April 

37-2 ±4*8 

87-4° 

23-2 ±5-1 

89*3° 

24*9 ±6*4 

ss-e* 

28*4 ±3*1 

87*4° 

May 

36*2 ±4*1 

90-4° 

26-8 ±3-6 

82*4° 

22*1 ±7*0 

96-8° 

27*9 ±2*8 

89-4° 

June 

33-4 ±3*6 

71*6° 

24-3 ±6-4 

69*6° 

22*6 + 5*7 

79-6° 

26*7 ±2*8 

73*3° 

July 

38-4 ±6*5 

100*4° 

2M±2-4 

75*2° 

22*7 ±5*0 

89-3‘’ 

26*9 ±2*7 

89*1° 

Aug. 

32-8 ±6*8 

91*2° 

■ 20-3 ±6-6 

54*8° 

16*9 ±4*7 

60-4° 

22*4 ±3*1 

73*1° 

Sept. 

23-8 ±4*6 

87*9° 

21-0 ±4-7 

72*3° 

17*6 ±4*6 

68-3° 

20*4 ±2*7 

74*3° 

Oct. 

20*4 ±4*5 

98*6° 

26-1 ±6-4 

62*8° 

17*6 ±6*6* 

69-2° 

20*6 ±3*2 

75*7° 

Nov. 

24*0 ±3*3 

80*2° 

22-9 ±7-5 

41*7° 

2*6 ±5*6* 

126-3° 

16-1 ±3-1 . 

64-1° 

Dec. 

23*9 ±4*4 

58*6° 

24-3 ±4-7 

45*5°* 

28*3 ±9*2 

39-2° 

25-2 ±3-6 

47*2° 


These monthly values of the tide show an annual variation somewhat similar to 
that aheaidy found at Batavia (6° S.) and Hongkong (22° N.), Taihoku (26° N.) 
and Naha (26° N.), though they appear also to have some irregularities which may 
be attributed to the increased accidental error in the higher latitudes (36 to 40° N.) 


The lunab air-tidb at Haiea-Jbbttsaibm, Mabxla and Wellington, N.Z. 

§ 14. Lastly, the lunar atmospheric tide was determined for three more stations, 
namely, Haifa-Jerusalem (32° N., 36° E.) in the Near East, Manila (16° N., 121° E.) 
in south-east Asia, and Wellington (41° S., 176° E.) in New Zealand in the Southern 
, Hemisphere. The results are given in table 17. 


Table 17 



Haifa-Jerusalem [25] 


Manila [26] 


Wellington, N.Z. [27] 


N 

C2±P.B. 

62 

N 

C2±P.E. 

^2 

N 

Ca±P.B. 

^2 

J 

592 

29*3 ± 9*7 

28*6° 

5,533 

87*5 ±2*5 

66*1° 

3010 

39-9 ±9*8 

70*2* 

E 

600 

16*8 ±8*3* 

55*1° 

5,485 

69*9 ±2*8 

71*5° 

2956 

39*8 ±9*8 

76-6* 

D 

582 

23*1 ±8-8* 

25*1° 

5,376 

67*4 ±2*0 

34*6° 

2937 

37*9 ±9*6 

61*0' 

aU 

1774 

23*3 ± 5*2 

35*6° 

16,394 

73*2 ±1*4 

59*9° 

8903 

38*9 ±5-6 

69*3' 


The barometric data used m deriving the tide at the combined station (Haifa- 
Jerusalem) are composed of observations taken at Haifa for the period January 1934 
to August 1936, andlater at Jerusalem from September 1936 tiUthe mid of December 
1938; these are hardly adequate, as the above probable errors suggest, to obtain good 
seasonal results, though the annual mean tide may be regarded as reasonably well 
determined. The tide is, however, very well determined at Manila, in the tropics, 
with its long series of data for the years 1890 to 1934. The data for Wellington, 
covering the period July 1914 to December 1938, aflord a fairly successful deter¬ 
mination of the air-tide for this station in a rather high latitude (41° S.). 
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The phase angles in^the above table are all in the nsual quadrant. At Manila and 
Wellington the phase angle is quite normal. At Haifa-Jerusalem it is unusually 
small, implying a longer lag of high lunar atmospheric tide after the lunar transit. 
At all three stations the. values of 6 ^ are least during the December solstice as 
elsewhere; on the contrary the largest phase angles occur somewhat unusually 
during the Equinoctial months instead of in the J months. 

The amplitude of the tide at Haifa-Jerusalem is small for its mean latitude 
(32° N.). The values of Cg at Manila and Wellington are larger than those at certain 
more westerly stations in corresponding latitudes, viz. Madras and Melbourne, as 
shown in table 18. 

- Table 18 


Manila [26] 

16° N. ' 

IBPE. 

C 2 — 73 

(9s = 60' 

Madras 

13° N. 

80® E. 

Ca = 63 

0s = 66' 

Wellington [27] 

41° S. 

176° E. 

'c2 = 39 

Ot = 69' 

Melbourne 

38° S. 

146° E. 

Ca = 29 

0s = 84' 


§16. For Manila the 46-year period (1890 to'1934) was divided into four sub¬ 
periods, and each set of data was independently reduced, ha order to gain an 
indication of the reliability of the deternaination, from the degree of accordance 
shown by the separate results. Table 19 shows that they are in excellent accord: 


Table 19. Manila [26] 


season .. 

J 


E 


D 


year 


period 

C2±B.B. 

0 ^ 

Ca ± P.B. 


C2±F*3B3. 

^2 

O 2 + P.B. 

0 a 

1890-1899 

76-9 ±4-6 

70-4° 

69-9 ±7-4 

73-7° 

67-6^4-3 

34-4° 

66-6 ± 3-3 

61-4° 

1900-1910 

90-6 ±6-4 

62-7° 

80-2 ±6-6 

730° 

69-8 ±4-6 

33*2° 

77-2 ±3-2 

68-8° 

1911-1922 

96-3 ±4-9 

69-2° 

68-3 ±4*2 

68-7° 

68-6 ±2-4 

33-2° 

76-0 ± 2-3 

69-9° 

1923-1934 

86-6 ±6-0 

62-7° 

69*6 ±4-6 

71-0° 

64-1 ±4-6 

37-9° 

72--6 ± 2-7 

69-9° 


Again, the aimual change of the lunar air-tides for Manila can be examined in 
more detail by considering the mean values of the tide for the twelve separate 
calendar months. Table 20 shows the results of such determinations, giving the 
values of Cg, 6 ^ and probable error for each calendar month, in the mean of aU 
the years. 

Table 20. Manila [26] 



O2 

0a 

P,B. 


. 

$2 

P.B. 

Jan. 

92-8 

19-9° 

±3-6 

July 

83-6 

66-6° 

±6-6 

Feb. 

63-9 

23-7° 

±6-8 

Aug. 

88-4 

67-7° 

. ±5-7 

Mar. 

62-9 

73-2° 

±6*4 

Sept. 

80-8 

79-1° 

±6-1 

April 

70-3 

80-4° 

±6-8 

Oct. 

72-0 

69-6° 

±6-8 

May 

81-4 

76-2° 

± 3-6 

1Toy. 

67-0 

59-1° 

±4-8 

June 

81-4 

66-8° 

±3*8 

Dec. 

66-6 

37-6° 

±4-9 


Judging from the ratios Cj/b.e., the monthly results for Manila are also weU 
determined. It is helpful to represent them on a harmonic dial, as shown by 
figure la; the diagram shows the end-points of the tide-vectors corresponding to 
^2 and Ca, the yearly and seasonal meam being marked Y, J, E, D, and the calendar 
monthly results being numbered (1 = Jan., 2 = Feb.,...). In this harmonic dial 
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for the most outstanding deviations from the mean (F) are shown by 

December, January and February, in which the tide is notably late, wMe^e 
months May to September are distinguished by large amplitude of tide. The 
nearest station at which the lunar atmospheric tide has been folly determmed is 
Hongkong, for which the harmonic dial is shown by figure 16, on the same scale of 
amplitude, for comparison; the similarity between the month-to-month changes 
at the two stations is evident.- 



Figube 1. The circles round the origins indicate the size of the average probable-error 
circle for each month, (o) Manila, 1890—1934. (6) Hongkong, 1886—1912. 

TttT! solas DITOITAL VABIATIONS 

§ 16. In the course of the preceding work the Fourier coefficients were also 
derived from the above data for the first four harmonic components of the solar 
daily variation of barometric pressure at these twenty-seven stations. These results 
will be published later in a separate paper. 
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Classical electrodynamics without singularities 

By H. MoMAmrs 

Mathematical Physics Depariment, University of Birmingham 
{Communicated by B..E. PeierU, F.M.8.—Received 17 Jammy 1948) 

If 

It is shoym that it is possible to construct a theory of the electron with an extended charge 
distribution in a Lorentz invariant way by introducing a four-dimensional form function. The 
electromagnetic held quantities reduce to those given by the ordinary theory at distances 
large compared with the electron radius ro> but remain finite on the world line. The equations 
of motion, after elimination of the self field, become integro-differential equations. In the 
case of small accelerations an expansion in powers of r q similar to that of Lorentz is obtained, 
in which only odd powers of r© occur. The first term endows the electron with a mass com¬ 
ponent of electromagnetic origin. For accelerations small compared with the characteristic 
frequency l/^o of the electron, the Lorentz-Birao equations are a good approximation;/or 
larger accelerations, higher terms become important. 


1. IsTTEODtrOTION 

In the ordinary classical theory of the point electron, difficulties arise when the 
reaction of the field generated by the electron itself on its motion is considered, as 
the field of an electron is siugular on its world line. It was'shown by Lorentz that 
if an electron of finite radius were taken, then these difficulties were avoided. On 
this theory, an account of which is given by Heitler ( 1944 ), the effect of the self force 
in the equations of motion can be expanded in ascending powera of the electron 
radius. The leading term is one giving the elecfaron an electromagnetic mass pro¬ 
portional to the reciprocal of the electron radius. The second term is structure 
independent and represents the damping of the motion due to loss of energy by 
radiation. The remaining terms are proportional to positive powers of the electron 
radius and contain as coefficients the higher derivatives of the acceleration; if they 
are neglected and the electromagnetic mass incorporated in the experimental mass 
of the electron, approximate equations which include the effect of radiation damping 
are obtained. 
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The Lorentz theory is unsatisfactory because it is not relativisticaUy invariant. 
If, however, we proceed to the limit when the electron radius becomes zero, and 
compensate the resulting infinite electromagnetic mass by a negative infinite 
of some other origin, then the higher terms disappear and the approximate Lorentz 
equations can be considered as exact. As terms involving the electron structure have 
been eliminated, the theory is then invariant. 

Dirac (1938) has, in fact, shown by a more rigorous treatment, based on energy 
conservation, that these equations could be considered to hold exactly for a point 
electron without restrictions on the motion. They do not, however, lead to physically 
seiMible results piiezer 1947). Generalizations of the Dirac theory, as discussed by 
Ehezer (1947), m which the equations contain terms additional to the dampins 
term do not remove these difficulties.* ^ ° 

Comequently it seems worth while to return to the Lorentz model and try to 
mtroduce a parameter corresponding to the radius of the electron in an invariant 
way. ilus IS done m the present paper where a theory, due to Professor Peierls is 


2. The itotdamektal eqttatiohs of thb' theory 

2 -L A notation to that of Dirae (,938) ia naad thronghout thia paper, 

me motion of an electron le eompletely deaeribed by the oomponenta, r,, which are 

functions of the propej times, of a four-vector z: 

% = %(«) (* = 0,1,2,3), 

, Zq = Z® = Cf, Zj = —Z^ = Zjj, .... 

The scalar product of two four vectors wiU be written A. B or 
A.B = AiBi = AoBo-AiBi-AaBjj-AsBa, 

the usual summation convention over repeated indices being employed. Inteeration 
over a four-dimensional region will be denoted by - ^ 

Jdx») = jdx^dx^dx^dx^, 
and over a three-dimensional region by 


Jdx® = ^dx^dx^dxc^. 


3A, 


Thus 


Fr. = —F — .M* 


8a;*’ 


( 2 - 1 ) 


^to I'oi (»#=0), -cyclic and not zero), 

^notZ.*"' in 

difficulties and to 

investigation. ^ paper. This point needs further 
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The foxir velocity of the electron will be denoted by v = z, where the dot represents 

differentiation with respect to the proper time. This and its derivatives obey the 

usual relations „ . . ^ 

v2 = l, v.v = 0, v.v+v2 = 0. (2-2) 

With this notation the equations of ordinary classical electrodynamics can be 
obtained from a Lagran^an principle, which is, for a single electron. 


where m is the mechanical mass of the electron measured in energy units, and j’^(x) 
is the charge-current density of a point electron 


i^(x) = er S{yL-z{s))v\a)da, S{yL) = B{xa)8{x^)8{x^)8{x^). (2-4) 

J —00 


In the present theory the first two terms of the Lagrangian are unchanged, but 
the interaction term is replaced by the double integral 

Jp«(x') F[{x-x')2]4i(x) dx(«dx'(«. (2-5) 

Thus the interaction depends not on the product of the potentials and the charge- 
current density at the same space-time point, but on the product of the two quan¬ 
tities at different points with a weight factor which, to be relativistically invariant, 
can be a function only of the invariant distance between the two points! We suppose 
this averaging factor to be large only when the distance is small, and to faU rapidly 
to zero when the distance much exceeds a quantity j-q. In this way we have introduced 
a parameter corresponding to the radius of an electron in relativistic fashion. 

Inserting expression (2-4) for the^charge-current density in (2-5) and integrating 
over x', the variation principle of the theory can be written 

-t- Jjj;;.(x) J'^*=(x) dx^*) -h ejviis) F{IP) A\k) dsj = 0, (2-6) 

where = (x—z(s))2, (2-7) 

Comparing (2* 6) with (2- 3) we see that the present theory is equivalent to endowing 
the electron with an. effective extended charge-current density, given by 


Ji(x) = ej^ t;i(s)F(JS2)ds, 


( 2 - 8 ) 


which is completely determined by the world line of the electron and which obeys 
the continuity relation 3j^(x) 


dx'^ 


= 0 . 


(2-9) 


The fundamental equations of the theory are obtained from (2*6) in the usual way. 
If we vary the potentials we obtain the field equations 


0Z* 



“’u^(s)F(JJ2)d5, 

00 
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which, usiag the Lorentz condition dA’‘ldx^ = 0, become 

□^^(x) = 47re f ¥(s) F(B^) da = 47r/(x), 

J •—00 


( 2 - 10 ) 


where 


□ =• 


02 .32 02 02 


m 


’ dx^dxjc dx^ 0*2 dy^ 0z2* 

If we now vary thf* electron co-ordinates z^, keeping the potentials fixed, we 
oDtain the equations of motion 

dv^ C 

where the mtegration is over all space time and i?® is given by (2-7). The field to be 

iMe^d in (2-11) is, of course, the external field plus the field produced by the 
electron itself. j' « 

2-2. We have now to see whether it is possible to construct a suitable averaging 
tunction. It must obey the normalization condition 


jF(x2)<ix<«= 1, 


( 2 - 12 ) 

as to makes the total effective charge finite and equal to e, the electronic charge. 

tr^o^^S wSf be the four-dimensional Fourier 

toa^form of F(B ), which by symmetry can be a function only of the invariant 

distance m Fourier space. If we write o-« tue mvanam; 


then, for F to be properly normalized. 




(2-13) 


(2-14) 


Thus we can construct a smearing function from any transform g which falls oflf for 
laige I F:2 I and which is equal to ± at the origin, as. for instance, the function 


ffm = 




(2.16) 


only the oaee where We ahajl, howe-rer, disouse 

a. this case (of. Appeudi^) p i, „ad if 

for the offectifff^oSef^*^7(2^ y oousideimg the eipteeeion 

S> is posiidte. It is sLT7! ~r7i !■ “ = -to to the retarded pomt, 

world liue lying between the ref. 7.1 “long the pert of the 

the eharm Site t, "t^od and advanced points. If the point at which 

the Pa.TeS^ll'rwZ'iif 

XCI ime, B goes from a large positive value to a large 
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negative value in a short distance of the order of magnitude ro along the -world hne 
through the retarded point. Thus F(jB®) falls to a very small value in the vicinity of 
the retarded point, and, if it is an odd function, is roughly equal and opposite on 
each side of the light cone. Consequently m an integral like (2*8), at large distances 
from the world line, the contributions from points ha the vicinity of the light cones, 
where F is appreciable, largely cancel, and the resultant charge-current density is 
negligible except for points whose spatial and temporal distances are separately 
within a distance of the order of magnitude r^ from the world hne. 

As an example we could take , 

F(i22) = -^(37-273)6-^“, Y=:B^Jrl (2*16) 

This can be shown (cf, § 3*2) to satisfy the normalization condition. It is an odd 
function of and very small for | and thus is of the type required. A sketch 

of the function is shown in figure 1. It is zero at F = 0, ± , and has maxima at 

F = ± J(3 ± aJ6 ), the secondary niaximum being about fifty times weaker than the 
primary. 



Figtob 1. Graph of the averaging function (2*16) against where 
jB® is the invariant distance. Arbitrary units not to scale. 

2*3. As an example of the effect of the averaging process, we shall examine the 
equivalent charge-current density due to an electron moving in a straight line with 
constant velocity. 

Suppose the electron moves in the aj-direotion with three-velocity so that it 
is at the origin of co-ordinates at f = 0. Then we have 

x=(r,^), = 2)2 = 2:3 = 0, 

where are measured in units such that c = 1. 
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-^0 Jj, = jg = OJj, = and from (2-8) expressing F as a Fourier integral, and 

using the above notation, 

which becomes, on integrating over t’, and the directions of k, 

_ 2e r“ 

where r' = {y^+z^+{z-ptfj{l 

Ifweinsertforgthefrinction(2-16), wefindthat ' 

The chaige distribution is mainly within a smaU sphere of radius which contracts 
in the direction of motion like the Lorentz electron, and is finite at the origin. 


3. The electromaghetio potehtiaxs 

3-1. We have to find solutions of the ordinary Maxwell equations for an extended 
c arge-current distribution J(x), which obeys the usual continuity relation (2-9). 
These solutions are, in the physicaUy interesting case of the retarded potentials, 


J 


or changing the integration over all charge points P' to an integration over all 
values of the three-vector 


4et. = J pMr+r',t- r') dr'®. 


to expressing it as a Fourier integral, this can be integrated 

^i(^)iet = ^J_^Vi(s)G(P^)ds+ieJ Vi(s)Gi(R)ds, (3-1) 


where 


G(iJ2) = - ^ fJ e-«-® dKW, 
Gi(R) = iJgr(Z2)A(K)e-«-»dKW. 


(3-2a) 


(3-26) 

F for‘principal value of ^ and A(x) is the relativistic 

A(x)=i{^(r-f)-<J(y+^)}. 

Gi(R) is easily evaluated. Because of the delta functions in AlKl and as a(K^) 
d«I»nd. ody on IX. I,, can be repho«l by y(0) in fte inCaln,’ 

Gi(R) = A(x-^). 
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Thus the second term in equation ( 3 ‘ 1 ) is 


C+co 

Wi(s)A(x-z(s))ds, 

J —00 


which is half the diflference, between, the retarded and advanced potentials of the 
usual theory. It has been shown by Dirac {1940) to be a solution of the Maxwell 
equations without sources and is introduced with the positive sign because of the 
choice of retarded potentials. The full expression for the retarded potentials thus 
becomes 

Ai(x) = ej _^v,(s) [G(It^) + iA(R)] ds, ( 3 - 3 ) 

the first term of which represents half the sum of the retarded and advanced 
potentials. This is given in the ordinary theory by the expression 


ej Vi{s)S{B^)ds, 


which contains the Coulomb potentials. It is singular on the world line and gives 
rise to the divergences of the usual scheme. In the present theory the singular 
function is replaced by the regular function G, which removes the divergences. 

3-2. There is a simple relation between G and the averaging factor F which could 
be used to compute one from the other. For if we operate on both sides of equation 
( 3 - 3 ) with the operator □, we have 

□ J[i(x) = 47rJ^(x) = eJ ^«i(s)nG(J?2)d5, 

since □A(R) = 0 . Therefore, using (2*8) for J*(x), 

□ G(i2*) = 47TF(i22), 

...._J_At... 4 . 1 .-* 3 /(-K®) _ 0 /-.J! _ f'f pa^ 


or, using the fact that 


2G'+B^G'' = nF, 


where the accents denote differentiation with respect to .K®. 

In general we can take for G any function, even in jB*, which falls off rapidly for 
large | | and which obeys the norrnalization condition 


J'*’“G(R2)di?2 = 1, 


as then the corresponding function F is suitably normalized (cf. Appendix) and can 
be calculated from ( 3 - 4 ). ^ ♦ 

For example, if we take for G the function, obeying the above conditions, 

= r = ( 3 - 6 ) 

then, applying (3*4), we find that the corresponding .function is that given by 
equation ( 2 ' 17 ) and which, therefore, is suitably normalized. 


VoL 195. A, 


22 
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3 *3. If we take the potentials given by (3-3) for a field point very distant from the' 
world line, G(JS2) falls to a very small value in the immediate neighbourhood of the 
light cones, and the main contribution to the integral will come from the region 
where is zero. Thus, taking into account the condition (3*6), G can be replaced 
without appreciable error by and the potentials reduce to the retarded poten¬ 
tials of a point electron on the usual theory. 

However, the substitution of G for S{B^) leads to a change in the potentials in 
the neighbourhood of the world line, and in particular makes the potentials finite! 
on the world line. As a simple example we can take the case of an electron at rest; 
Then the second term of (3-3) makes no contribution, and we have 


A^=:Ay = Ag = 0 , Ao = ej ®o(*) ds. 


which can be reduced, in a similar manner to the calculation of the effective charge 
density, to . , 

Aa(r) = 87reJ^gr(-P) — 


■dh. 


If, for instance, we take expression (2-15) for g, then 

Tor r^r#, this is indistinguishable from ejr, but at the origin is finite and equal 
to e/V2ro* 


4. The equations os' motion 

4*1. The equations of motion are given by (2‘11). The self field can be eliminated 
from thesb equations, by calculating it, using (2‘1), from the retarded potentials 
(3-3), and averaging the resultant about the world line. This is easily done in Fourier 
space, and leads to the result that the self field gives rise to a term on the right-hand 
side of (2’li), namely, 

where %’ = z(«'), v' = v(s'), and 

H(B®) = — 47rJ^^^-^e-®-®dKW, (4-2a) 

Hi(R) = '47r2irgr2(Z2)A(K)e^’>^-«dK(«. (4-26) 

The expression for is similar to that given for (3*26). Again., owing to the 
singularities of A(K) and as gr is a function only of | |, g{K^) can be replaced by 

H,(R) = A(R). 

Thus the second term under the int^ral in (4*1) reduces to ev^ times half the differ¬ 
ence between the retarded and advanced fields for the component at a point on 
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the -world line. This quantity has been evaluated by Dirac and results in the radiation 


damping term 




-where the dots denote differentiation with respect to s. Thus the equations of motion 
become, after integrating by parts the first term of (4-1), the mtegro-differential 
equations 

(4-3) 

where tr® = {z{s)—z{s')Y and the field refers to the external field only. The 
fact that integro-differential equations of motion are obtained is satisfactory, for 
differential equations, if they are to give an account of radiation dampmg, have too 
* many solutions, whereas integro-differential equations may have a much more 
restricted group of solutions than differential equations of any fitnite order; so there 
, is a possibility that only one solution of the equations of motion of a free electron 
esists. The equations would be simpler if the integration over the world line extended 
from mmus infinity to the point s on the world line considered, mstead of over the 
whole world line. This would be the case if one could construct a function H which 
was zero in the future light cone of the time-like vector z' — z for then H would be 
‘ zero for s' > s. However, although we are free to construct an averaging function 
different in the three invariant regions of space time, this does not give a corre¬ 
sponding freedom in the choice of H. For let us denote the Fourier transform of the 
averaging function by g'(K) to show its dependence on the di-\dsion of Fourier space 
into three invariant parts. Then the functions H(R), Hi(R) become ' • 


H(R, = 

The combination ^(K) g( — K) is the same in, the past and future light cones. Con¬ 
sequently Hi(x) reduces to a constant times A(x) as before. H(R) is invariant against 
reflexion of the vector R, and therefore does n6t distinguish between the p?ist and 
future light conesj though it may be "different in the space cone. Henceitii^ impossible 
to reduce the integration over the world line in the. desired niaimer. 

The Fourier transform of H is, from (4-2a), — have the 

same general beha-piour as g, consequently H -will have the same general properties 
as the function G. In fact we may take for H((T*) any function, even in cr^, such that 

r"H(tr2)d(ra= 1, (4-4) 

J —00 

as this leaves G and F suitably normalized. We could, for instance, take for H the 
function (3*6) already given as an example for G, and -write 

Otherwise H could he calculated from (4-2a) for a giVen function g. 


(4-5) 


22-2 
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4-2. The force exerted on an electron by an external field is that due to the space- 
time average of the field around the world line. The principal contribution is made 
by the field within a distance from the world line, so one would not expect the field 

to be altered very much unless it changes appreciably in a small region near the 
electron. 

For instance, in the case of a field which is constant in space but which varies 
with time, 

U = (4.0) 

and it is found, going over to Fourier space, that the effective external field S 
is given by ^ 

where r , t' are the electron co-ordinates. This is easily evaluated, giving 

which IS equal to the field (4*6) on the world line multiplied by a factor 47 rV(w§). 

tlien g{o)l) is indistiuguishable from p(0) and S = E, but for 1 /r* 

the factor is very small. ^ ® 

Snn^ results hold for a field constant in time but variable in space. A plane 
wave, however, of any frequency is unaltered by the averaging process. Thus a pure 
radiation field is unaltered by the averaging process, but the quasi-static field due 

to another ch«ge is altered if the charges approach within a'distance ro or are 
violently accelerated. 

4-3. Let us examine the equations of motion for a path in which the acceleration 
and. its derivatives are small. 

We can change the integral over a' to an integral over a, using the relation 

(Tdcr , 

da' --V.Z-Z. ( 4 . 7 ) 

^^ 01^ ta -00 to +«. Wa taketo be positiTa ,han a' >.. aegatdva 
whaa » < a. Thau the mtagral term of tha aqaatiom of mottoa oan ba written 

J-»l v'.z-z' (^- 8 ) 

1 Son - 0 ' - »■ We than aubalitute for r in tarma of <r, umng 

0-2 = (Z-Z')2 = 

^rel^M and ^ OTifi the expansion, 

r+oo 
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In the expansion, odd powers of o’ make no contribution owing to the symmetry 
of H. The general term will be of the form 

^+00 

« 2 n+i u'2"H(<r2)d(r, (4-10) 

J ~00 

where ® 2 n+i stands for combinations of the derivatives of the four-velocity of the 
( 2 n-f- l)th order. Now H((r®) is of dimensions l/c®, and so (4‘ioj can be written as 
’Wilier© O^isas dimensionless constant. 

Thus the equations of motion become 

(m+e®Oo/2ro) Vi - y^{Vi 4- v\)+e%(2»i++ 6v. vv^) +... •+• 

= ev%(z), (4-11) 

where stands for the mean value of the external field around the point z. 

This is an expansion in powers of similar to that of Lorentz with the exception 
that only odd powers of occur. We see that the first term of the expansion gives 
to the electron an electromagnetic mass where 

m, = ieVo/^o = r"H(o-2)d<r, (4-12) 

J —00 

K we take for H the function ( 4 - 6 ), then 

We = 6®r(J)/4.,/7rro = 0-61e®/ro.- 

The sum of thb electromagnetic and non-electromagnetio masses must equal the 
rest mass M of the electron, as naeasured by experiments in which th© electron is 
not too violently deflected. Thus 

Equations (4-11) givb to fikst approximation 

== ev%j, (4-13) 

which are the Lorentz-Dirao equations of motion. However, in the present theory 
they are valid only for motion m which the acceleration of the electron is restricted. 

If we consider the case of an electron moviog in a straight fine, which we take to 
be the a:-axis, then the ^-component of (4-11) becomes 

( 1 > ( 2 ) ( 8 ) ( 1 ) 

e2J5ro{2y(?-l-6(y?)®}+... = eJE„, 

(n) 

where /S denotes the »th derivative of the three-velocity with respect to the tune, 
evaluated in a co-ordinate system in which the electron is momentarily at rest. One 
would expect the higher terms in the expansion to be of the form 

(2n+l) (1) 

‘ (1 

Then the expansion breaks down if the acceleration /? is greater than the character¬ 
istic frequency 1 Jr^, or if the change in the higher derivatives of the "acceleration in 
a time r^ is of the same order of magnitude as the derivative concerned for deriva¬ 
tives of high order. It can be proved for a function. H, which is everywhere positive 
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Ti h as (4-6), that, if only the first term of the expansion is retained, the remainder 
IS less in magnitude than , 

(3) ( 2 ) ( 1 ) ( 1 ) 

I + C I /?„, I®}, 

•wlmre the suffix m denotes the maximum values reached at any point of the path 

f T-j"?’ of magnitude unity. This provides a guide to the ranee 

of validity of the approximation (4-12). ^ 

4-4. The equations of motion.of a free electron are obtained from (4-3) by dronnmsr 
the term m the external field. The resulting equations are satisfied by the mathe^ 
maticaUy tnvial but .physically important solution that the electron moves in a 
straight hne -with constant velocity, as then the left- and right-hand sides of the 
equations are identically zero. 

nnllTquestion whether there exist any other solutions, such as the 

00^2 ^TJ “ additional solutions would 

com^pond to a motion in which the electron is violently accelerated, for if the 

<‘M8) Aown that th« 

. motions m wMch the acceleration is very large, which con- 

■■■?° “ ‘y ‘*™ te evaluated for simple tra/ectories of the 

space eomprenT"?^*T^C“‘°”"'““=‘'^“'^“'”^ 


where 


( 1 ) ( 2 ) v-rw/ 

mp - |e®^ = 2e® I [(a: - *') -p'H-1')] 

.•/-oo ^Qf-a > 

«' =• x{t'), P' = p{t'), cr^ = (t^ t'f ~{x~ xy. 


(4-14) 


path given by the relation “loving m a hyperbola in Lorentz space, with its 

hecoml tL^rm -d e^ to l/«..Then (4-14) 

fn e®r»/, cr2\-t 

a Jo I ■^4^/ H((r®)dcr®. (4.I5) 

^“eP'»‘«velih, (4.5), this 

m = 

then (4.15) ^rould become an equation for a: 


m^-M = e^l (1 + 


-J 


H(£ra)do-®. 


(4-16) 
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Now the right-hand side of this equation is, by (4-12), equal to when a is infijiite, 
and is zero when a is zero. Consequently it takes on all values from 0 to as a is 
varied, and (4-16) always has a solution for a. In this case, runaway solutions of the 
hyperbola type would exist. In the limiting case in which the entire mfl.aa is of 
electromagnetic origin, a = 0, and the solution reduces to motion along the hght 
cone. In the other limiting case in which approaches zero so that is infinite, 
and m is negative and infinite such that their difference is finite, the-solution degen¬ 
erates into that of motion with constant velocity. 

We suppose in the present theory that m is always positive, so that the above is 
only of interest in demonstrating the effect of the integral term in a simple hypo¬ 
thetical case. Here the magnitude of the integral term is always less than mjcx., 
whereas the first term in the expansion of the integral is equal to mja, so that the 
total integral is numerically less than the first term in the expansion. There is no 
reason to beheve that this would be true for other t 3 rpes of path, and the question of 
the effect of the integral term must be left for further investigation. 

The writer would like to express his thanks to Professor Peierls for suggesting the 
elaboration of an idea of his, which forms the basis of the present paper, and for 
constant advice and encouragment in the prosecution of the work. He also wishes 
to thank the Department of Scientific and Industrial Research for granting a Senior 
Research Award which enabled him to carry out the investigation. 

Appendix 

Relation (2*13) between F and g can be written, supposing p to be a function of 

l-PI. 1 r 

F(S“) - 

which becomes on integration over all directions of k 

+ 00 

F(i22) = ^ hl-k^\)dkdlc^. 

Making the change of variable k = ^^2 Aq = {^~V) using the fact 

that only terms even in g and ^ contribute to the integral, we obtain 

00 

F = ^^^did7ig{2gri)lgmi.{\^2i{r-XQ)}GOs{\^2.y{r+Xo)) 

0 +yam{i^2'ri{r+Xf,)}ooB{^^j2^(r-XQ)y]. 

This becomes, making the further substitution 2^2^ = v\r+XQ\,7i\r+XQ \ = ^2 u 
in the first part, and a corresponding change in the second part of the integral, 

00 

F(R®) = ~ ^ cos -M sin (iwJ?®) vdvdu, 

0 • 

which shows that F is an odd function of R® if p is even. 
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By a similar series of transformations it can be shown that 

00 

GiB}) = ^jjg{uv) cos(it;J?2) ^^dudv, 

0 

«i|» 00 

^~dudv = 47rV(0). 


and so 


OonBe,.«.tIy if . 1, ,(0) . « mritablynonn^ 
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The theory of the anomalous skin-effect in metals 
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t 

propagation is usually characterized by a complex index of refraction, and, by taking 
into account the relaxation effects which arise when the period of the field becomes 
comparable with the time of relaxation of the conduction electrons (and which cause 
the current to lag in phase behind the applied field), it is possible to derire formulae 
for the refractive index which have mtil recently been regarded as valid for all 
values of the temperature and frequency. (See, for example, Wilson 1936 , p. 125, 
equations (I 88 ) and (189). These expressions will be referred to as the classical 
formulae.) 

Pippard (1947 a) has pointed out, however, that the assumption implicit in the 
classical theory that the electric field may be regarded as spatially constant for the 
purpose of calculating the current at a point cannot be generally valid. The assump¬ 
tion is certainly valid when the field does not vary appreciably over a distance of the 
order of the free path of the conduction electrons, that is to say, when the fi?ee path is 
small compared with the effective depth of penetration of the electric field. This 
condition is satisfied for all values of the frequency if the temperature is sufficiently 
high, but at low temperatures there are three frequency regions to distinguish. For 
sufficiently low firequencies the penetration depth is large compared with the free 
path, and the classical theory is valid. Again, for sufficiently high frequencies the 
penetration depth is large compared with the distance travelled by an electron 
during one complete oscillation of the electric field; in this case also, regardless of the 
value of the free path, it is permissible to regard the electric field as spatially constant 
in calculating the current at a point, so that classical conditions prevail. At'inter- 
mediate frequencies, however, neither of these conditioixs is satisfied, and the spatial 
variation of the electric field must then be taken into account-. 

The expression for the current density m the general case takes the form of a 
definite integral involving the values of the electric field at all points in the metal, 
an,d Maxwell’s equations therefore lead to an mtegrodifferential equation from which 
the electric field has to be determined. The form of this equation depends on the 
particular model adopted for calculating the current. Pippard (1947 a) derived the 
equation for a semi-classical model in the low-frequency limit where the period of the 
field is large compared with the time of relaxation. He obtained the solution for the 
case of a ‘ linear ’ metal, in which the directions of motion of the electrons are assumed 
to lie on a cone of fixed semi-angle, but he found that the results for this over¬ 
simplified model are not even qualitatively correct. He was unable to solve the three- 
dimensional equation and confined himself to a qualitative discussion based on 
general physical argrunents which -was intended to apply to the limiting case of very 
large free paths, but which could not be used for making quantitative predictions. 
The purpose of the present paper is to use the general methods of the theory of metals 
to reformulate the fundamental equation without neglecting any of the terms, and to 
obtain explicit solutions which can be used to give a detailed discussion of the effects 
to be expected over the whole frequency and temperature range.' 

1 * 2 . The general expression for the cmrent density is derived in § 2 , subject to the 
following assumptions: 

(i) The penetration depth of the field is small compared with the linear dimensions 
of the specimen, so that it is permissible to regard the surface of the metal as plane 
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and infinite in extent. This condition is always satisfied in practice, for specimens of 
at the temperatures and frequencies at which the anomalous 

skin effect appears. 

(ii) The electric field is propagated at right angles to the surface of the metal, so 
that the problem may be treated in one dimension. The more general case of oblique 
incidence is considered briefly in § 8 - 21 ; it involves more complicated expressions but 
leads to no significantly new results. . 

(iii) The electrons are regarded as quasi-free, the energy being proportional to the 
square of the wave-vector. This assumption is known to be adequate to describe all 
4 he simpler conduction phenomena in metals. 

(iv) It is assumed that the collision mechanism can always be described in terms of 
a free path I for the conduction electrons (or, alternatively, a time of relaxation r, 
where I tv, v being the mean velocity of the group of electrons considered). I and r 
may depend on the magnitude of the velocity but are assumed to be independent of 
the direction of motion. The existence of a free path can be strictly justified only at 
high temperatures such that {0jT)^ can be neglected, wher 6 @ is the Debye tempera¬ 
ture, and at very low temperatures where only the residual resistance is important 
(Wilson 1936 , pp. 208, 228), but no serious error will be caused by assummg that 
a free path exists, in fact, at all temperatures, its temperature dependence being 
determined by the theoretical temperature variation of the D.C. conductivity 
(compare Wilson 1936 , pp. 19,214). It would be exceedingly difficult to develop the 
theory without making assumption (iv). 

(v) Some, assumption concerning the reflexion of the electrons from the surface of 
the metal must be made. Following Pippard, we assume that a fraction p of the 
electrons arriving at the surface is scattered specularly, while the rest are scattered 
diffusely. This is not the only possible assumption, but as it will be found to be of only 
minor importance, and in the absence of any theory of surface scattering, a more 
elaborate treatment is probably unnecessary. 

The expression for the current density (equation (14)) is combined with Maxwell’s 
equations and leads to the general equation for the electric field (equation (18)). The 
basic equation in Pippard’s formulation of the theory differs only in minor detail 
from ours. 

1-3. In § 3 the results obtained from the classical theory are collected together, and 
in §§ 6 to 8 they are compared and contrasted with the results of the general theory. 

The fundamental integrodifferential equation (18) is solved by means of the theory 
of Fourier integrals for the two limiting cases of perfectly specular surface reflexion 
[p = 1 ) and completely diffuse reflexion {p = 0 ). The solution for jp = 1 is straight¬ 
forward. For p = 0 , the equation is of the same general type as the well-known 
integral equation of Milne'which occurs in the theory of the radiative equilibrium of 
a stellar atmosphere, and it is solved by an extension of the method which has been 
applied to MUne’s equation by Wiener and Hopf (see Hopf 1934 ; Titchmarsh 1937 , 
§11-17). The mathematical analysis is given in appendices I and II, and the results 
are summarized in § 4. The results for p == 1 and p = *0 show qualitatively the same 
behaviour and differ only in detail, and no attempt has therefore been made to obtain 
solutions for the diffiloult intermediate case 0 <p < 1 . 
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1*4. The results show that the electric field is given by complicated expressions 
(e.g. appendix III, equations (A 39) and (A 40)), and is not, in general, of exponential 
form. In order to illustrate the behaviour, a simple special case is discussed in § 5 . 

1-5. Since the wave propagation is no longer exponential, the classical concept of 
the complex refractive index loses its physical meaning in the general theory. All 
measurable quantities can, however, be expressed in terms of the ‘ surface impedance’ 
Z, which is defined (for normal incidence) as 47 r/c times the ratio of the electric and 
magnetic field strengths at the surface of the metal* (for a full discussion of the modern 
impedance concept see,‘for example, Schelkimoff 1943 ). The real and imaginary parts 
of Z are referred to as the surface resistivity R and the surface reactance X re¬ 
spectively. A unified description of the phenomena, valid for the whole frequency 
range, is obtained by expressing the results of the theory in terms of Z, from 
which the quantities of experimental interest in any particular frequency range are 
then easily derived. For example, when conditions are classical the complex re¬ 
fractive index is given by 47 r/(cZ). 

In the radio-frequency region, where the displaceinent current is negligible, 
Z represents the ratio of the electric field at the surface of the metal to the total 
current per unit area of surface. 

In the optical region, chief interest attaches to the properties of light reflected 
from the metal surface, and the usual formulae (Born 1933 ) are readily rewritten so 
as to refer to the field strengths at the surface of the metal instead of the refractive 
index. 

1 ’ 6 . The expressions for Z involve definite integrals (e.g. equations (33) and (36)) 
which, in general, have to be evaluated numerically. They can, however, be evaluated 
explicitly in the limit of extreme non-classical conditions, i.e. for large values of a 
parameter g which depends on the free path I and the frequency o) and which may 
become large at very low temperatures. The asymptotic expressions obtained in this 
case (equations (44) and (45)) are discussed in § 6 . They show that Z is proportional 
to (0* and independent of I, whereas classically Z varies as ^J{o)ll) when relaxation 
effects are negligible. The same result was obtained by Pippard, and the present 
theory thus confirms qualitatively his simplified picfure of the conduction process in 
which only those electrons whose direction of motion makes a sufficiently small angle 
with the surface of the metal are regarded as making an effective contribution to the 
current density. 

1-7. The temperature variation of the surface impedance in the microwave region, 
where relaxation effects are always negligible, is discussed in detail ia"§7, and the 
results of the theory are compared with Pippard’s ( 1947 a) measurements of the 
surface resistivity of various metals at 25 cm. and from room down to liquid-hehum 
temperatures. At constant fiequency, 1 jR at first increases as for as the temperature 
is lowered, cr being the D.O. conduc^jivity, but becomes independent of cr at suffi¬ 
ciently low temperatures. This is in qualitative agreement with the experimental 
results: The detailed application of the theoiy to the noble metals leads, however, to 
serious discrepancies, which indicate that in these metals the anomalous skin effect 

* Gaussian units are employed throughout the present paper. 
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may be masked by the presence of a surface layer of abnormally high residual 
resistance. In the case of mercury, tin and aluminium there is order-of-magnitude 
agreement between theory and experiment. 

1 *8. The frequency variation of the surface impedance is considered in § 8, and 
cmves are given showing the behaviour for aU values of the frequency and several 
temperatures in the region where anonialous effects are appreciable. The deviations 
from classical theory are marked only at low temperatures, where Z exceeds the 
classical value over a frequency range which, at the lowest temperatures, extends* 
from the medium-wave radio region to the visible spectrum. 

The reflexion of light from a metal surface is discussed in §§ 6*2 and 8*21, and it is 
shown that, as the frequency is increased, the reflexion coefficient passes through 
a mmiTmiTn in the far infra-red. However, the reflecting power remains so high at 
low temperatures that an experimental verification of the theory in the optical 
region is likely to be very difficult.* 


2. The fundamental equation 


2 *1, A semi-infinite metal is considered, with its surface in the a;y-plane and the 
positive 2 ;-axis directed towards the interior of the metal. The electric field S{^) is 

taken to be in the a;-direction and the magnetic field H{z) in the y-direotipn.t 
Maxwell’s equations then take the form 

dH io) ^ 4^7T dS ito /-.x 

where J{%) is the current density. On eliminating B. from these equations, the 
following relation between S and J is obtained: 






dz^ 


+ ^ 


( 2 ) 


2 *2. Equation (2) represents all the information which can be obtained from 
Maxwell’s equations alone. To proceed further it is necessary, by choosing a model 
for the metal, to consider in detail the motion of the electrons in an arbitrary electric 
field, and hence to derive a second relation between J and S which has to be combined 
with (2) to give an equation from which S can be found. 

As is usual in the theory of metallic conduction, the conduction electrons will be 
regarded as free, in the sense that the energy JE? is related to the wave-vector k by 
£ = A^jk|^/(87r%), m being the effective mass of an electron. The distribution 
function / of the electrons is written in the form 

/ = /o+A(v,52^), . (3) 

where/^ is the Eermi function Ij. being the Fermi energy level), v is 

the velocity of an electron, and/^ is an unknown function of v and z which is to be 
determined. /^^ depends on the absolute value of v only. 

^ 4t optical frequencies the theory applies, of course, only to metals such as silver and the 
alkah metals which have no photoelectric absorption band in the infra-red. 

t The time-dependent factor which occurs in , H and in the quantities J and A 
intipduced below will in future be omitted. 
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Under the combined action of the appHed electromagnetic field and the collisions 
of the electrons -with the lattice a steady state is set up, and the distribution function 
in the steady state is determined by the Boltzmann equation (Wilson 1936 , pp. 124, 
158) 

where — e is the electronic charge and r is the time of relaxation of the conduction 
electrons. / is regarded as a function of the wave-vector k and the space-vector r, 
and T is assumed to depend on the absolute value of v only. 

On combining (3) and (4), using the relation Kk = 27rmv which holds for free 
electrons, and neglecting the product of S' with/^ and all terms involving the magnetic 
field, /i is found to satisfy the equation 


3/i ^ l-\-io)r e df^ 
dz TVgi mVg dv^ 


(5) 


2 - 21 . In the classical treatment of the problem the first term in equation (5), 
which arises from the motion of the electrons in the 2 ;-direction, is tacitly regarded as 
negligible. In this case it is easy to see from (5) (compare also Wilson 1936 , p. 124) 
that the current density is given by 


. J = crSI{l +io)T), ( 6 ) 

where or is the conductivity for stati 6 electric fields. The classical theory will be 
considered further in § 3. In order to derive a criterion for the limits within which it is 
valid, note that the expression for S obtained from equations ( 2 ) and ( 6 ) is (neg¬ 
lecting the term in ( 2 ) which arises from the displacement current) 

(7) 

vbere $ = cj-^(2n(i)cr). (8) 

8 is the penetration depth at low frequencies such that The first term in 

equation ( 6 ) is hence of order/i/{5(l +<yV)*}, while the second is of order 

where Z = t | v | is the firee path of the electrons. The fimt term in (5) is therefore 
negligible compared with the second provided that 

Z/^^(H-«V)*. (9) 


A more rigorous derivation of this condition will be given in § 6 - 2 . At low frequencies 
(£iJT<^ 1 ) it represents the requirement that the firee path Z is to be small compared 
th the penetration depth 8. At high frequencies (&>t> 1 ), however, it requires that 
the path | v IJw travelled by an electron during one period of the fidd is tb be small 
coihpared with the penetration depth which, as shown by (7), is now S^{6)t). (9) thus 
provides a unified statement of the conditions for the validity of the classical theory 
which were mentioned in § l-l. Write (9) in the form 

yr + l/(a»V®)}*, 
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where 7 is a constant. The function on the right is infinite for wt = 0 or 00 and has the 
TniniTYinTn value of 3 * 2 -i. Therefore, for any value of r, it is clear that ( 9 ) must always 
hold for sufficiently low and sufficiently high frequencies, but at low temperatures, 
where t is large, there exists a wide frequency range in which ( 9 ) is by no means 
satMed. Thus for a pure metal at liquid-helium temperatures and for a wave-length 
of 18 cm. (so that typical values are 1 = 10“®cm., t= 10“^^ sec. and 

B = 10-® cm., so that IjS = 100 and on = 0-1, and the first term in (6) is in fact very 
large compared with the second. In a theory valid for all temperatures and fre¬ 
quencies it is therefore necessary to use equation (6) without neglecting any of the 
terms. 


2 - 22 . Eetaining aU the terms in ( 5 ), the general solution is 




where F{y) is an arbitrary function of the velocity which is determined by the 
appropriate boundary conditions. 

For % < 0, the condition that/i must not become exponentially large as 2; oo gives 


JJ* L J 


whereis the value of/i for aU v such that < 0. The distribution function of the 
electrons which are moving towards the surface of the metal thus depends on the 
values of the electric field at all points between infinity and z. 

The value of/i for > 0, which wiU be denoted byis determined by the nature 
of the scattering at the surface of the metal. It will be assumed that a fraction p of 
the electrons arriving at the surfrice is scattered specularly with revetsal of the 
velocity component v„ while the rest are scattered diffusely with complete loss of 
their drift velocity, p is assumed to be independent of the direction of motion of the 
electrons. 

. With these assumptions, the distribution function of the electrons leaving the 
surface (z = 0) is given by 


/o +/l®(«x. 'ey, Vg, » = 0) = p{fo Vy, -v^,z = 0)} -1- (1 -i))/o, 

which determines F(v) for > 0.* In this way it is found that 
mv^dv^ J 

Defining —a?) — ^(z) for z< 0 , equation (12) may also be written in the form 

><(pJ’y(0«p[5^^‘]*+(l-p)JVw«p[li±^]*}. (13) 

* A Rimilar argiixaezit has been used by Fuchs (1938) in discussing the D.C. conductivitv of 
thin metallic films. 
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Equations ( 11 ) and (13) represent the solution of ( 6 ) which satisfies the boundary 
conditions- of the present problem. 

2-23. The current density J(z) can now be calculated at once by means of the 
formula . , 3 . -- 

J(z) = - 2 eWj Ijlv^fdv^dv^dv,. 


Using (3), ( 11 ) and (13), introducing polar co-ordinates {v,d,w) in the v-space and 
integrating over w, this becomes 


J(2) = 


2nehn^ 


+ 


J sin® 6 sec 6dO |pJ ^{t) exp geo dt 

(1 —p)J S'it) exp —— sec dij 

J v^^dvj sm^daeoddd j. S{t) exp |^ — ~ sec dj di. 


27re®m® 


' A® 

The integration over v is easily carried out by using the formula 


-Jo g{v) 


dv 


dv = g{v), 


which, holds for a degenersite electron gas, v being the velocity at the surface of the 
Fermi distribution. After a simple transformation it is found that 


= (14) 

where a = oyr, I = rv is the free path, and 
^o('w)=J sin®0seo^e“<’-+^“^i“'®®®'^dd = Mi{(l-4-*a)| w|}—.®i3{(l-I-ia) |tt|}, (16) 

/•oo a—SU 

with JEiniu) = —^rds {^u>0). (16) 

Ji- ^ ■ 

' i ■ ' . . , 

Equation (14) is the generalized relation between current density and electric field 
which replaces equation ( 6 ) for arbitrary values of the free path. 

2-3. Combining ( 2 ) and (14), the equation for <? in the most general case is found 
tpbe 


It is convenient to introduce dimensionless co-ordinates x = zjl, y = tjl, and to write 
<^(13;) =/(a:).* Equation (17) then takes the form . , 

hjp:-y)f{y)d'^, (18) 

This notation is convenient for the mathematical analysis, and no confusion should be 
^nsed by the fact that /, x, y have already been Used in a different sense in the present 
paragraph. • 
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where/(ic) is, by definition, an even function of x, and where 

a = 87r2we2mW/{c2A») = (19) 


The second form for a is obtained by using equation ( 8 ) for the classical skin depth d, 
together with the expressions (Wilson 1936 , pp. 16, 19) 



( 20 ) 


'for the number of electrons per unit volume and the D.C. conductivity. 

Equation (18) is the fundamental equation of the problem. 

2 - 4 . Eor the evaluation of the surface impedance Z it is not necessary to know 
/(*) explicitly, since ^ inwl f{0) 

cH{o)~ c" fioy ^ ’ 


naiT^g equation ( 1 ) and changing to dimensionless co-ordinates. The general expres¬ 
sions for/(a:) and/( 0 )//'( 0 ) obtained from equation (18) are derived in appendices I 
and II for the two limiting cases p = 1 and p = 0 , and the restilts are collected to¬ 
gether in §4. The applications to the various cases of interest are discussed in 
estos. 


3. The olassioaIj theoby 


3'1. The results obtained in the classical limit are well known and have been 
discussed, for example, by Wilson ( 1936 , ch. iv). Our notation and point of view are, 
however, somewhat different from those usually adopted, and in order to facilitate 
comparison later of the new and the old theories, a brief account will now be given of 
the classical predictions for the behaviour of the surface impedance. 

When conditions are classical, the free path may be regarded as infinitesimal and 
the electric field as constant for the purpose of calculating the current at a point. 
Equation (18) therefore becomes (using (16) and (16) and remembering the definition 

of a) ( r«> r*- 

-*“/(*) pJ_^*a(»-S/)%T(-(l---p)J^. ha{x-y)dy 

A lor 

~iaf(x) kaiu) du = oTTrT;/(»)- (22) 

J — 00 a i + %(i)T 

The same result could, of course, have been obtained at once by combining equations 
( 2 ) and ( 6 ). 

The surface impedance is obtained by solving ( 22 ) and substituting the resulting 
expression fQr/( 0 )//'( 0 ) in ( 21 ). This gives 


ll 

1 

(o>W 

1 

c2 




(23) 


3*2. In order to discuss the frequency variation of Z at constant temperature, note 
that = (oh’\vlc)^ and that, for a given metal, ^ is a constant (related to n by 
equation ( 20 )) which is of order 10 ® for normal metals, so that (vjc)^ is of order 10 ~®. 
In general there are therefore three frequency regions to distinguish. 
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(i) For suflSlciently low frequencies, and In this case equations 

(8), (19) and (23) give 



At room temperature these non-relaxation formulae hold for wave-lengths greater 
than about 10"“^ cm., but for pure metals at liquid-helium temperatures, where r is 
very much increased, the condition wr 1 breaks down for wave-lengths of the order 
of 10 cm. The formulae show that It and X vary directly as ^Jo) for a given tempera¬ 
ture, and inversely as for a given frequency. 

(ii) For higher frequencies o)t becomes comparable with unity while remains 

negligible at first (this is always true for normal metals unless the temperature is 
much above room temperature). In this case 



(25) 

" a/(S) +(0^% 

(26) 

In particular, when <yT > 1 , 


•Kci. = ^{Trlch-a), Xei. = 2(j^^{7r/ch-cr), 

(27) 


so that R is independent of cu, while X increases linearly with o), 

(ui) For sufficiently high frequencies the term which arises from the dis¬ 

placement current, becomes appreciable, and eventually it is the dominant term. 
Except at very high temperatures, 1 in this region, and the critical frequency 
for which the term takes over is therefore given by = fot/(oT), or, using 

(8) and (19) to express a in terms of I and cr, by O)^ = 47rcr/r. At this frequency, which 
lies in the near ultra-violet for most metals, the dielectric constant becomes zero and 
the metal becomes transparent. By means of equation (23) it is easily shown that R 
and X have very sharp maxima at the critical frequency, the maximum values beiag 

jB = X = 4:n{7TTcr)^lc. (28) 

For higher frequencies R and X drop rapidly to the free-space values 47r/c and zero 
respectively. 


4. The geneeae solutions 


In the two limiting cases p = 1 and p — 0 equation (18) reduces to a form which is 
in each case a generalization of a standard type of integral equation and which can be 
solved by known methods. The solutions are given in detail in appendices I and II, 
and only the final results will be quoted here, 
p = 1: It is found that 



VoL 195. A. 


23 
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s being a complex variable and log{(l+s)/(l-5)} denoting that branch, of the 
logarithm which vanishes for s = 0. /(0)//'(0) is obtained at once from (29) on putting 
x = 0. '' ° 

= 0: In this case the form of the solution depends on the roots of the ‘ character¬ 
istic equation’ 

2 v/ ^ \ n 


There are two eases to distinguish, according to whether some or none of the roots lie 
in the strip \^s\<\. Since Kis) is an even function, the roots occur in pairs ± s- 
-hSr is used to denote the root for which A discussion of equation (31) is 

given in appendix II. 4 for the case (the only important one in practice) where the 
term mWlc^ is negligible. 

The expressions for/(a:) are very complicated (see appendix II. 2), and only the 
results f9r/(0)/f'(0) will be given here. 

C'a5e(t).Thecharacteristicequationhas2»roots ±Sj, ..., ±5„iathestrip I < 1 
In this ease 

/(O)// (0) = —(v-l-Si + ...-l-a„-f-l—»)-i, (32) 

c* 


where 




(i2+l)»-l|^2_^ 






\l4-^Ct)r/J 


Case (ii). The characteristic equation has no roots in the strip I I < 1. In this 
case ' 

/(0)//'(0) = -(p+l)-i, (34) 


where 




(t^-<f!L+ tri 

f it U 

o’! ^l+wr^\ 

(i + im)] 

’■ t^+ 1 J 


(36) 

imped^ce obtained at once on combining equation (21) with (29) 

T f • ^ 2 ^ discussed in §§ 6 to 8 for the various cases of interest. The 

electric neld itself is considered in § 5. 


' 6. The elbootbio iteld 

The electric field/(*), which is not itself required for the evaluation of the surface 
m^nce, IS, in general, a very complicated function of a;. Only the simplest case 

to „„t 

It IS in appente m that, in this oaae. /(*) can bo ttritten in the form 


where g{x) is of complicated form in general, but where 

2ioc 6“"® 


(30) 


9(3!)' 


(l-2ia)2.a:a 


as a;->- 00 . 


(37) 
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Here/'( 0 ) has been taken as Further, - Sj is a root of the characteristic equation 
s^—ioiK{s) = 0 which lies in the third quadrant and which increases steadily in 
absolute value as a increases. The root — lies in the strip \^s\<l when a<a,Q and 
outside the strip when a > Uq, where ~ 2-63. 

These results are most easily interpreted by comparing them with the correspond¬ 
ing results for a metal which is unbounded in ah directions. In the latter case, when 
a < ao, the electric field takes the form of a damped exponential wave, the penetration 
depth of which is l/^Si and is thus equal to I when a = ocg. For a > a, there are no 
solutions. The physical interpretation of this result has been discussed by Pippard, 
Reuter & Sondheimer ( 1948 ) who show that, in order to obtain solutions for aU 
values of a, it is essential to take the boundary conditions at the surface specifically 
into account. If this is done, equations (36) and (37) show that, for a> ap, the wave 
at great distances from the surface is of the form e~®/a:* and thus never approximates 
to a true exponential wave; it can more appropriately be referred to as a surface 
excitation. 


6 . The asymptotic bxpehssions for the surface impedance 


6 ‘ i. The surface impedance can be obtained firom the formulae of § 4, for aU values 
of the frequency and the free path, by numeijcal evaluation of the integrals. The 
results of the computations are discussed in §§ 7 and 8 , but first it is of interest to 
consider the two luniting cases of (i) classical conditions and (ii) extreme non- 
classical conditions, for which the integrals can be evaluated to give simple explicit 
expressions for Z. 

For p = 1 , it follows from (29) that 


m 

/'(O) 


2 

7T 


dt 


fa J ft \ 

l+l(t)T \l+^Cl}TJ 


Moo/Cl+icyT) 


inl+WT 


du 






c®(l-ficijr)® 


-mu) 


(38) 


where 


§ = ia/(l-f MeJT)® 


(39) 


and K{u) is given by (30). 




is 


Note first that the magnitude of the displa'cement current term ^ 

r,the maximiim value ofwMch for any metal is 10”"® (compare §3*2), 


Since [ ^( 5 ) ] is of order unity for small \s\, (38) shows that the displacement current 
term is always negligible unless [ ^ | <^ 1, which is the condition for the vahdity of the 
classical theory (see §6*2 infra). Thus the displacement current does not become 
appreciable, in practice, until the frequency is so high that conditions are classical 
again and the discussion given in § 3*2 (iii) applies. In our study of the non-classical 
effects, the term arising from the displacement current may accordingly be neglected 
throughout. 
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As shown in appendix I, ( 38 ) may now be transformed so as to give 

= 2 I f" dt 

i TTl+mrJo + 

where 


m 

K(t) = K{it) = 2 i-^{(l + i 2 )tan~^<—{}. 


( 40 ) 

( 41 ) 


The real function x(i) defined by ( 41 ) is discussed in appendix IV. 1. It is easily 
shown that /:( 0 ) =^|, that x(«) decreases steadily as t increases, and that K{t) ~ jr/f as 

6-2. When 1 g | <^ 1, that is, when 

It may be shown that a first approximation to/(0)//'(0) is obtained on replacing 

• ! ^ ^ combining (21) and ( 40 ) and evaluating the 

mte^al, the expression for Z reduces to the classical expression ( 23 ) /without the 
dis^a-oement ciment). An elementary derivation of the condition (9a) for the 
validity of the classical theory has already been given in § 2-21. 

wlren | g | 1, the charactenstie equation has two roots s = ± V[|ia/(1 +i((ir)]. 

^ Mymptotio eipressioM for/(0)r(0) «te obtained when «(() fa 


/(0)//'(0)-|(7ra)-i (l-i/^S). 


( 42 ) 


It should be particularly noted that the factor l+ioir no longer appears in this 

sin^rrrSi expression for 51 = 0 is obtained from^(34) and ( 36 ), 

when IAI • ffl equation may be shown to have no roots in the strip I I < l 

tht fo! L - ^ f • ^)- Proceeding as before, ft is found 

tnat, tor jp — 0, the asymptotic expression is 


/(0)//'(0)-i(7ra)-i 


( 43 ) 


iJ= 1: 
p = 0 : 


( 44 ) 

( 46 ) 


d • ' y / \-xoj 

Ot (8) and ( 19 ), It IS found that the limiting values of Z for I g|>l are 

■^00 = |(V37r<y®Z/cV)i(l+^3i)^ 

■^00 = (V37rw21/cV)*(l+^3i). 

thehmitmgoaseofeirtrPTnfttq + x> predictions that, in 
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neglecting on in comparison with unity throughout. Thus, contrary to what happens 
in the classical theory, no new effects appear when the period of the field becomes 
comparable with the time of relaxation of the electrons. 

(ii) The value of Za, for diffuse surface reflexion is | of the value for specular 
reflexion, thus confirming Pippard’s supposition that the precise nature of the surface 
scattering has only a flight influence on the surface impedance. 

(iii) The surface resistivity and reactance are related by 

X„ = ^SR„, (46) 

both for p = 1 and for p — 0. Since only B is measured in Pippard’s experiments, 
this relation cannot be verified directly, but Pippard ( 19476 , p. 409) has been able 
to estimate X by an indirect method. For mercury he finds that XjB - 1-62 at 
2 - 2 ° K and a wave-length of 26 cm. In this region B is nearly independent of I, and 
equation (46) should therefore apply. Since the method of estimating X is not very 
rehable, the agreement with the theoretical value ^ 3 may be regarded as satisfactory. 
The corresponding value for tin is 1-64 (Pippard, private communication), in even 
better agreement with the theoretical value. 

The fact that X is actually observed to exceed B in mercury and tin is important, 
since it shows that the anomalous skin effect is reaUy measured in theseimetals, and 
that the observed temperature variation of J? is not due to the presence of surface 
layers (compare §§ 7-21 and 7*22). 


7 . The microwave region 

7-1. The temperature variation of Z at radio-frequencies will now be considered, 
with the aim of giving a detailed theoretical discussion of Pippard’s ( 1947 a) experi¬ 
ments on the surface resistivity of various metals at low temperatures. The discussion 
given in §6 shows that, contrary Pippard’s supposition (1947 a, p. 398), on may 
always be neglected in the expressions for Z for wave-lengths greater than about 
1 mm., and thus experiments at radio-frequencies caimot be expected to lead to any 
estimate of the time of relaxation. 

When on is negligible, the comphcated theoretical expressions are considerably 
simplified, since; the integrals then involve one parameter a only. Further, the 
characteristic equation (31) reduces to s^—iaK{s) = 0, with two roots + or none 
in the strip | ^5 | < 1 according as a is less or greater than ao( ~ 2-63; see appendix 
II. 4). The expressions for/( 0 )//'( 0 ) obtained from §4 are therefore 


p = 1: 


/(O) 

2 r* dt 


(47) 


/'(O) 

ttJo t^+iaK{ty 


p = 0: 

m 

/'(O) 

1 _ 1 

V-t-Si’ ~ 7T 


(a<ao). 

(48) 


m 

1 _ 1 
v+1’ ' ^ ~ n. 


(a>ao)> 

(49) 


where K{t) is given by (41) and is discussed in appendix IV. 1 . 
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7-11. Z is obtained by combining equations (21) and (47) to (49), and depends on 
the free path both directly through I and indirectly through a. At constant frequency 
it is most convenient to express 2! as a function of the single parameter a, which may 
be done by elhninating X from equations (19) and*(21). It then follows that 

Z = -m)Aaif{0m0), (60) 

where ' ^ 

n being given by (20). A is independent of a for a given metal and a given frequency 
and has been chosen such that, in the classical limit (a 1), 

2bi. = Aa-*(l+i), (62) 

as is easily verified. 

Z has been computed as a function of a by means of equations (47) to (60) (for 
details see appendix IV. 1). The results are most conveniently shown by writing 
Z= B+iX and plotting AjB and AjX against a*. The classical theory gives 
AjB = AjX = a*, while, when a > 1,equations (44) and (46), rewritten in the present 
notation, show that AjB and A/X tend to the constant limiting values 


i) = 1; 

p = 0: 


A _ Ott* 


2-330, 


A = pTTi = 2-071, 


A _ 3V37r* 
X„ 4^2 
A *j27j* 


= 1-346, 
1-196. 


(63) 

(64) 


The complete curves are shown in figure 1. The straight line of slope unity represents 
the classical result, while the horizontal lines represent the asymptotic values (63) 
and (64). 



Fiousb 1 . The surface impedance in the microwave region. O Experimental 
results for mercury (Pippard). 
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7‘3. The present theory makes it possible to give ^ detailed discussion of Pippard’s 
experimental results, superseding Pippard’s own account in terms of his simplified 
theory on which no quantitative reliance can be placed. 

The curves of figure 1 are to be compared with figure 1 of Pippard’s paper (1947 a, 
p. 388), where IjB (whibhPippard denotes by S andrefers to as the skin conductivity) 
is plotted against for several metals. Since fa and a* both vary as fl at constant 
frequency (compare equations (19) and (20)), it should be possible to make each of 
Pippard’s curves coincide with ours (disregarding for the present the influence of jj) 
merely by a suitable change of scale. It is evident that there is qualitative agreement, 
and, a.s an example, the experimental points for mercury have been scaled down so as 
to fit into the region between our curves for p = 1 and p = 0 , and are shown in this 
way in figure 1 . It is now possible, by reading off the value of a* corresponding to any 
pair of values of S and fa, to estimate cr/I for each metal, since, according to equations 
( 8 ) and (19), ajl = f{Zno}a^l{occ^)}. The values so obtained axe collected together in the 
first column of table 1 . The error in these estimates due to the uncertainty in the value 
of p may amount to a factor of 2 at most. 


Table 1. Estimates oe ajl and n 


metal 

(cr/Z) X 

(gaussiaix mxits) 

wxlO"** 

naXlO-2« 

Cu 

2-5 

0-m 

8-6 

Ag 

1*5 

0-31 

5-9 

An 

0-70 

0-098 

5-9 

Six 

7*2 

3-2 

3-7 

Hg 

3-3 

1-0 

4-3 

A1 

5-6 

2*2 

6-0 


The values of ajl may be used to estimate n, the number of conduction , eieotrons 
per unit volume, sinoe, according to ( 20 ), 

ajl = ne^l{mv) = ( 87 r/ 3 )*(e®»*/A) = 7'1 x 10’»*. 

The values of n so obtained are shown m the second column of table 1 . The third, 
column contains, for comparison, the values of n^, the number of atoms per unit 
volume. 

7-21. The most striking feature of table 1 is the considerable discrepancy between 
the values of n and n„ for the monovalent metals copper, silver and gold. This 
discrepancy is much too large to be accounted for by the imcertainty in the value 
of p. Now the formulae of the present theory have been derived on the supposition 
that the conduction electrons are contained in a single energy band of normal form, 
and this model is known to give a reasonable quantitative account of the simpler 
conduction phenomena (such as the D.G. conductivity and the Hall effect) in the 
noble metals, assuming one conduction electron per atom (compare the discussion 
given by Wilson 1939 , p. 96). The same model should also be adequate for the ex¬ 
planation of the anomalous skm effect, and it must be concluded that the abnormalfy- 
small values of n cannot possess any physical significance. The most reasonable 
explanation of the discrepancy is to suppose that the specimens investigated by 
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Pippard have a very thin surfacQ layer (of thickness comparable with the skin depth) 
with an abnormally high residual resistance;* in this case the temperature variation 
of the surface resistivity predicted by the classical formula (24) would simulate 
qualitatively the behaviour to be expected in the genuine anomalous skin effect. 
Further information on this question would be obtained from a repetition of the 
experiments with specimens from which all traces of cold work have been carefully 
removed, but a simpler test of the hypothesis would be provided by a study of the 
frequency variation of the effect, since the classical theory predicts that JR should 
vary as a/w, while in the extreme anomalous region B varies as o)*. ■ 

7*22. The free electron model cannot be expected to apply literally to the multi¬ 
valent metals, in which the electrons occupy more than one energy band, and hence 
the values of n obtained for tin, mercury and aluminium have little quantitative 
significance. The orders of magnitude are quite reasonable, however, and there can 
be little doubt that the genuine effect has been observed in these metals and that our 
formulae give a qualitatively correct account of the phenomena. 

By generalizing the present theory to apply to the case of a metal in which the 
electrons partly occupy two overlapping energy bands of normal form, it may be 
shown that the results obtained for free electrons remain qualitatively true for 
multivalent metals but that the detailed interpretation is modified. For example, 
in the extreme anomalous region Z is still proportional to and independent of the 
free path, but, for a given metal and a given frequency, Z can no longer be expressed 
as a function of cr only. 


8 . Tbdbi optioal bbgiok 


8‘1. The formulae of the preceding section must break down at sufficiently high 
frequencies, and to obtain results of general validity it is necessary to compute the 
general expressions for/(0)//'(0) given in § 4 without neglecting or. The computations 
are very laborious, particularly for p = 0, and have therefore been carried out only 
for the simpler case p = 1. (From the discussion of the asymptotic formulae in § 6 
it is evident that the value of p does not affect the qualitative behaviour of Z and has 
only a small influence on the quantitative results.) Neglecting also the displacement 
current, it follows from (21), (25), (26), (39) and (40) that the surface resistivity B and 
the smface reactance X, expressed as their ratios to the classical values, are given by 


where 


Bdi, n aJ \Z ) 


//2a\ ^{I)+my{I) 

^<n. tta/ V 3 / (l+(oh-^);^{(t)T+^J(l+0)h^)y 




di 


0 {l+imy 


x{t) 


( 66 )- 

( 66 ) 

(67) 


A:(t) is given by (41), and ^ and J denote the real and imaginary parts respectively. 
The ratios BjB^ and X/X^ are therefore functions of the two parameters a and o)t 
only. 


* This suggestion is due to Mr Pippard. 
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8-11. Equations (55) to (57) have been used to compute MjRoi, and XjX^i. as 
functions' of wr, keeping ajm fixed. From the expression (19) for a it is seen that the 
parameter ajon is independent of and, for a given metal, is determined by the value 


of the free path according to 


a _ SnneH^ 
(OT mc^ 


(58) 


Since I = tv and v is a constant for a given metal, the value of I also determines t, and 
hence the curves obtained for a fixed value of a/wr represent the frequency variation 
of the surface impedance for a specimen of given purity at a given temperature. For 
a good metallic conductor at room temperature ajcrr is of order unity, while at liquid- 
helium temperatures, where the resistance is entirely residual, afciyr may be as high 
as 10® for a very pure specimen. 

Details of the methods used for evaluating the integral (57) numerically are given 
in appendix IV. 2. The results are shown in figiues 2 and 3 for several values of ajcor 
covering the temperature range in which the anomalous effects are appreciable. It is 
seen that the classical theory holds for sufficiently low and high frequencies, but that 
B and X, in general, exceed the classical values over an intermediate frequency 
range. The anomalous effects die out as the temperature increases, the maxima 
decreasing in height and the frequency range over which the departure from classical 
theory is marked decreasing in extent. 

A curious feature of the curves is that, at low frequencies, B at first decreases 
slightly below the classic&l value, while X decreases below the classical value at high 
frequencies (compare also figure 1, where AjB is seen to increase at first above the 
classical value when =1). The physical interpretation of this behaviour is obscure. 
The effects are small and do not appear to occur when p = 0 (compare figure 1), and 
they are therefore unlikely to be of any practical importance. 

8-12. For any metal, the general behaviour of the surface impedance can be 
obtained from figures 2 and 3 for all values of the frequency and temperature if 
I and T are known. It is evident that no appreciable departure from the classical 
behaviour is to be expected at ordinary temperatures, so that the anomalous skin 
effect is essentially a low-temperature phenomenon. Since there are no experimental 
data, there is no point in giving a detailed discussion of the predictions of the theory 
for the optical region, and we shall merely indicate the general nature of the 
results. It will appear from the discussion that, although the anomalous effects are 
relatively largest in the infra-red, an experimental verification of the theory in this 
region will be very difficult. 

8'2. The reflexion coefficient at normal incidence. For frequencies below the visible, 
the reflexion coefficient 01, defined as the ratio of the intensities of the reflected and 
incident waves, is (to a close approximation) given by 

01= l-cJS/ff, (59) 

so that 1 — 0fi is proportional to the surface resistivity. According to the classical 
formulae of § 3,1 — 01 varies as aJo at low frequencies (this is the weU known Hagen- 
Rubens relation), but is independent of the frequency in the infra-red at low tern- 



G. E. H. Reuter and E. H. Sondheimer 


' logxoW-Kol.) 



logii i<^) 

Figtjbb 2, The frequency variation of the sxarfaoe resistivity. 

logxo(X/Zoi.) 



FiGXJBaj 3. The frequency variation of the surface reactance. 
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peratures, since m is here always large compared with tmity. The new theory predicts 
that 1 — fft rises above the classical value as the frequency is increased from very low 
values. For suJficiently low temperatures, 1 — ift varies as w* in the microwave region 
and continues to increase according to this law beyond the frequency for which 
(i)T = 1; eventually, however, it reaches a maximum and then drops back to the 
classical value. (At still higher frequencies, of course, equation (69) breaks down and 
1-01 rises very rapidly to unity (§ 3 - 2 ).) 



logio(l-3l) 

Fioxnaai 4. Reflexion coefficient of silver at liquid-helium temperatures. 

To iUu'strate the orders of magnitude involved, 1 — 0i for silver has been plotted 
against the wave-length in figure 4, taking n= 10*®, v = 1’39 x 10®, and assuming 
that m is the ordinary electronic mass. «/a)r has been taken as 10 ®, which corresponds 
to a free path of 2'6 x 10 "® cm. and a D.O. conductivity of 2*7 x 10 ®® gaussian units 
(300 X 10® ohm"^ cm."^); such values are typical of a very pure specimen at hquid- 
helium temperatures. The maximum value of 1 — 0ii is 1 ‘6 x 10 ~® and occurs at a wave¬ 
length of 69/t; such a small value would be very difi&cult to measure, smoe in practice 
all metals have surface layers which wiU cause the absorption to be much greater 
than the theoretical amount. 

8 - 21 , ObUgue incidence. The classical theory of the refiexion from a metal surface of ’ 
light incident at an oblique angle is well known and will be assumed to be familiar to 
the reader. Some consideration must, however, be given to the way in which the 
usual formulae for the refiected amplitudes (see, for example, Bom 1933 , p. 262, 
equations (1) and (4)) are to be rewritten so as to refer directly to the electric field and 
its first derivative at the surface of the metal instead of the complex refractive index. 
Let the surface of the metal lie in the a:y-plane (as in § 2 ), and let the plane of incidence 
be the i/z-plane. Any component of the electric field in the metal is then of the form 
<f(z) 6 -^*v =/(z/Z)e-^ (say), where 1 : = casin^/cand^is the angle of incidaace, audit 
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follows from elementary considerations that, in the classical formulae, the complex 
refractive index is everywhere to he replaced by {sin®^ + (47r/c2)®}*, where Z is 
related to/(0)//'(0) by the same equation as before (equation (21)). 

It is, however, evident, since the electric field now varies in two dimensions, that 
the expressions for/(0)//'(0) must differ from those obtained previously for normal 
incidence. In the classical limit the only difference is that the term in (23) is 
replaced by (Note that, when classical conditions do not hold, the 

complex refractive index depends explicitly on <j>.)' In the general case there is an 
additional term ~ik/0yfxl'Og in the Boltzmann equation (6). It is found that the effect 
of the new term is negligible and that, for p = 1, equation (38)' has to be replaced by 

/(O) 2 1 , _ dM _ 

Jo c®(l+ uttr)^ \aJ \ c®( 1 + wwt) v| 

It follows from considerations similar to those of § 6-1 that the new term in the argu** 
ment of K is always negligible in the anomalous region, so that the previous results 
for Z may be taken over unchanged. 

In the infra-red, the principal angle of incidence <f>Q and the principal azimuth pQ 
are easily shown to be given by 

sin^otan^o = “ [g > 

and the measurement of Po affords, in principle, a method of determining 

B and X in the optical region. However, since the light would have to be incident at 
a very small angle to the metal surface, and since (optimally) very long wave-lengths 
would be required to detect anomalous effects, the experimental difficulties in the 
way of such a determination would be considerable. As a numerical example, for 
silver at liquid-helium temperatures and 69/t (which is the wave-length for which 
1 — 9fi reaches its maximum), although pg is found to differ from 46° by only min. 
according to the classical theory but by over 6° according to the new theory, <j>Q 
differs from 90° by only 7 min. in both cases. 

Appendix I. Solution pob. jp = 1 
Forp = 1, equation (18) becomes 

f''(x) + Bf(x) = iocj^JCa{x-y)f(:!/)dy, (Al) 

where ka{u) is given by (16), B = (oH^/c^, and/(a;) is to be an even function of x. 

Equation (Al) wiU be solved on the assumption that \f{x) \ is integrable over 
(-*oo, oo) and tends to zero as | aj ] -> oo. It follows from (A 1) that/"(a5) and/'(a;) have 
the same properties, that/(a:) and/"(a:) are continuous for aU x, and that f'{x) is 
cpntmuous except at a; = 0. f'{x) will tend to a limit /«asa;->'+0(—/«asa:-^ — 0). 


Now define 

, #)=f"/(a;)e- 

J —00 

dx = 2J f{x) cos net dx, 

(A2) 


Kait) = 

J kjx)e-*^dx. 

(A3) 
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From (A2), integrating by parts twice, it follows that 

I* f"(,x)er^dx =— 

J —00 

on the other hand, (A 1) implies that 

f f''{x)e~^dx = — B^{t) + ia{ e~^dx( kjx—y)f{y)dy 
J —00 J —00 J —00 

= — 4- ia.Kjf) <f{t) 

(inverting the order of integration). Hence, from (A 4) and (AS), 

4>{t){t^ — B+iocKait)} = —2fi. 


(A4) 


(A6) 


(A6) 


Provided that t^ — B+ioucjjt) #= 0 for real t, the inversion formula for Fourier trans¬ 
forms can be applied to give 

COBXtdt 

(A7) 


For a: = 0, in particular, it follows that 


B + ktKjf,)' 


ffl=-! r __A_ Mg) 

/'(O) ttJo t^-B+itXKjJi) ' 

Equation (A 8) can be rewritten by putting s = it and Kjf) = Kgfit), where 




(49) 


K{s) being the value of KJ^a) when a = 0. An explicit expression for K{8) is readily 
seen to be 

1 / 1 1 

(AlO) 




that branch of log{(l-i-s)/(l— 5 )} being chosen which vanishes at a = O.- K(s) is 
regular and smgle-valued m the whole a-plane cut from —00 to —1 and from +1 
to -t- 00 . 

Equations (A7), (A9) and (AlO) are identical with equations (29) and (30) of the 
main text. 

Equation (A 8) can now be written as 


m 


f*ioo 


da 


f'{0) m 

2 1 r 

ml+iaj( 


s^ + B - ^-^K\ 

0 1 + ia 


\l+ia) 


ioo/d+to) 

0 u^+B(l+ia)-^—^K{u) ’ 


where 


I = ia/(l-t-ia)®. 


(All) 

(A12) 
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Wlien jB = 0 , it wOll be assumed that u^->iK{v,) = 0 has no roots in the sector 
bounded by the lines (O,ioo/(1+Mt)) and (0,iao)* Cauchy’s theorem can then be 
applied to brir^ (All) into the more convenient form 


/(O) _ 2 1 I*” dt 

f'{0)~~ nl + iaj 0 t^ + ^K{t)’ 

where K{t) = K{it) = 2i“®{(l + <®)tan"^i—t}. 


(A 13) 
(AM) 


Equations (A13),and (AM) are equations (40) and (41) of the main text. 

The proof that/(as), as defined by (A7), satisfies equation (A 1 ) and the conditions 
stated earlier can be carried through by standard methods (see Titohmarsh 1937 , 
ch. xi) and will be omitted. 


AppENraxII. SoLunoir FOE p = 0 
An. 1. Equation (18) now reads 

f\x) + Bf{x) = ha{x - y)f{y) iy (a; > 0). (A 16) 

The right-hand member of (A 16) is of the t 3 q)e which occurs in the well-known 
integral equation of Wiener and Hopf (Hopf 1934 ; Titchmarsh 1937 , § 11-17). The 
methods of Wiener and Hopf are readily adapted to cover the presence of a derivative 
on the left-hand side and only modifications in detail are needed. 


Itwill be assumed that/(a;)-»0asa;->oo; since )b(,(a;) = for large I®], it 

follows from (A 15) that/''(®) and/'(®) also tenid to 0 as «-»oo. Instead of defining 
/(®) for an ® as an even function (as in § 2 - 22 ), it is now more convenient to define 

/(®) = 0 for ®< 0 , (A16) 

g{x) = (} for ®>0 


With these definitions 

1*00 

= - ia \^ ka(x - y)f{y)dy for x< 0 . 

(A 17) 

?(») 

=f''{x) + Bf(x)-ia( ka{x-y)f{y)dy 

J —00 

(A 18) 

for all X, and 

g{x) = 0 (e~i®') as x-^— 00 . 



Now let s = (T+ii be a complex variable, End define the bilateral Laplace tranS' 
forms of/(®), g{z), /“{x) and kjx) by 


•^(«)=f f{x)^dx, 

J —00 

(A 19) 

^(®) = 1 g{x)e~^dx, 

J —00 

(A20) 

Si^)= f /"(») 

J —00 

(A21) 

Kais) = f kjpc)e-^dx, 

J —00 

(A 22 ) 


* W© have, unfortrunately, been unable to justify this assumption rfyorousfy, but all the 
avaalable evidence seems to confirm its validity (compare appendix II.4). 
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so that Ka{s) is given by equations (A9) and (AlO). F{s) and H(s) exist and are 
regular for <r > 0, G{s) for o* < 1, and K^is) for — 1 < <r < 1. Furthermore, successive 
integration by parts shows that 

His)=:s^F{s)-Xs-/i, (A23) 

where A = Urn /(«) and /a = lim /'(*). Hence 

a ?~>-+0 r »”»+0 

F{s) = As-i+/iS-2+0(| s 1-3) (A24) 

as I s I -> 00 , uniformly in any half-plane (r^b>0. 

Now choose 6 so that 0 < 6 < 1; then F{s), Q{s) and E^is) all exist (as absolutely 
convergent integrals) on cr = 6. It therefore follows from (A 18) that 

a{s) = H{s) + BF{s) - iaK^{s) F{s) 

on the line q- = 6, and on using (A 23) this may be rewritten as 

0(s) + Xs+/i = F{s) {53 -I- jB - ia5jSro(s)}. (A 26) 

All. 2. It is clear from (A 26) that the roots of the ‘characteristic equation’ 

s^ + B-iaK^i3) = 0 (A26) 


wiU play an important part m the solution. They are discussed in appendix n. 4 
infra; for the present, observe that, since Eg{s) is even, the roots occur in pairs ± s. 
Only the roots in | | < Twill be required; these are denoted by ±Sf,r = l,...,n 

(where > 0), and b wiU be chosen so near 1 that all these roots lie in 1 31$ ] < b. 


Now define 


P{$)^{$^-$l),..{s^-sl) 


= 1 if there ar6 no roots with | | < 1, (A27) 


r{3) = i^^-^^ {s^+B-iodM> \^s\<l, (A28) 


(where« = Oifthere are no roots with \3ls\< 1). It may then be shown, by arguments 
similar to those used by Hopf ( 1934 , p. 75), that t{s) may be written in the form 




t{ 3 ) = t+(s)/t_(s), 


(A29) 

where 

T+(a) = expj 

• 1 r-c+<«logT(z)^J 

, 2mj-e-ico «—s j 

1 

A 

(A30) 


T_(s) = exp 1 

[ 1 /•«+<» 10gT(z)^l 

{cr<c). . 


Here 0 < c < 1, and t^{ 3 ) and T_(a) are independent of c and are regular and free from 
zeros for <r> — 1 and o'< 1 respectively; also log [ t+(s) [ is bounded in any half- 
plane O' > ctq > — 1, and log | t-(s) | in any half-plane <r < Cq < 1. If, therefore, ^+(a) 
and ^4 _(s) are defined by 

9i+(s) = (s + 1)i-^t+(s) (cr > -1)! ^ 

^_(s) = (o"<l), i 

then l^+(s) 1 and | s p-®'|^_(«) [ are bounded for <r> 6 and or <6.. 
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Equation (A 28) can now be written as 
si+B-^iocKa,(s) = 

' and on using (A 26) this becomes, for cr = b, 

4>-{s) {0{s)+\s+/i} = F{s) P(s)^+(s). (A32) 

In this relation, the left-hand member is regular for o- < 1 and the right-hand member 
for (T > 0; hence both sides together define a function f(s) regular for all s. Moreover, 
the information at hand about the magnitude of the functions involved in (A 32) 
shows that ^(s) = 0(1 s |®) as | s | ->oo, so that i^{s) must be a polynomial Q{s) of 
degree not greater than SincesjF'(s)- 4 -A, and*^+(a)a”~^-> 1 ascr->oo, 

Q{s) is exactly of degree n and its leading term is 
It has now been shown that 

But F{s) is regular for oO, and therefore Q{s) must have zeros at the zeros of 
P{s) in or > 0, so that ^( 5 ) = a(s -Sy)...{s- sj, 

A 


and 


p(5) = 


{s+sj)...(s+sj^4sy 

f{x) can now be found from the inversion formula for Laplace transforms: 


1 /•c+i«o 


(A 33) 


(A34) 


where the integral as usual will have to be interpreted as a principal value. 

It can be proved by an extension of the methods used by Hopf ( 1934 , p. 81) that 
f(x) as defined by (A 34) does, in fact, satisfy equation (A 16) and the conditions 
imposed on it earlier. The proof of these results is omitted here. 

All. 3. The value of/( 0 )//'( 0 ) can be obtained from (A33) as follows. 

From (A 30), written in the form 

= »p[-i J_-^""logr(*) {-1+-^}*], 

it follows easily that 

T+(s) = 1 + vs~^ + 0(15 1 - 2 ) as cr -> 00 , 

wh«re >, = ^£jogTW& 

\ 

(taldng c = 0 ). Since F{s) is given by (A 33), and /t = hm {s^P{s)— As}, it follows that 

cr-yco 

/'(O) = - (V+Si +... + s,, +1 - n)/( 0 ), (A 36) 

where v, on using the expression (A 28) for t(s), is found to be given by 

irjo *L (<*+»!)...((* + 4) J*’ 

Kjt) being defined as in appendix I. The terms involving Si,..., s^ in (A 36) and (A 36) 
are to be omitted if n = 0 . 


• Cf. Hopf (1934, p. 76 ). 
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The transformation of (A 36) into a form corresponding to (A 13) can be carried out 
exactly as in appendix I. 

All. 4. The roots of (A 26) in the strip \^s\<l have still to be consiidered. Since 

jB = 0 in all cases of practical importance, and since K^is) = 
sufficient to discuss the roots of the equation 

u^—iK(u) = 0, (A 37) 

wherew = s/(H-ia) and where Misgiven by (A12),inthestripMa: | ^{(l+ia)M}| < 1. 
The boundaries of pass through u = ±1 and make an angle ^ = tan“^ a (0 < < ^n) 
with the imaginary axis. 

The roots of (A37) in the whole-it-plane (cut along (—oo, — 1 ) and (l,oo)) maybe 
located by means of the argument principle. (Siijce K{u) is even, and is real for 
— 1 <«< 1 and on the imaginary axis, only the first quadrant need be considered.) 
A general discussion will not be attempted, but the results for the most important 
special cases are fotmd to be as follows. 

(i) I g I small. There aie two small roots ± % ci: ± = ± V(l^) 

in and no others. 

(ii) 111 large. If 0 < ^ there are four large roots + % ~ + (;r [ ^ 1 )* and 

± «2 ~ ± (tt I ^ I )* if Jff < ^ < 1^, only the second pair of roots is present. In 

either case, none of these roots lies in if | ^ 1 is sufficiently large, because, for large 
\u\, sxgu:^ ±(iw-^)in'M„. 

(iii) a large. There is one root in the second quadrant just to the left of the imaginary 
axis (and a corresponding root in the fourth quadrstnt). 

(iv) a = 0 . There is one root in the first quadrant in if a < and none if a > «„ 
(and similarly in the third quadrant), has to be evaluated numerically and is 
found to be approximately 2*63. 


1 




Appeistdix III. The asymptotic beb^vioto op /(») 
For p = 1 and a = B = 0, equation (A7) may fee written as 


^ r . 

2mj .i„s^-iaK{sy 


(A 38) 


(taking/'(0) = |- as a convenient choice). In order to compute the expression (A 38), 
it is necessary to transform it mto.an integral with a non-oscillating integrand. It 
will be recalled from appendix II that 8^—iocX{8) has one zero — Sj in the third 
quadrant (and no other zeros for ^s^O). Since a; > 0 and — iaK{s)}-^. = C)( [ s ] ~®) 
for large ] s ], the path of integration may be deformed into a loop starting and ending 
at —00 and encfrcling — 1 in the positive sense, provided the contribution from the 
pole of the integrand at — is taken into account. After some manipulation, this 


leads to 

g—SjOJ /*oo 

(A 39) 

where fl^(u) 




—a®|^2«-t-(it®—l)log^-^j -f7r®(ii®— 1)®|J 

(A 40) 

Vol. 195. A. 


«4 
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■Puttmg ti = 1 + V, the second term in (A 39) becomes 

ioce“®J C"®® Y{v)dv, 

where Y{v) = 4>(1+v). The asymptotic hehaTiour as a:->oo of such an expression is 
well known to be determined by the values of T’(i;) for small v. It is found that 

for small v, and hence (A 39) may be written as 



“ 2si+ iaK'i - Si) ^ 

{A41) 

where 

, , 2ioc er^ 

»<*>~(rr2S)5 

(A 42) 


In the general case, f{x) may be computed by means of (A39) and (A40). 
Appeitoix IV. Methods of ooMPTJTATioiir 


AIV. 1 . For the numerical evaluation of the integrals (47) to (49) and (67), a table 
of values of the function K{t) defined by equation (41) is required. For small t, K{t) is 
most conveniently evaluated by means of the series 




while, for large t, the series 


wo _ 

1.3i*”^376<«~6.7*8 


4 4 




(A 43) 

(A44) 


is used. Table 2 contains some values of K(t). 


Table 2. The is'xmoTioN /c(t) deeined by (41) 


t 

K(t) 

t 


0 

1-333 

20 

0-148 

1 

1-142 

30 

0-100 

2 

0-884 

40 

0-076 

3 

0-703 

60 

0-061 

4 

0-579 

60 

0-051 

5 

0-491 

70 

0-044 

6 

0-426 

80 

0-039 

7 

0-376 

90 

0-034 

8 

0-336 

100 

0-031 

9 

0-304 

1000 

0-003 

10 

0-277 




The integrals (47) and (49) may be computed to any desired accuracy by using 
a numerical integration formula such as Gregory’s formula (see, for example, 
JefiEreys & Jeffreys 1946 ) to evaluate the real and imaginary parts separately. In the 
case of (48), 5 ^ has first to be determined by numerical solution of the equation 
s^-iccK(s) = 0 . Table 3 shows a few values of for oc < ccq. 
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The values of/(0)//'(0) computed from (47) to (49), which were used to draw the 
curves shown in figure 1, are given in table 4. As many significant figures as were 
considered reliable have been retained. 


Table 3. Some roots of s® - iaK{a) = 0 for a < Uq 


« 

0-01 

0-26 

2-63 


Si 

0-0816+ 0-0818» 
0-393 -f-0-419i 
l-4-l-32i 


Table 4. Values oe/(0)//'(0) obtained from (47) to (49) 



/( 0 )//'( 0 ) 

/( 0 )//'( 0 ) 

a 

= 1 

= 0 

0-01 

— 

-6-28 + 6-13i 

0*26 

-1-267+l-210i 

-l-38 + l-24i 

3 

- 0-409+ 0-347^ 

- 0-480+ 0*380^ 

20 

-0-192 + 0-142^ 

- 0-228+ 0-164^ 

100 

- 0-106+ 0-0715^ 

-0-126 + 0-0844^ 

700 

-0-0633 + 0-0334^ 

-0-0622 + 0-0396^ 

4x103 

- 0-0293+ 0-0177^ 

- 0-0338+ 0-0208^ 

•5x10^ 

- 0-0126+ 0-00734^ 

- 0-0142+ 0-00850^ 

3x108 

- 0-00683+ 0-00398^ 

- 0-00776+ 0*00467^ 


AIV. 2. The integral I defined by equation (57) has been computed for various 
values of the complex parameter ^ == ial{\ + wrf by means of the following three 
methods: 

(i) In general, the real and imaginary parts of I may be computed directly as above. 

(ii) When 1 § 1 is sufficiently large, the asymptotic expansion, the first term of which 

has been given m § 6-3 (equation (42)), can be used. The method indicated in § 6-3 is 
easily extended to give the higher approximations; the first two terms of the expan¬ 
sion are j _ j 7 y( 7 ;.oj)-i(i 4 .«(n-)(i_^^ 3 i)+.^^ 3 (n-a)~*(l-f«(w)®(l-i.y 3 ). (A46) 

Comparison with the directly computed values shows that equation (A 45) provides 
a useful approximation (error of the order of two per cent or less) for | ^ | > 1000. 

(iii) The case where <ut> 1 requires sp'ecial consideration. In this case g is nearly 

real md negative, and the equation t^+^K{t) = 0 has’a root tg which lies just above 
the positive real axis (compare appendix II. 4). In order to compute 1 when orr^ 1, 
it is therefore necessary to transform the integral by movmg the pai^h of integration 
away &om the real axis. This may be done by the same method as was used for 
evaluating/(«) in appendix III. It is found that I = where 




m 


and 



( 1 — 


j^l -j2» (1 -v^) log^jJ -I- [7rg#(l - v2)]2 


(A46) 


(A47) 


Equations (A46) and (A47) have to be used to evaluate I when <wt> 1 (unless [ g | 
is so large that equation (A45) can be used), and are then very convenient for 
numerical work. When (UT>1, - a/((yT)® — 3^a/(an•)^ and t^ is easily found by 
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solving ^2+£/c(^) = 0 by successive approximations, retaining only the real part of g 
in order to obtain the first approximation. Since is nearly real, is nearly 
imaginary. Further, when (OTp 1, is usually negligible compared with 

so that it is sufficient to retain.only the real part of g in evaluating Jg. Table 6 contains 
some valucfe of for values of g in the practically important range. 

Table 5. Values of fob bbal negative values of g 





lO^Ia 

0 

833 

4-6 

84*6 

0-03 

792 

6 

63*2 

0-1 

710 

10 

36-6 

0-2 

618 

20 ‘ 

16-6 

0-46 

466 ' 

45 

6-30 

1 

299 

100 

2*34 

2 

178 




An idea of the accuracy of our evaluation of I may be obtained from ta^ble 6, where 
a few of the results obtained by the various methods described above are compared 
with each other. In principle, of course, methods (i) and (iii) enable 1 to be computed, 
for any value of g, to any desired degree of accuracy. 


Table ,6. Some numeeioal estimates of Z 




method of 


a* 

(t)T 

oaloulatioii 

I 

4x108 

0-004 

(i) 

0-0461-0-0276i 



(ii) 

0*0461-0-0275i 

2 X 10 ’ 

20 

(i) 

0-0314+0*0636i 



(ii) 

0-0320+0*0636i 

1-6x108 

160 

(i) 

0*0921+ 0-2398^ 



(iii) 

0-0900+ 0-2398i 


We wish to express our thanks to Mr A. B. Pippard for introducing us to this 
problem and for the interest with which he has followed our work. We are indebted to 
him for numerous suggestions, particularly as regards the physical interpretation of 
the theory. Our thanks are also due to Mr A. H. Wilson, F.R.S., for his interest and 
advice. 
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On the relativistic invariance of quantized field theories 

By J. S. db Wet, BctlUol College, Oxford 
{Communicated by JR. P. Bdl, F.JR. 8 .—Received 30 April 1948) 

Heisenberg & Pauli (1929) have shown how to quantize field theories derived from Lagran- 
gians containing first-order derivatives of the field quantities. They showed their quantization 
to be Lorentz invariant. Fuchs (1939) subsequently showed that the quantized theory was 
in fact invariant under general transformations of co-ordinates. The present author in 
another paper has shown how the theory of Heisenberg & Pauli can be extended to field 
equations derived from higher order Lagrangians, i.e. Lagrangians containing higher deri¬ 
vatives than the first of the field quantities. In the present paper the general relativistic 
invariance of the higher order quantized theories is established, making use of the generalized 
Poisson brackets introduced by Weiss. 


. iNTEODtrOTION 

In their classic paper on the quantization of-wave fields Heisenberg & Pauh (1939) 
showed that the quantization they introduced was invariant under Lorentz trans¬ 
formations. Their method of proof consisted of an explicit calculation of the changes 
produced by an infinitesimal Lorentz transformation. Subsequently it was shown by 
Fuchs (1939) that the quantization was in fact invariant under the fqll group of co¬ 
ordinate transformations, i.e. invariant from the point of view of general relativity. 
At about the same time Weiss (1938) gave a discussion of the quantization of wave 
fields based'on the notion of a generalized Poisson brackef. His treatment was very 
elegant, but, as has been pointed out by Fuchs (1939, p. 110) and Chang (1947, p. 196), 
the relativistic invariance of the quantized theory was not quite clear. 

All the above work was concerned with field equations derived from first-order 
Lagrangians, i.e. Lagrangians containing at most first-order derivatives of the field 
■quantities. The corresponding theory for higher order Lagrangians has been dealt 
with by Chang (1946, 1947) and also by the present author (de Wet 1948). In the 
latter paper, which will be referred to as I, the Lorentz invariance of the quantization 
in the usual manner of field theories derived from such higher order Lagrangians was 
established. Both the Fermi-Dirac and Einstein-Bose quantizations were dealt -with. 
The method used was that of Heisenberg & Pauli, and, as might have been expected, 
the work is rather oomplioated. 

In the present paper it is shown how the work of Weiss can be extended quite 
simply to show that the usual quantization of linear field equations derived from 
higher order Lagrangians, as discussed in I, is relativistically invariant under the full 
group of co-ordinate transformations. It therefore generalizes the theory of I and 
contains as special cases the results of Fuchs and Heisenberg & Pauli. The crux of the 
matter is that the invariance of the generalized Poisson brackets of Weiss xmder 
canonical transformations leads directly to the relativistic invariance of the quantized 
theory for both Fermi-Dirac and Einstein-Bose quantizations. For the case of first- 
order Lagrangians this invariance of the Poisson bracket had been established by 
Weiss, and the further step to the quantized theory is implicit in his work, although 
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not clearly expressed. The main result of the present paper is the corresponding 
invariance of the generalized Poisson bracket in the case of higher order Lagrangians, 
j&rom which the invariance of the.quantized theory follows. In order to simplify the 
exposition the case of first-order Lagrangians is discussed first. Then follows the 
corresponding discussion for h^her order Lagrangians. 


1, The case oe ehist-okdbb Lagrangiaits 


Let the field equations be 


(a) Glassical theory 



(M) 


which are the Euler equations derived from a first-order Lagrangian, The Lagrangian 
L is assumed to be a function of the field quantities z“ and of their first covoriara 
derivatives and of the metric tensor Furthermore, it is assumed that L is an 

invariant under general transformations of co-ordinates. The z“ may be tensor 
fields of any kind, their transformation character being indicated by the single 
superscript a. In addition, throughout the present work all differentiations will be 
bovariant differentiations. Thus z“o. means the covariant derivative of z“ with respect 
to of, while (0L/3z*(r),^ means the covariant divergence of dLldz“g.. Where ordinary 
derivatives do appear they will be indicated by the usual notation. Thus the ordinary 
derivative of 4"'with respect to af wUl be written as dA’^jdaf. If L is an invariant it is 
clear that dLJdz^ transforms contragrediently to z“, while 01i/0z“o. transforms like 
a contravariant vector with respect to the <r and contragrediently to z* with respect 
to the a. 

Our purpose in the present subsection is (i) to put the equations (1-1) into Hamil¬ 
tonian form, (ii) to establish the invariance of the generalized Poisson bracket. We 
deal with (ii) first. Let D be a domain in the four-dimensional space-time bounded by 
two space-like sinfaoes and and by a cylindrical time-like surface 8^. The whole 
bounding surface of D we denote by 8. Defining the functional /[z®] of the set of 
functions z“ by • . 

11 ^“]= ( 1 - 2 ) 


where g has the usual meaning and dr = dx^ dx^ cfe® da^, we get, for variations of thez“, 



remembering that in covariant differentiation the g can be treated as a constant, 
since all the covariant derivatives of the metric tensor vanish. If the field quantities 
z“ satisfy (1-1) we get 

by the generalized Green’s theorem, where is the unit outward normal to S and dS 
the invariant surface element on 8. If, in addition to the satisfying the equations 
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(!• 1), the variations of the z“ are made to conform to the boundaiy condition, z“ fixed 
on S3, i.e. = 0 on S3, then 

( 1 - 5 ) 

where ^( 1 ) and Ng.{2) are the unit normals to the space-like ends of D, now taken in 
the same sense for both the surfaces. Let us now introduce a parametrization of the 
surfaces S^ and S3, the parameters specifying points on these smfaces being 
and tt®. With this parametrization the invariant surface element dS is given by 

dS = ^ ^ V-fif dd^du^du^ (1-6) 


where the e is the usual alternating e symbol. For a given parametrization of a given 
surface the coefficient of du^du^d/u^ in (1'6) is an invariant under changes of co¬ 
ordinates. Hence for S^ and S3 we have 

dSi —Fj{u)d/u?-du^d/(jfi, dS3 = F3{u)du^du^du^, ( 1 - 7 ) 

where the Fj and F3 depend only on the f)arametrization and not on the co-ordinate 
system. Equation ( 1 - 5 ) then becomes 



‘^dv?-dv?du^ 





( 1 . 8 ) 


where the P, Q, p and q are given by 


dL 


P» = iV;(l)^P» 

Q“(«) = z“(«) 


on S, 




q“(u) = z“(u) 


on /S«. 


( 1 - 9 ) 


We have introduced capitals for variables on S^ to distinguish them from variables 
on S3 and we have replaced z“ by q* since (p„, q") turn out to be conjugate variables in 
the Hamiltonian equations of motion and the latter notation is more usual for con¬ 
jugate variables. Note that the have the transformation character under changes 
of co-ordinates indicated by the subscript a. 

Now, if the equations (1-1) are hyperbolic in character and have a unique solution 
throughout D, given jPa('M) and 2“(w) on S3 and on the time-like boundary S3 of D, 
then the Pa{u) and Q“iu) on Sj^ will be functionals of thep„ and q“ on S3. Following 
Weiss (1938, p. 114 ), if ££>1, are two functionals of the and q“ on S3, we define the 
generahzed Poisson bracket [&>i,02] by 


[(Ui,Q>a] = r - Idw^dn^dit®, (MO) 

where $o)J 8 p^{u), etc., are functional derivatives. Then from the work of Weiss it 
follows that, as a consequence of (I'S), the following results hold: 

\PJu),Pp{v,’)\ = 0. [<2“(2i), Qf{u')-\ = 0, [P», = 8 i 8 (u-n’), (Ml) 


where 8{u—'ii/) = 8{v?-—u'^)8{flfi—u'^)8{u^—u'^) and the 8 is the usual Dirac 8 
function. The results (1-11) are the so-called invariant properties of the classical 
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Poisson brackets, and it is from these results that the relativistic invariance of the 
quantized theory follows. 

To complete the classical formulation of the theory we want, we have to show how 
the equations (1-1) can be put into Hamiltonian form. Suppose we are given a family 
of space-like surfaces/(*"■) = constant. Let u^, w® be a parametrization of the 
surfaces. Then it is possible to choose a co-ordinate system such that * 1 = v>-, 
35® = = tt® and such that the surfaces become a;* = constant. Such a co-ordinate 

system is called a natural co-ordinate system. In such a natural co-ordinate system 
the equations (1-1) can be put into Hamiltonian form with the and associated 
with the surfaces as conjugate variables. This is done as follows: the well-known 
canonical energy momentum tensor of the field 17% is given by 




( 1 - 12 ) 


and satisfies 17% = 0 in virtue of (1*1), as is well known and easily verified. We 
define a vector field \ associated with the family of surfaces by where 

is the unit normal to the surface of the family passing through the point con¬ 
sidered. We define H in terms of this \ by 


H = jjtidS, (1-13) 

where is the four component of A,, in a natural co-ordinate system. We then have 

noting that in a natural co-ordinate system 

and d8=^^g^^-gd/uHuW. 

Prom the definition of Pa(«) we have, in this co-ordinate system, 



. , , , dL 

= V-? 

Hence 

H = { ^du^du^du^, 


JS ' 

where 



(1*15) 


Prom this last form of follows quite simpily that, as a consequence of (1*1), 


dH 


Pa,i 


dJf /dJf\ _^d]S 
83 “ \dqy,i~ 


(i = i, 2,3), 


(1*16). 


which is the required Hamiltonian form of the equations of motion. Note that the 
derivatives with respect to are here covariant derivatives as opposed to ordinary 
derivatives in the usual theory. Thus we have seen that associated with a family of 
space-like surfaces there are pairs of conjugate variables and a Hanoiltonian, the 
Hamiltonian equations of these being equivalent to the. equations (1-1). 
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(6) Qvantization 

As is well known the equations (1*1) can be quantized by regarding the conjugate 
variables and g'“ as operators and introducing commutation relations between 
them. The are associated with the family of surfaces a:* = constant, and the 
usual commutation relations which are introduced are between and g* at points 
belonging to the same member of the family of surfaces. What is more, the commuta¬ 
tion relations are taken to be independent of the particular member of the family, 
i.e. independent of in the natural co-ordinate system. There are two well-known 
forms of commutation relations used for quantizing the theory. In the first, the so- 
called Einstein-Bose quantization, the commutation relations are the following: 

Po:iu)pfiu')-p^{u')p„{u) = 0-, q‘^{u)qfi{u')-q^iu')q“{u) = 0,\ 

Paiu)qf{u')-qfi(u')p^{u) = ihSiS(u-u'). / '■ 

If ^ is a polynomial in the variables q^i and it is well known that as a con¬ 
sequence of (1-17) 


q«H-Hq« = 


p^H-Hp^ = q^H-Hq'^ = = ihq«^, (M8) 

so that the Heisenberg equations of motion for the operators agree wdth the classical. 
In the second form of the quantization, the Eermi-Dirac, the commutation relations 

PMP/i('U’')+P/i{u')p„{u) = 0 , q‘‘(u)qfi{u')+qfi{u')q‘^{u) = 0 ,\ 

Pa{u)qfi(u')+qfi{u')pju) = iUiS{u-u'). / ^ ^ 


(M8) 


(1-19) 


The equations (1-18) also follow from (I-19) if is of rather a special form which will 

be of importance later on and will be given in more detail there. 

We now come to the question of the consistency and relativistic invariance of the 
quantization. The problem of the consistency is the following: (1‘17) and (1-19) 
assume the commutation relations to be the same for all «*, but, given the,commuta¬ 
tion relations (1‘17) or (1-19) for one value of a^, the commutation relations for 
subsequent axe determined by the field equations. Eor consistency they must 
turn out to be the same as was assumed. To be relativistically invariant the com¬ 
mutation relations have to be (i) formally invariant under changes of co-ordinates, 
(ii) relativistically invariant in form, (i) means that the two sides of the commuta.- 
tion relations (1T7) or (1*19) must have the same transformation character; this 
is clearly the case, bearing in mind the fact that p^ transforms oontragrediently to 
(ii) means the following: given two spaoe_-like surfaces and S^, then associated 
with each surface is a set of pairs of conjugate variables, P* and Q* with say, 
and with say; now, given commutation relations (1*17) or (1*19) between 
thepjj and g®, the commutation relations between the and 0“ are then determined 

' by the equations of motion (1*1); for the commutation relations to be invariant in 
form we require that the derived commutation relations for the P,, and should be 

the same as those assumed for the and g“. It is clear that the consistence and 
invariance of form follow in the same way, for, if we can prove that, as a consequence 
of (1*17) or (1*19) and the field equations (1*1), the same commutation relations hold 
between the P^ and Q“, this gives the consistence When Sj_ and are two members 
of the same fanaily of surfaces and gives the invariance of form when is chosen 
generally. 
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t 

No'w if the equations (1‘1) ur© linectr {i.e. the Lagrangian. a quadratic in. the field 
quantities and their derivatives as is usually assumed), then the and associated 
with Sx are linear functionals of the S'*’ 


-?«(«') 

Q-{u') 


= I* {K„/u\u)qf{u) + ZJ(u',u)Pfi{u)}du^du^du^: 

J St 

= J {B“f(u\u)qf{u) + T“fi(u\u)p^iu)}dv?-du^du^.j 


( 1 - 20 ) 


From ( 1 - 20 ) follows easily that, if the commutation relations between the p„ and g» 
are given by (1*17), then 

P„K)P^K)-P/u")P«(«') = m\ {L,p{u',u)u) - u)v)}dM 

J 8 % 

the right-hand side of ( 1 - 21 ) being the generalized Poisson bracket defined in (I'lO). 
Similarly the foUovring result: 

( 2 “(w'), ( 1 - 22 ) 

a[P„(w'), VK)] = i"o.K) K) ■?>')• • (1-23) 


jdw = ift[P„(«')’P/9K)], (1-21) 


Referring back to (1*11) one sees that the commutation relations (1’17) between the 
Pg. and g® imply similar commutation relations between the P* and Q“, which estab¬ 
lishes the consistence and invariance of form for the Binstein-Bose quantization. 

The corresponding proof of the consistency and invariance of form of the Fermi- 
Dirao quantization provided by the commutation relations (M9) is slightly more 
complicated. This is in contrast to the work in I, where the Fermi-Dirao case is rather 
simpler than the Binstein-Bose. As mentioned before, the Fermi-Dirao commutation 
relations (1-19) lead to (I-IS) only if .3^ is of a special form, this form being sum 

of products A . B, where A is a component of 3 “ or one of its space-like derivatives 
while P is a component of Only for such Hamiltonians can the Fermi-Dirao 
quantization be carried out, for we require of the quantization that the Heisenberg 
equations of motion should agree with the classical (see in this connexion the work on 
Fermi-Dirao quantization in I). But, as will be shown directly, when the Hamil¬ 
tonian of this special form the dependence of P„ and on p^^ and 2 “ is simpler 

than that given by ( 1 - 20 ), being simply 


P»(“')=f LJ{u',u)pis{u)du, = f B<‘p{vf,u)q^{v,)du. (1-24) 

J S% J St 

Thdt the above is the case is easily seen, for when ^ is of the special form described 
above the field equations in their equivalent Hamiltonian form become 



f(Pa)> 


t.i. 






(1-26) 


where/(p„) is a linear function of and is a linear function of g'® and its 

^ace derivatives. From (1'26) it follows that for any depends only (and 



371 


Quantized field theories 

linearly) on the initialand that likewise g'* for any depends only on the initial g®. 
Siace = q“, being independent of the orientation of the surface with which 
P„, are associated, the second result of (1‘24) follows at once. From the definition 
of by (1-9) it follows that P„ is a linear combination of jj* (= g dLjdz^i) and of 
dLjdi^i (i = 1,2,3), But dL/dz“i = /3z“< = linear combination of components of 

p^. Hence the first result of (1-24) follows. Ikom (1-24) it follows that if the commuta¬ 
tion relations between the p^ and be given by (1-19), then 

P,{u') P^")+P^(«'') P,(u') = 0, (1-26) 

Q«{u') Q^iu") -1- Q«(u') = 0, (1-27) 

■Pa(«') = ih f V{«',«) «) 

JS, 

= 8Qfi{v;') dQfiiv,") 3P„(^^0 1 

= i«[P«K).W)], (1-28) 

noting that SQ^{u'')l8pp{u) = 8PJp/)l8ge[v,) = 0. Using (1-llj and (1-28) we get 

PJu') + = iUi8{u-u’). (1-29) 

Thus, when 3^ is of the special form which makes Fermi-Dirac quantization possible, 
it follows that if the and g“ satisfy the commutation relations (1‘19) so do the 
P„ and Q*. That proves the consistence and invariance of form of the Fermi-Dirac 
quantization. 


2. obdbb Laobakoiaks 


(a) Classical theory 

The canonical theory for field equations derived from higher order Lagrangians 
was dealt with by the author in I. The relativistic invariance of the quantized theory 
was established there (for Lorentz transformations). Here we will prove the general 
invariance of the quantized theory, and, as before, the work is generalized by re¬ 
placing ordinary derivatives by covariant derivatives. A new difficulty arises here 
which did not occur in the first-order Lagrangian theory of § 1. Owing to the occur¬ 
rence of repeated covariant derivatives in the higher order case and the fact that in 
general the order of covariant differentiation is important, i.e. 4= is not 

clear that the field equations can be put into Hamiltonian form. If, however, the 
space-time is flat, i.e. admits a Cartesian co-ordinate system, then the order of 
covariant differentiation is no longer important, and the generalization of the theory 
of I is quite straightforward. In the present section, therefore, we assume that the 
space-time is flat. The Lagrangian L is now an invariant function of the field quanti¬ 
ties z“ and their covariant derivatives up to order n and of the metric tensor, while 
the field equations, being the Euler equations of this Lagrangian, are 


0 


dL 

3z“ 





( 2 - 1 ) 
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Our first task is to establish a formula for W like ( 1 * 8 ), where I is again defined by 





}^-gdT. 


( 2 - 2 ) 


We have, in fact, to consider the variation of I with variations in taking account 
of the fact that inside D the satisfy ( 2 'l),and that on 8 ^, the time-like part of the 
surface of D, the variations in the have to conform to certain boundary conditions. 
These boundai^ conditions in §1 were;given on 8 ^, i.e. dz“ = 0 on 83 . The boundary 
conditions were just those which, together with given and 3 “ on 8 ^, ensured a 
unique solution of the equations (M) throughout D. The corresponding boundary 
conditions on 8 ^ in the present case are: 




all given on 8 ^, where N‘' is the unit normal to the surface at the point considered. 
We therefore need to establish a formula like ( 1 * 8 ) for dl, where the variations are to 
satisfy the following on 8 ^: 


Sz“ = 


8A 




= 0 . 


(2-3) 


Now from the definition of I in ( 2 - 2 ) we have 


where 


81 = j^{Jl.(0)<y«“+^2‘(l)^*r<r,+ +A^^-''«{n)8z%,„J^{-g)dT, (2-4) 

1 ( dL \ " 

_ 4 a,...<r,(^) _ —-^ + similar terms obtained bypermutingcri...cr„l. 


All the A’s defined in this way are symmetric in all their superscripts. Performing 
thef usual partial integrations in (2-4) one gets 




where the P’s are given by 

P<r“^* = A?'’->(2)-A?,?/*(3) +... + ( - ■ 

If the a“ satisfy ( 2 ' 1 ) the first term in ( 2 - 6 ) vanishes, as is easily seen, and 


(2-7) 


( 2 - 8 ) 


transforming the second term in ( 2 - 6 ) by Green’s theorem. We can transform ( 2 - 8 ) 
further as we shall now see. Choose a special co-ordinate system in such a way that 
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the surface /S of D is the surface = constant, while «’•, a:* and £B® are parameters on 
the surface and such that = 0 (i = 1,2,3). That this is possible is easily seen. 

In this co-ordinate system the surface element dB is given by 

dS = dz'-dx^dx^ = dx^dx^da?. (2-9) 

If is a vector can be written as A^g. = A^^i H- A*i, and in the special co-ordinate 

system . g 

as one can easily show. Hence in this co-ordinate system ( A'^gdB becomes 

js ’ 

= ^A*iiA^g**^—g ds^dx^da^-\-^^-~{A'’'>,^g*^^--g}dx^da^da?. (2*11) 
The second term in (2-11) vanishes if /Sf is a closed surface, as it is in this ease, and 

4*. n ov* atV%y> A 

f A<'^gd8 = r A^NmgdB = f A^^^dS. (2-12) 

J S J S J s 

By applying the result (2-12) repeatedly to the various terms in (2‘8) we can trans¬ 
form it. Bor instance, the second term in (2-8) can be transformed as follows: 

jj_Ng^P-^%g,$Z«d8 

J s Js 

J s 

+jd8Sz%N’’[Ng^If^/^N;i. (2-13) 

In the special co-ordinate system the right-hand side of (2*13) becomes 

J^{^ 2 «(P “4 - I^g) + Sz^^P^} V- g dxHx^cbfi. (2- 14) 

The final result, arrived at by applying (2'12) successively to (2'8), is the foUowing: 

f {X„(1)&“+Z«(2)M1 ) + -+^«(»)M»i-1 )}, (2-16) 

* Js . ‘ 

where the X„ and z“ are given by the foEowing (in the special co-ordinate system): 

a*(m) 5= (2* 17)- 
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there being m differentiations with respect to in the right-hand side of (2*17). 
The 2 *(m) and Xa{m) have the traneformation character indicated by the super¬ 
script and subscript a and are defined by this and their components in the special 
co-ordinate system given by (2'16) and (2‘17). A definition of z“{m) valid in all 
co-ordinate systems is easily given, being 2 “(«i) = ••• which reduces 

to (2*17) in the special co-ordinate system. The corresponding general definition of 
the XJim) is a rather more difficult matter. The X„(m) are defined in all co-ordinate 
systems by the set of equations (m = 1,2,..., 

X„(m) == + - 

+ (2-18) 


This result has been taken from I and need not be proved here. Now, if the z“ are 
such that on 8^ (2-3) are satisfied, i.e. such that <5z“ = ^z“(l) =... = — 1) => 0, 

then (2-16) becomes 

' di= I* {s:,(i)<iz“-i-z„(2)(yz“(i)-f...-fZ»(y2“(ji-i)}d/Sr 
J Si 

-f {X„(l)52“-|-...-^Z„(n)5z“(«-l)}«i!'Sf, (2>19) 

J S$ 


where the directed surface element dS is taken in the same sense for both 8i and 8i. 
If we now introduce a parametrization of the surfaces 8i and 8^ we have, as in § 1, 

. d8x = Fi(u)du^du^du^,‘ d8i = X2(u)du^du^du^, (2’20) 

where the Fx(u) and ^’^(tt) are independent of the co-ordinate system and depend only 
on the choice of parameter. Defining g"* and P*, Q‘‘ by 

g“(«i) = z“(m-l), pjm) = Xs(^)XJm) on8z\ ' , „ . 

• Q-(m) = z-(m-l), P,(m) = P»X» on .Sir'"" ^ ^ ^ 

the equation (2-19) now becomes 


W = f S P„(m) du^du^dv? - f S p„(m) (Jg“(m) duHuW, (2-22) 

which is the analogue in this theory of (1 • 8). As before the P„, Q « on are functionals 
of thep„, g“ on /Sgand, from the work of Weiss, as a consequence of (2*22), the following, 
results hold: ^ ^ 

[PJm,«), Q%v,')-\ = di 8 {u-u') ifZ = m, 

= 0 ifZ+m, (2-23) 

where the square brackets are the classical generalized Poisson brackets defined by 

_ So)^ So)^ 8(i)-y 1 

" ."'v / ^ 




du^dvj^dv?. (2*24) 


m^ij sASpcii'^, u) dq^{m, u) u) 8q^{m, u)] 

The results (2*23) express the invariance of the Poisson bracket as before and will 
lead to the invariance of the quantized theory* 
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Let tis consider briefly how the equations (2*1) can be put into Hamiltonian form. 
Given a family of parallel space-like surfaces/(tc”") = constant, we have associated 
with these surfaces a set of canonical variables pjm), (m = 1, In a 

suitable co-ordinate system the equations (2-1) can be expressed in Hamiltonian 
form with these canonical variables. The appropriate co-ordinate system, which we 
will again call a natural co-ordinate system, as in § 1, but which is rather more re¬ 
stricted than the natural co-ordinate system used there, is one such that (i) the 
surfaces f{af) =* constant become a:* = constant, (ii) =. 0 (i = 1,2,3), (iii) the 

first three x co-ordinates = the three parameters u on the surfaces. In this co¬ 
ordinate system the appropriate Hamiltonian is 


where 


H = J ^ du^du^du^, 




(2-26) 

(2-26) 


The 3^ is no longer related to the energy-momentum tensor of the field in quite the 
same way as was the case in § 1, but this is not of importance for our present consider¬ 
ations. One can show fairly easily that the equations (2-1) are equivalent to 


3“(w),4 


m 

dpjm)~ SpJmY 


1 




/ 9 .^ \ 


( _ ^ 


(2-27) 


which therefore constitute the Hamiltonian form of the field equations. The details 
need not be given here as they are much the same as the corresponding work in I. 


(6) Quantization 

The field equations (2‘ 1) can be quantized in exactly the same way as the equations 
(M) were quantized in § 1 (b) by introducing commutation relations like (1-17) or 
(1-19) between the g“{in) and pjm). In general, the Einstein-Bose conimutation 
relations have (1*18) as a consequence as before, while the Eermi-Dirac relations 
lead to (1‘18) only if is of the same special type as before. The consistence and 
invariance of form of the Einstedn-Bose relations follow from (2-23) in exactly the 
same way as in § 1 (6). Likewise the same results follow for the Fermi-Dirac com¬ 
mutation relations provided the functional dependence of the and on 
the Paim), q^im) is of the form (1-24), if is of the special type mentioned before. 
That this is so is easily seen. As before it follows from the form of that (i) pjm) 
for any x* is a linear functional of the initial pJm), (ii) for any is a linear 
functional of the ipitialg'“(m). Moreover, since G“(m) = Q“(m) 

is a linear combination of the first m of the and of their space derivatives. Thus 
^“(m) is also a linear functional of the initial q\m) only, which is the second of the 
results (1*24). Similarly, defined by P^w) = where X„(ot) is given 

by (2-18), is a linear combination of the p’s and of their space derivatives and of the 
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J.’s of (2-6). Now, as is easily seen, from the definition of the J.’s and oiiS^, any A » 
partial derivative of^ with respect to a g or a space derivative of a q, and thus every 
A = some linear oomhination of p% when ^ has the special form. Thus P„(»n) is 
a linear combination of p’s and therefore a linear functional of the initial p’s only, 
whichisthefirstresultof (1-24). Thus the Fermi-Dirao quantisation, too, is consistent 
and relativistically invariant. We have thus established the general mvariance of the 
quantization of field theories derived firom higher order Lagrangians. 
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A kinetic investigation of the photochemical oxidation 
of certain non-conjugated olefins 

By L. Batbmait and G. Ghb 

British Rubber Producers' Research AssodaHoni Welwyn Garden City 
{Communicated by B. K. Rideal, PB. 8 ,—Received 4 June 1048) 


Phojjo-oxidation of cycZohexene, l-methylcj/oiohexene, dihydromyrcene’" and ethyl linoleate 
proceeds by a ehain-reaction mechanism in which the initiation reaction is the photolytio 
generation of free radicals and the propagation and termination reactions are those recognized 
in analogous oxidations catalyzed differently. The magnitude of the primary quantum yield 
and quantitative correlation between the reaction rate and light absorption changes occurring 
during oxidation establish that the dominant initiation process is the photolysis of the olefin 
hydroperoxide. The special features which the reaction exhibits when the light absorption is 
either very weak or very strong are considered, and in the latter case it is shown that the 
basic kinetics are specifically modified. 


Introdvomon 

Recent kinetic investigatioRS of the thermal oxidation of olefins, especially by 
BoUand {1946; BoUand & Gee 1946a, 6; BoUand & ten Have 1947,1948; and work 
in course of publication; see also the General Discussion on Oxidation 1946), have 
established that peroxide formation proceeds by a radical chain mechanism in 
which two types of radical participate. One of these, denoted by B—, is derived 
from the olefin jBH by removal of a hydrogen atom from an a-methylenic carbon 

* This refers ttooughout to 2:6-dimethyl-A®‘*-ootadiene prepared from geraniol and not 
to the somewhat mhomogeneons hydrocarbon obtained by the reduction of natural myroene. 
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atom; the other, jBOj—, results from the addition of molecular oxygen to the free 
valency of B —. The individual steps of the reaction are: 


Initiation 

(i) 

production of R- 

— or BO2 — 

’•x 

Propagation 

(ii) 

R --|-02-^jB02— 

7^2 


(iii) 

RO^—+RK^RO^ + R— 


Termination 

(iy) 

2 R -9^' 


h 


(V) 

M —j- 

■ inactive products 



(Vi) 





where represents the rate of radical formation and the ld& are the respective 
velocity ooeflS.cients of the succeeding reactions. Working conditions can readily 
be chosen so that the main reaction product, the unsaturated hydroperoxide iJOgH, 
is isolable in yields approaching 100 % based on the oxygen consumption. Chain 
initiation is possible in various ways, which can be ident ifi ed by the form of the 
experimental expression defining the overall rate of oxidation. In a highly purified 
olefin, initiation occurs by a bimolecTilar reaction between olefin and oxygen. The 
reaction is strongly autocatalytic, however, and this mode of initiation is soon 
overshadowed by one due to the thermal dissociation of the hydroperoxide produced. 
The addition of benzoyl peroxide provides especially convenient initiation because 
the rate and kinetic order of its thermal decomposition have been carefully studied 
over a range of conditions (McClure, Robertson & Cuthbertson 1943; Nozacki &; 
Bartlett 1946; Cass 1946). The termination mechanism is largely controlled by 
oxygen pressure which determines the relative stationary concentration of the two 
free radicals. At low pressures reaction (iv) predominates, at high pressures reaction 
(vi), while at intermediate pressures these reactions and reaction (v) are probably 
of comparable importance. 

Kdnetic analysis of the above oxidation scheme by the stationary state method 
provides a general expression for the overall oxidation rate. Apart from experiments 
designed to test the influence of oxygen pressure, all the data nov to be presented 
relate to oxygen pressures high enough to render reactions (iv) and (v) negligible. 
The rate of oxidation r is then given by 

r = • (1) 

where the square brackets denote molar concentration. The validity of this equation 
has been verified for the thermal and peroxide catalyzed oxidations of a number of 
olefins (Bateman & Bolland 1947). Trom the nature of the oxidation mechanism it 
would be anticipated that the basis of photo-catalysis lies in initiating the reaction 
by photolytically generated radicals, in which case 

r^ = 

where is the rate of light absorption and <j>i the quantum efficiency of radical 
formation. Prom (1) and (2) the overall quantum efficiency of oxidation, O, is 
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In seeking to substantiate this equation, it is important to take into account com¬ 
plications arising from the nature of the absorption process if this be either very 
weak or very strong. 

Light absobption ob olbbtns and pbeoxidbs 

The absorption curves of c^cZohexene and its hydroperoxide over the range 2400 
to 3600A are shown in figure 1 (compare Farmer, Koch & Sutton 1943). The ratio 
of the extinction coefi&cients lies between 260 and 600 from 2400 to 3000 A, and shows 
signs of a marked increase at longer wave-lengths where the very weak olefinic 
absorption is not easily measured. A closely similar relationship exists for the 
other niftfina and their primary oxidation products with which the present work is 
concerned (Bateman & Koch 1944; Koch, unpublished data), except for oxidized 
ethyl linoleate where the principal product is a conjugated diene hydroperoxide 
(Farmer et al. 1943; BoUand & Koch 1945). The conjugated diene ohromophore leads 
to greatly increased absorption on oxidation, and this effect is supplemented by 
end absorption by very small amounts of conjugated diene ketone, which is a 
decomposition ptoduot of the hydroperoxide and which possesses an intense absorp¬ 
tion band at,about 2730 A (log e ~ 4*3). Complications of this nature are not evident 
at 3660A. 



EtGXjaB 1. Ultra-violet absorption curves for (a) cycZohexene and (b) cyc^ohexene hydroperoxide, 
e is the molar decadio extinction ooeificient. 

EbBEOTS OB XNORBASINO ABSORPTION 

If the wave-length of the light employed is such that the olefin absorbs weakly, as 
is true at 3660A under the conditions of our experiments, the absorbing ohromophore 
is soon maioly located as reaction proceeds in the oxidation product. With a fixed 
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incident light intensity (Ig) this effect leads to antofeatalysis in which, howeTer, the 
rate acceleration is due solely to an increase in the product A typical example 
of this behaviour is recorded in figure 2. 



oxygen absorbed (g.mol./lOOg.moI. of olefin) 

Fiotm® 2. Bate of photo-oxidation of cyclohexene at 3660 A. at 10® 0. Ia— 1'88 x 10“* einstein 
ir^seo."’'. The dotted curve is the plot of r against [oxygen absorbed]"^ used to determine 
the limiting rate. 


The course of the reaction can be understood quantitatively on the basis of the 
following analysis. If x is the fraction of olefin oxidized, the rate of light absorption 
by a column of olefin of length i! and concentration c irradiated by light of incident 

intensity A is ^ ,, , , , - 

•4 = 4[1 - exp { - Icie^ 1 - a? -f e^aj)}]. 


where and are the extinction coefficients of the olefin and its oxidation product, 
respectively. The rate of oxidation is given by 

which is of the form K'r^ = 1 — exp .(—K"—E"x ), 

if the quantum efficiency of chain initiation is constant throughout the reaction. The 
extinction coefficient of the hydroperoxide is sufficiently large for the approach to 
the limiting rate to be readily observed (see figure 2), but to estimate this 

rate a more suitable plot for the purpose of extrapolation is necessary. Since mea¬ 
surements exteaid nearly to the maximum rate, a plot of r ajgainst any negative power 
of X will suffice; the dotted curve in figure 2 shows that xr^ is quite suitable. Having 
thus determined K', the remaining constants are evaluated by plotting In (1— K'r^) 
against ic; figure 3 shows this plot to be satisfactorily linear. The three constants 
derived in this way are • 

A:' = 6-70xlO-“g.mol.-21.2seo.2, £'' = 0-01, = 49. 


as-* 
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The values of E" and K'" give mo.leoular extinction coefficients for the olefin and the 
hydroperoxide of the order of 10-* and 1 respectively. The latter value is clearly 
in good agreement Tvith the relevant absorption curve given in figure 1; no corre¬ 
sponding comparison is possible with the olefin but the above estimate is certainly 
of the right order*of magnitude. This correlation serves, of course, to substantiate 
the validity of our interpretation of the autocatalytio rate increase. It may be 
added that more complex behaviour would be found if the two ohromophores hAd 
more nearly equal extinction coefficients and if the primary quantum efficiency 
varied during the reaction. 



Figtoh 3. Plot of — ln(l—JSr'r*) against x. 


Skin epkbots 

A second complication intrudes when the light is very strongly absorbed. It has 
been assumed so far that the rate of light absorption is the same at each point irt the 
reaction vessel. This is a condition which becomes increasingly difficult to satisfy 
as the viscosity of the reaction solution increases. If most of the light is absorbed 
very close to the ceU wall, free radicals will be produced there in high concentration, 
and mechanical shaking may not be efficient enough to disperse them uniformly 
throughout the solution in a time comparable with their time of reaction. In ordei 
to investigate the Irinetic consequences of this situation (referred to as a skin effect) 
we consider two extreme cases in which agitation is (a) absent and (6) perfect. 

(a) The rate of reaction differs from point to point' in the reaction vessel. To 
deduce the observed rate, therefore, it is necessary to formulate* rate equation that 
can be mtegrated over the depth. If as before, is the rate of light incidence, the 
intensity reaching a depth I will be and the rate of light absorption at 

depth I wiU be odToe”®*. Hence the rate of oxidation at depth I will be 

»-i = *3i:ir*[J2H]aVI4e-K 
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Since the whole of the incident Hght is absorbed, the total reaction in the system 
is given by 

(3) 

(6) If the reaction is carried out in a cell of length Zq and the light is assumed to 
be uniformly absorbed, then the rate of light absorption at each point is Jq/Zq and the 
rate of reaction is The total reaction in the cell is thus 

Zor^ = *3&e-t[iZH354U*Zo*. (4) 

Comparing equation (3) and (4), the skin effect arising from the absence of 
agitation and diffusion is seen to produce a retardation of the observed rate by a 
factor i(aZo)*. It is noteworthy that the apparent course of the reaction is unchanged, 
and the skin effect may therefore easily escape notice. A further kinetic consequence 
is evident when we recall that a is proportional to the concentration of the chxomo- 
phore. Hence, if a series of reactions be carried out in solution, the normal kinetic 
dependence bn concentration will be modified by an additional factor proportional 
to [i2H]“*. The rate of peroxide catalyzed oxidation, in agreement with equation (1), 
is proportional to [iZH], and this relationship also holds for photo-oxidation when 
the light absorption is weak. A photo-oxidation in which a skin effect is operative 
should therefore have a rate' proportional to [iZH]*. This behaviour is clearly 
revealed by some data for ethyl linoleate in deoalin solution summarized in table 1. 


Table 1. Baxes oe pkoto-oxidaxion at 2637 A oe ethyl 
LINOLEATB IN DEOALIN SOLUTION AT 10° 0 



Jo = 3*3 X lO-mhvL 

-*000.*“^. 


relative 

rat© of 



concentration 

oxidation (r)* 



of ester (o) 

(g-naoLl.-^seo.-*- x 10®) 


10®ro“i 

1-00 

3*30 

3*30 

3*30 

0°60 

2*39 

4*78 

3*38 

0-25 

1*68 

6*72 

3*36 

0*13 

1*26 

9*69 

3*60 

0*063 

0*90 

14*3 

3*57 

0*031 

0*40 

14*8 

2*62 

0*016 

0*26 

16*3 

2-30 


* Light rat© corrected where necessary for a small dark reaction. 


Another skin effect complication arises when considerable amounts of olefin 
hydroperoxide are present in the oxidizing olefin. If practically all the incident 
radiation is already being absorbed, no appreciable rate acceleration is obseiyed. 
Instead, owing to the light absorption occurring increasingly nearer to the front face 
of the cell, the reaction actually tends to be retarded. Over the range of oxidation to 
which most of our data refer, no such effect is evident, but the addition of large 
quantities of pure cycZohexene hydroperoxide'to cycZohexene produced a marked 
rate decrease as shown in, table 2. 
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Table 2. Rates oe photo-oxidatios- at 2537 A OE oeclohexbnb 
rer the presence oe oeoxChexbnb hydroperoxide at 10° C 


2o = 10~WJivl.-^sec.~^. ’ 

hydroperoxide rate of oxidation 

concentration (m) (g.mol. l.-^sec.”^ x 10^) 


0*005-0*025 
0-030-0-064 
0-050-0-129 
0-178-0*228 
0-475-0-405 
0*792-0*821 
1*24 -1*27 


3*37 

3*39 

3*42 

3*66 

3*36 

3*07 

2*73 


Experimental section 

» 

Reagents and solvents 

C^cJohexene and l-methylcj/cZoliexene were purified to the spectroscopic standard 
described by Bateman & Koch ( 1944 ) by fractionation through Eenske columns 
packed with glass helices, followed by maleic anhydride treatment (Stucklen, 
Thayer & Willis 1940 ). Dihydromyrcene (2: 6 -dimethyl-A^=®-octadiene), prepared 
by reducing purified geraniol with sodium in liquid ammonia, was also fractionated 
to spectroscopic purity. Ethyl linoleate was kindly supplied by Dr J. L. BoUand; 
it had been subjected to the purification procedure described by hiTri ( 1946 ). 

OycZohexene and decalin were each shaken repeatedly with fresh charges of 
concentrated sulphuric acid for periods of 8 to 24 hr., this treatment being inter¬ 
rupted at intervals to wash the hydrocarbon with water and then to shake it over¬ 
night with aqueous 5 % potassium permanganate solution. At the maximum cell 
lengths used (3 and 1 cm., respectively), the hydrocarbons did not measurably 
absorb light of wave-lengths greater than 2100 and 2300A, respectively. 

Oxygen from a high pressure cylinder was used directly after passage through 
a trap cooled in liquid oxygen. 

CycZohexene hydroperoxide was prepared with attention to the optimum con¬ 
ditions described by Farmer & Sundralingham { 1942 ), and carefully fractionated 
before use (b.p. 39 to 40° 0/0*1 mm.). 

Arrangement of apparatus 

The rates of oxidation were measured at constant pressure in the apparatus shown 
diagrammatically in figure 4. Two different mercury lamps were employed. For 
experients at 2537A, a U-shaped mercury-rare gas discharge tube purchased from 
the Thermal Syndicate Ltd. (Model T/M5/369) was operated so that its current 
consumption was 0 * 1 amp. at 1000 V. 

According to its published characteristics, about 96 % of the emitted radiation 
occum at 2537A; for the present purpose, therefore, it affords a sufficiently mono¬ 
chromatic source of light of this wave-length without the use of filters. Approxi¬ 
mately monochromatic 3650A radiation was obtained by filtering the emission 
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from a U-shaped Hanovia S.250 high-pressure mercury arc operating.at 1*95 amp. 
and 135 V through an OVI filter plate obtained from Chance Bros and Co. Ltd. 
The current supply to both lamps was fed through a constant voltage transformer. 
Direct measurement showed that inappreciable variations in light intensity occurred 
during closely successive experiments, but slight drifts became apparent over long 
periods ovrog to changes in emission characteristics of the lamps on ageing. 


shaker 

motor 


a 


lamp 


toHyvac 

- (= and mercury 
[f=^== diffusion pumps 
torelay(coTitrol 
circuit) 


water jacketed 
gas burette 





D 


to relay (load circuit) 

y 

=1 jielectrolyticcell(l2V) 




Fiotjke 4. Experimental arrajigement. A represents a quartz lens, B a plane-faced silica 
reaction cell, O a flexible thiokol tube coupling and D. the contact limb of the Eohman 
regulator. 


The reaction rate was determined by measuring the mercury rise in the gas burette, 
the level being automatically regulated by the device described by Kohman ( 1929 ). 
The accessory relay circuit was similar to that described by BoUand ( 1946 ) except 
that an MWI type Electro-Spot magnetic relay replaced the Sunvic hot wire switch 
in order to obtain instantaneous response to the make and break. In most of the 
experiments the reaction cell and gas burette were thermostated by running tap 
water; when it was d^ired to follow the oxidation at other temperatures a Sunvic 
T53 bimetallic regulator and a Sunvic F102-4 relay operating an immersion heater 
effected the necessary control of the tank water to + 0-1° C. The oxygen pressure 
was adjusted for each experiment by admitting the appropriate pressure of air to 
the contact hmb of the Kohman regulator. 

The autocatalji>ic course of the oxidation at 3650A is expressed in figure 2. 
Peroxide-free olefins usually exMbited short induction periods (of the order of 6 min.) 
at this wave-len^h wMch increased on diluting the olefin with a neutral solvent. 
No induction periods were evident in the experiments at 2537 A unless the olefins 
. were greatly diluted. A typical curve, obtained by plotting oxygen absorbed against 
time for an oxidation followed at the latter wave-length, is drawn in figure 5. The 
small initinl rate increase is ascribed mainly to an increase in absorption of the 
small amoimt of incident radiation of wave-length greater than 2637 A. 





oxygen absorbed (g,mol./100g.moL of olefin) 
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time (hr.) 

Figxjeb 5. A typical extent of reaction against time curve for the 
photo-oxidation of dihydromyrcene at 2537 A. 



I^GTJRE 6, Peroxide yields from oxidized l-methylc^/cZohexene. 
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Peroxide estimations 

Using the ferrous thiocyanate method of BoUand, Sundralingham, Sutton & 
Tristram ( 1941 ), the peroxide jdelds from cycZohexene and 1-methylcyctohexene 
were determined under varying conditions of olel&n concentration and light intensity 
at the different wave-lengths employed in the temperature range 0 to 30° 0. Within 
the rather large experimental error (± 5 %), a uniform trend with respect to the 
extent of oxidation was exhibited, which is illustrated by results obtained from 
l-methylcycZohexene in figure 6 . These establish that under the conditions of our 
experiments the oxidation product is practically pure olefin hydroperoxide when- 
the oxygen intake is less than 0-04g.mol./g.nioL of olefin. 

Kinetic measurements were restricted to this degree of oxygen absorption. While 
this work was in progress, Dr J. L. BoUand and Miss H. Rhodes observed that in 
thermaUy oxidized dihydromyrcene a substantial fraction of the absorbed oxygen 
is incorporated in cyclic peroxide groups. The detailed findings of these worl^rs 
wiU be reported later: we merely mention here that photo-oxidized and thermaUy 
oxidized products show no obvious differences and that departure from simple 
hydroperoxide formation undoubtedly occurs under the conditions of our experi¬ 
ments.* The close similarity between thermaUy and photo-oxidized samples of 
ethyl Unoleate as revealed by ultra-violet spectroscopy was also taken to establish 
the paraUeUsm between the two modes of promoting the oxidation; BoUand’s ( 1946 ) 
data on the peroxide yields of this olefin have not been supplemented. 

Actinometry 

The light intensity absorbed by the reaction solution was calculated from the 
decomposition of uranyl oxalate solution when contamed in the ceU under conditions 
exactly similar to those prevailing during the relevant oxidation experiments. The 
quantum efficiency of the decomposition was taken as 0-60 at 2537 A and 0-50 at 
3650A (Leighton & Forbes 1930 ). A solution of the foUowing approximate com¬ 
position was generaUy used: uranyl oxalate (the product from B.D.H. Ltd. twice 
recrystaUized), 0*005m; oxalic acid (Analar), 0-0025M. In deducing the incident 
jftght intensities at 3650A, aUowance has been made for only partial absorption 
by the actinometer solution at this wave-length. The xiltra-violet absorption spectra 
data of Leighton & Forbes ( 1930 ), which we have checked, f show that a 3 cm. length 
of the above solution transmits about 45 % of incident radiation at 3650A. 

The experimental Nineties 

The oxidation kinetics of the four olefins were basicaUy the same, and remained 
so at the two wave-lengths of Ught investigated—account being taken of the special 
effects associated with either very weak or very strong Ught absorption as discussed 
above. The influence of the several experimental variables can. therefore be ade- 
' quately described by. presenting a representative selection of our complete data. 

* This change in product composition does not alter the kinetic form of the reaction. 

t Onr data suggest, howev^, that beyond 3660 A the light transmi^ion is not accurately 
defined by Beer’s law. 
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(1) Ol^n boncentraiion. The rate of oxidation "was directly proportional to the 
olefin concentration, as illustrated by some results obtained with cyetohexene iu 
cycZohexane solution (table 3). For reasons already discussed,^ ethyl hnoleate «End 
to a much less extent dihydromyrcene showed anomalous behaviour at 2637A, 
but both exhibited the normal dependence at 3650A. * 

Table 3. Rate oe photo-oxtoation at 2537A op opclohbxbee 
nr croLOHEXAsrE soLtriioiir at 10 ° C 


lo = 4-85 X lO-WAj-l-isec.- 


relative concentration 
of olefin (c) 

rate of oxidation (r) 
(g.mol.l.“isec.-ix 10®) 


1-00 

3-38 

3-38 

0-26 

0*82 

3*28 

0-10 

0-31* 

3-10 

0*05 

0-16* 

3-20 


absorption was appreciably incomplete initially in these experiments. The rates 
given have been corrected for this and refer to conditions of complete ab^rption. 

(2) O^gen presswe. The influence of oxygen pressure on the rate of oxidation 
of cyctohexene was investigated extensively, but proved difficult to define precisely 
because very little dependence was apparent at pressures greater than 60 mm of 
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also contains a plot of BoUand’s data for ethyl linoleate at 45 ° 0, Experiments at 
higher temperatures show a temperature dependence of the latter which requires 
the more sharply curved plot now found at lower temperatures. Our results are 
insufiS.ciently accurate to specify the reaction rate-oxygen pressure relationship, 
but are clearly consistent with that established for ethyl linoleate (BoUand 1946 ). 

(3) Light intensity. Known reductions in the incident light intensity were eiBEected 
by inserting perforated copper screens between the lamp and the reaction vessel. 
The optical transmission of the screens was measured actinometrically, and no 
difference was found if the screen were placed in front of the lens or immediately 
behind it. The rates of oxidation of all four olefins were found to vary directly as the 
square root of the light intensity. The results for c^/cJohexene and dihydromyrcene 
are collected in table 4. ’ 

Table 4. The eeeect of light intensity on the rates of photo-oxidation 
AT 2537A OF CPCLOHEXENE AND DIHYDR03MYBCENE AT 10° C 


light intensity (J^) rate of oxidation (r) 

X 10’)* (g.mol,l."‘^sec.’“^ x 10®) 

(i) cycZohexene 

6-20 3-83 4-9 

0*62 1*40 4-7 

0-13 0*61 5*3 

(ii) dihydromyrcene 

5-12 2-34 . 3*3 

0-51 0*68 • 3-0 

0*11 0*30 2*9 


The photo-decomposition of hydroperoxide 

Owing to the very small rate of decomposition that could be expected of a con¬ 
densed phase reactant with the light sources available (in the absence of very long 
. reaction chains) and to the problem of estimating peroxidic oxygen really accurately, 
the following simple experiment was carried out merely to obtain an order of magni¬ 
tude value for the quantum efficiency of the decomposition. The significance of any 
value of this quantity remains doubtful, of course, so long as the mechanism of the 
photolysis is unknown. 

The hydroperoxide (2 ml,), diluted to 5 ml. with cycfohexene, and contained in 
a quartz reaction ceU 1 cm. deep, was carefully degassed and then exposed under 
vacuum to the radiation from the discharge lamp. The ceU was shaken and was 
cooled by a running stream of tap water. Peroxide estimations were made in 
duplicate by the ferrous thiocyanate method (BoUand et al. 1941 ) immediately 
before irradiation and then at intervals up to a total of 300 hr. exposure, irradiation 
being interrupted and the cell opened for this purpose. The rate of light absorption 
was determined subsequently by exposing the same volume of actinometer solution 
under the same conditions and measuring the oxalate ion destroyed in the usual 
way. The rate of decomposition was found to be 4 x 10 "''^g.mol. I.“^seb."^ when the 
rate of light absorption was 6 x 10 “WAj'l.~^sec."'^. The quantum efficiency of the 
decomposition is thus of the order of 1 . 
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DiSOTTSSION OF RESULTS 
The experimental kinetics show that the rate of oxidation obeys the equation:' 

where/[O2] represents a dependence on oxygen pressure which our data, and their 
similarity with the corresponding thermal reactions, indicate is of the form 
+ ^'[02])- This,it will beseenis precisely the form of rateequation demanded 
by the oxidation scheme set out on p. 377 if the reaction is initiated by the photolytic 
pr6duction of radicals and the rate of initiation is accordingly given by equation (2). 
The two particularly characteristic features of the photo-kinetics, namely the 
measurement of overall quantum yields much greater than unity and the rate 
dependence on J|, have special interest in demonstrating unambiguously that 
oxidation proceeds by a chain reaction whose termination step involves the mutual 
destruction of two chain carriers. Furthermore, since the hydroperoxide is by far 
the more important reagent participating in the initiation process (as we discuss 
later) and since the energy input at 2537A (112kcal,g.moL"“^) or at 3650A 
{ 78 kcal.g.mol“^) is far in excess of the 0—0 bond strength in hydroperoxides, 
dissociation of the hydroperoxide into free radicals is undoubtedly the primary act. 
The quantitative correlation between the efSiciency of the initiation reaction in 
starting chains and the rate of photo-decomposition of cyclohexene hydroperoxide 
at 2537 A presented below supports this contention, and the whole serves to 
strengthen the already strong evidence provided by the study of the thermal oxida¬ 
tions that the chain carriers are feee radicals, viz. (a) catalysis by molecules easily 
dissociated thermally (see Bateman & Bolland 1947 ), (6) the chemical action of 
inhibitors (Bolland & ten Have 1947 ), and (c) the isomerization which occurs in 
certain oxidizing systems (Bolland & Koch 1945 ). 

The conclusion that the photo and thermal reactions differ only in the mode of 
initiation is thus surely founded, and accordingly the complementary data from both 
sources provides a very complete picture of the fundamental details of the oxidation 
mechanism, as the next section and the following paper well illustrate. 

Quantitative comparison of the photo-' and benzoyl'peroxide-catalyzed oxidations 

The photo-oxidation data are by themselves insufficient to permit one important 
quantity, yiz. to be evaluated: it is nec^sary to estimate by other methods the 
chain length, v, since , ^ 

By studying oxidations catalyzed by benzoyl peroxide decomposing at a known rate 
(Bolland 1946? unpublished work) and making the assumption, which receives 
support from later inhibitor stiidies (Bolland 8 c ten Have 1947, 1948), that each 
molecule of benzoyl peroxide which decomposes sets off one reaction chain, it is 
possible to calculate the chain lengths operative under these conditions. In order to 
apply this knowledge to our results, it is necessary to extrapolate v to the photo¬ 
oxidation conditions: the foUovring method has been adopted. 

Substituting rv^^ for r^ in equation (1), we obtain 
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At jS.xed olefin concentration, rv is thus a purely temperature dependent constant, 
whose temperature variation can be calculated thus: 

Pfv ~ 2 ^ 3 “and Eq = + 


where Eq represents the overall activation energy of oxidation, and the other terms 
represent the activation energies of the processes indicated by the subscripts. 


Hence 


Pfv — Pi- 


Values of E^^ for the four olefins now considered are readily available shace Holland 
has measured E^ in a series of oxidations catalyzed by benzoyl peroxide, whose 
activation energy of thermal decomposition (31kcaLg.mol."^) is E^. The values of 
rv determined for the catalyzed reactions at 55° C can thus be extrapolated to any 
other temperature within the range of inappreciable variation of the Arrhenius 
activation energies, as shown in table 5. 


^ Table 5 



cycloheK&DB 

1-methyl- 

c 2 /cZohexene 

dihydro- 

myrcene 

ethyl 

linoleate 

Eq {kcaLg.moir-1) 

24-0 

23-5 

24-0 

20-5 

(kQaLg.moL--i) 

17-0 

16*0 

17-0 

10-0 

lO^rv (g.mol.l.-^sec.*^) at 55® C 

3*23 

1-19 

1*19 

5-57 

lO^rv (g.moLl.-^sec."'^) at 10® C 

2*40 

6-58 

1*92 

48-8 


Table 6. Rates oe bhoto-qxidation and the quantum yields at 10° C 

J« = lO-mj'l.-isec.-i. 


olefin 

A (A) 

(g.mol. l.“^sec."“^) 

V 



c2/cZchexene 

2537 

1-55 

16-5 

15-5 

1-0 


3650 

0-82 

29-5 

8-2 

. 0-28 

1 -methylcycZohexene 

2537 

2-26 

29 

22*6 

0*78 

dihydromyrcene 

2537 

1-04 

18-5 

10*4 

0*56 


3650 

0-31 

62 

3-1 

0*050 

ethyl linoleate 

2537 

9-0* 

54 

90 

1*7 


3650 

2-10 

232 

21*0 • 

0*090 


* The skin effect precludes direct measurement of this rate -with imdiluted olefin. The rate 
measured at the highest dilution reported in table 1 has been appropriately extrapolated. 

The application of these data to’ the photo-oxidation residts is summarized in 
table 6. The derived estimates of afford valuable ioformation concerning the 
nature of the primary process. Pirst, it will be noted that radical production in the 
primary photo process is very efficient at 2537A, but drops markedly at 3650A. 
Secondly, the order of magnitude of (f>^ at 2537 A is the same as the quantum efficiency 
of the photo-decomposition of cycJ!ohexene hydroperoxide at the same wave-length. 
This correlation together with the other, also quantitative, correlation between 
photo-catalysis and light absorption (p. 378), afford proof that the primary process 
under the con d itions of our experiments is the photo decomposition of the peroxide. 
Mechanistic details of this photolysis are unknown as the necessary Idnetic data 
are completely lacking. In fact, the nfformation is so meagre that the expe3riment 
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reported in this paper gives tlie first measure of overall pKoto-efl&cienoy. The com¬ 
plexity of the products of photolysis is indicated by the work of Walker & Wild 
( 1937 ) on acetyl peroxide, where the proportions of methane produced in the 
liquid phase and particularly in solution, points to methyl radical formation, 
presumably from the initially formed acetyl radicals. The photolysis of hydrogen 
peroxide in aqueous solution is unquestionably a chain reaction (AUmand & Style 
1930 ), and the use of this reaction for glycol synthesis (Milas, Kurz & Anslow 1937 ) 
demonstrates the production of OH radicals. It is perhaps surprising therefore that 
the primary quantum efficiencies of the oxidation reactions now reported are roughly 
unity; but we are inclined to regard the matter as somewhat analogous to the 
thermal decomposition of benzoyl peroxide. This reaction follows closely a first- 
order rate law (McClure et al, 1943 ) and catalyzes chain reactions in accordance with 
the assumption referred to on p. 388 and yet the overall decomposition mechanism 
is evidently far from simple (Nozacki & Bartlett 1946 ; Cass 1946 ). 

The temperature coefficient of photo-oxidation 

As the initiation reaction will have an insignificant temperature dependence, the 
overall energy of activation of photo-oxidation (JE^) is given by 

The same quantity can be obtained less directly from thermally catalyzed reactions 
by the use of equation ( 1 ). Bolland’s values obtained from benzoyl peroxide catalyzed 
oxidations are compared with the photochemical estimates in table 7. It is necessary 
to measure the temperature coefficient of ethyl linoleate oxidation at 3650A, 
because the skin effect at the lower wave-length leads to a spuriously high value— 
the viscosity decrease on raising the temperature serving to facilitate mixing and 
thus to increase the rate on this account. The very satisfactory agreement between 
the differently derived values can be advanced as yet further confirmation 

of the general correctness of the theory of olefinic oxidation developed in these 
laboratories. 

Table 7 

*E^ - (kcal.g.mol.-^) 


olefin 

1 

II 

= ^*1 

cydohexene 

8-5 

8*1 

1 -methylcycZohexene 

8-0 

7-2 

dihydromyreene 

8*5 

7*5 

ethyl linoleate 

5-0 

6-7* 


* Measured at 3650 A, the others at 2537 A. 


RE3PEREN0ES 

Allmaad, A. J. & Style, D. W. G. 1930 J. Chem. Soe. p. 606. 

Bateman, L. & Bolland, J. L. 1947 Proc. Int. Congr, Pure Appl, Ghem.y Lond. (in the Press). 
Bateman, L. & Koch, H. P. 1944 *7. Ghem. Soc, p. 600. 

BoHand, J. L. 1946 Proc. Roy. Soc. A, 186, 218. 

BollMid, J.Ij. & G«e, Q. 1946 a Trans. Faraday Soc. 42, 236. 



Photochemical oxidation of certain noirb-conjngated ol^ns 391 

BoUand, J. L. & Gee, G. 19466 Trans. Faraday Soc. 42, 244. 

BoUand, J. L. & ten Have, P. 1947 Trcms. Fafaday Soc. 43 , 201. 

BoUand, J. L. & ten Have, P. 1948 Tfa/ns. Faraday Soc. (in the Press). 

BoUand, J. L. & Koch, H. P, 1945 Ghem. Soc. p. 445. 

BoUand, J. L., Simdralingham, A., Sutton, D. A. & Tristram, G. R. 1941 I. E, I. Tram. 17,29. 
Cass, W. E. 1946 J. Armr. Ghem. Soc. 68 , 1976. 

Farmer, E. H., Koch, H. P. &> Sutton, D. A. 1943 J. Ghem. Soc. p. 641* 

Farmer, E. H. & Simdralingham, A. 1942 J. Ghem. Soc. p. 121 . 

Genera] Discussion on Oxidation 1946 Trans. Faraday Soc. 42, 99. 

Kohman, G. T. 1929 J. Fhys. Ghem. 33, 226, 

Leighton, P. A. & Forbes, G. S. 1930 J. Armr. Ghem. Soc. 52, 3139. 

McClure, J. H., Robertson, R. E. & Cuthbertson, A. C. 1942 Ganad. J. Ees. B, 20 , 103. 
Milas, N. A., Kurz, P. F. & Anslow, W. P. 1937 J. Amer. Ghem. Soc. 59, 543. 

Hozacki, K. & B£i,rtlett, P. D. 1946 J. Amer. Ghem. Soc. 68 , 1686. 

Stiicklen, H., Thayer, H. & WUlis, P. 1940 J. Amer. Ghem. Soc. 62, 1717. 

Walker, 0. J. & Wild, G. L. E. 1937 J. Ghem. Soc. p. 432. 


The determination of absolute rate constants in 
olefinic oxidations 

By L. Bateman and G. Gee 

British Bubber Producers^ Research Association, Welwyn Qairdm City 
{Communicated by E. K. Rideal, F.R.8.—Received 4 June 1948) 

On the basis of the reaction mechanism established in the preceding paper (this volume, 
p. 376), the changes in rate of photo-oxidation observed in intermittent light when a rate 
contribution is made by a simultaneous dark reaction have been rigorously analyzed. Using 
this analysis and the relevant esqperimental data, the velocity coefficients of the rate con¬ 
trolling propagation and termination reactions have been separately evaluated for cyclo- 
hexene, l-methylcycZohexene, dihydromyrcene and ethyl linoleate. The significance of the 
results in interpreting the Uner details of the oxidation mechanism is discussed; and the 
numerical values are compared with similar data reported for polymerization systeins. 

A criterion for detecting anomalous effects due to intense light absorption is derived; 
further to the evidence presented in the preceding paper, ethyl linoleate undergoing oxidation 
in light of wave-length 2537A is found to exemplify this behaviour. 


lOTROBUCTIOISr 

In tbe preceding paper, a kinetic analysis has shomi that the photo-oxidation of 
certain olefins proceeds by a radical chain mechanism similar in all but the initiation 
process to that established by BoUand for the analogous thermal reactions. The 
observed overall rate of oxidation, except at low; oxygen pressures, is determined 
by the rates of three elementary steps: 

(а) The rate r^ at which free radicals are produced in the initiation stage, 

(б) The rate at which peroxide radicals JSO 2 — react with the olefibu JSH (velocity 
constant h^). 

(c) The rate of mutual destruction of i?02— radicals (velocity constant k^). 

The overaU rate r is given by 

' (1) 
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so that if can be separately measured, the composite rate constant can be 
deduced. To estimate ig and k^ separately it is necessary to make some other type 
of observation. The purpose of this paper is to report measurements of the rate of 
photo:Oxidation in intermittent light, as a function of the frequency of the light 
cycle, and to discuss the values of k^ and k^ thus obtained for a number of reactions. 


Theory of reaction rate in intermittent light 

The usefulness of rate measurements in intermittent light extends in principle to 
any photochemical reaction in which the overall rate is dependent on any power of the 
light intensity other than the first. In particular, to photochemical chain reactions, 
such as those now under consideration, in which the chain termination process 
involves a reaction between two chain carriers (free radicals), aiid the overall rate is 
proportional to the square root of the light intensity. In these circumstances, the rate 
in intermittent light depends on the frequency of interruption. At sujBS.ciently low 
speeds, no radicals produced during one period of illumination survive until the next 
lightperiod. Each cycle then promotes an independent reaction, and the total reaction 
observed is simply the sum of these. The other limit occurs when periods of darkness 
are so short that no appreciable decay of radical concentration occurs; the effect 
of interrupting the light is then the same as that of reducing the intensity to a value 
equal to its average per cycle. In the particular case when the light and dark periods 
are equal, the rate at high frequencies is 2 ^ tunes that at low frequencies. It is clear 
that the critical frequency range over which the average reaction rate changes will 
be determined by the hfetune of the radicals, and can therefore be used to determine 
this quantity. Several authors (Chapman, Briers & Walters 1926 ; Leighton & Noyes 
1941 ; Burnett & Melville 1947 ; Swain & Bartlett 1946 ; see also Rice 1942 ; Haden & 
Rice 1942 ) have discussed this type of problem quantitatively; our own approach 
differs only in detail but has been extended to the case of a system with a significant 
dark reaction. The total rate of chain initiation is then made up of two parts, 
Tj, (thermal rate, operative whether the light is on or off) and (photo rate). 
From equation ( 1 ) the dark rate is given by 

?-£, = ( 2 ) 

and the light rate rx^ imder uninterrupted illumination by 

. (3) 

In the appendix we calculate the mean rate r under intermittent illumination in 

which the times of the light and dark periods per cycle are respectively d and ^6, 
It is convenient to express the result in terms of three dimensionless constants 
defined as follows: 

r = f/r£, w = rj)lrL, E=:dh\{r^+<j>J^)i. (4) 

No simple explicit solution has been fotind for the general problem, and the result 
has been left in the form 




ln{l + 


{\-w){x-y) 


’ 1+A \ (j/+i)(m+ir 

where x and y are implicit functions of K, w and (see appendix). 
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An’alysis of expeeimental data 

A single set of experimental observations consists of measurements of and 
of r, the last as a function of 6. is determined by the experimental conditions, so 
that the only unknown in equation (5) is K, This equation caimot be solved ex¬ 
plicitly for X and it is therefore necessary to proceed indirectly. Using the experi¬ 
mental values of w and yff, it is easy to construct a curve of y as a function of K, from 
which can be read off the value of K, corresponding to each experimental value of y. 



Fiquee 1. y as a function of log X for different w valiies. 


Figure 1 gives a plot of y against log£^ for a number of values of w. In general, 
since w is normally constant, or nearly so, for a set of observations at different 6^ 
it is more convenient and less laborious to compare an experimental plot of y as 
a function of log 6 with a calculated curve of y against log K. It will be seen from its 
definition (equation (4)) that in such a series K should be proportional to d, the other 
terms remaining constant. Hence the theoretical and experimental curv^ should 
be superposable by a linear displacement along the log axis. In this way the whole 
set of experiments may^ be employed to obtain a mean value of the ratio djX. To 
complete the calculation of and k^ we now evaluate the oxidation chain length v 
by the procedure described in the previous paper, so as to eliminate r^, and thus 
obtain ir 

h — ^ ( 6 ) 

d[EBy 



( 7 ) 


36 


VoL 195. A 



394 


L. Bateman and G. Gee 


Since the rate of chain initiation is equal to the stationary concentration of the 
chain carrier divided by the average lifetime r per chain cycle, it is easily seen that 
the ratio djK is actually equal to the value of r under conditions of continuous illumina¬ 
tion. The lifetime of an BO^ radical is of course times smaller. 

Skin effects 

The foregoing analysis assumes reaction to take place uniformly throughout the 
vessel, audit is important that it should not be applied to experimental data obtained 
under conditions such that the photo-reaction is largely confined to a small region 
near the front surface of the cell. Methods of detecting such skin effects have been 
discussed in the previous paper. An additional criterion, which can be applied when 
reactions having an appreciable dark rate are studied under conditions of inter¬ 
mittent illumination, arises from a consideration of the limiting rate at high 
frequencies. For homogeneous reactions this is given (see appendix) by 

( 8 ) 

In the limiting case when the whole of the photo-reaction occurs in a very thin 
' layer, we can regard the observed reaction as made up of two parts: (a) a dark reaction 
occurring continuously in the bulk of the material, and (6) a photo-reaction occurring 
in the surface layer; in this region the dark rate will be negligible compared with the 
light rate. Thus if and r^ are the respective rates in the surface layer with con¬ 
tinuous and intermittent light, we have 

The limiting value of at high frequencies is, from (8), (1 + and the limiting 

value 7 o of rjrj^ is readily shown to be 

y'Q = w + {l-w){l+fiyi. (9) 



Figure 2, Variation of y with w at high sector speeds. Corves a and b express the theoretical 
relationships for and yj re^ectiyely. O and A are the experimental observations for 
dihydrom 3 o*cene and ethyl hnoleate respectively. 
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The difference between and yj is easily observed experimentally if w is large, 
e.g. for f = Z,w = 0‘30, we find y^ = 0-56, y^ = 0'65. Kgure 2 shows the results of 
applying this criterion to the data obtained from the oxidation of dihydrom 3 Tcene 
and ethyl linoleate at 2537 A at 34° C. In agreement with the conclusions drawn in 
the preceding paper, the former appear comparatively free from skin effect, but the 
latter show it strongly. 


Experimental section 

The only addition to the experimental arrangement described in the preceding 
paper was an opaque circular disk from which were cut two symmetrically spaced 
45° angle sectors and which could "be rotated between the light source and the tank 
lens. The disk w;as attached either directly or via gears to the shaft of a 15 V, 60 W, 
D.O. motor, whose speed was accurately controlled by resistances in the field and 
armature windings. The rate of disk revolution, which could be varied from 1200 
to 0-1 r.p.m., was measured with the aid of a mechanical counter connected by chain 
drives through a 20:1 reduction gear to the motor shaft. Longer periods of inter- 
mittency than thus obtainable were often required, and a manually worked shutter 
was then employed. 

Rate comparisons covering the whole range of 6 values were made with one sample 
of olefin. Measurements with intermittent illumination were interposed with 
frequent measurements of the uninterrupted light rate; dark rates were measured 
as often as necessary to obtain a full record of its variation over the course of the 
experiments. Sector experiments with c^cfohexene and 1-methylcycZohexene were 
carried out in light of wave-length 2537A, but with dihydromyrcene and ethyl 
linoleate it was necessary to work at 3650A in order to avoid spurious results arising 
from skin effects. Rate comparisons at 3650A are rather more difficult to perform 
than at the shorter wave-length owing to marked autocatalysis unless relatively 
high concentrations of hydroperoxide are present, which then lead to high dark rates. 
Compromise was sought between these undesired features as fa.r as possible, and 
care was taken to compare the intermittent light rate with the correct uninter¬ 
rupted light rate. Plots of y against log d for each of the four olefins investigated 
are given in figures 3 to 6. For simplicity in representation all the points for any one 
olefin have been referred to a uniform dark rate, although this was not necessarily 
the ease experimentally. The individual points are positioned with varying accuracy. 
At the low sector speeds, the longer overall time required for the rate comparisons 
and the non-uniform interrupted light rates lower the precision of the y valu^. The 
smaller differences between the extreme y values as w increases (of. figure 1) also 
contribute to a loss of definition of the displacement of the experimental from the 
theoretical curve. We consider that this displacement is measured by the data now 
reported to within 0* 1 xmit of log 6. 

The dependence of OjK on required by equation (4) has not been systematically 
investigated, but the data presented in figure 7 are consistent witii the equation. 
With negligible dark rate, djE was increased 2-8 times by reducing by a &ctor 
of 3-2. ' 


26-2 
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log^ 


Figure 3. Plot of y against log 6 for cyc^ohexene. The unbroken 
curve is the theoretical y against logIST plot for w = 0*02. 



^ log^ 

Figure 4. Plot of y against log^ for l-methylcj/c^ohexene. The unbroken 
curve is the theoretical y against logiiC plot for w = 0*01. 

0*6 Or 


O 



log^ 

Figure 5. Plot of y against log 0 for dihydromyrcene. The unbroken 
curve is the tiieoretical y against logiC plot for w = 0*18. 
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log^ 

FiGtrBE 6. Plot of y against log 6 for ethyl linoleate. The unbroken 
curve is the theoretical y against logiC plot for w = 0*10. 



log^ 


Figtoe 7. Variation in O/K with lj_ for l-methylcycZohexene. O and A relate to = 4*5 x 10-’ 

and 4*5 x 10~® einstein L.“^sec.“^ respectively. The unbroken curve is the theoretical y 
against log plot for w = 0*04. 


Disoitssion op eesxjlts 

The data relevant to the determination of and k^ for each of the four olefins 
examined are collected together in table 1. Discussion of the results is conveniently* 
separated into four sections. 

(1) Rdative values of k^ and k^for the differerd olefins. The experimental precision 
is clearly insufficient to permit any signfficance to be attached to the difference 
in the corresponding propagation and termination rate constants of the cych- 
hexenes and dihydromyrcene. On passing to the 1:4-di-olefin, ethyl linoleate 
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liowever, substantially increases while remains sensibly the same. In other 
wordS;, under conditions of constant light absorption, changes in oxidizability 
occasioned by changes in olefinic structure reflect mainly at. least the relative 
effectiveness of the propagation reaction, since the at present unknown chemical 
reaction between the two peroxidic chain carriers appears to be insensitive to 
^alterations in the structure of the parent olefin. This result justifies *the use of 
the readily obtained rate constant product as a quantitative measure of the 
comparative ease of a-methylenic hydrogen atom removal by peroxide radicals 
^ (compare work by BoUand in course of publication). 


Table 1. The deteeminatiok of the pbopagatioh 

AHD TERMINATION RATE CONSTANTS 




1-methyl- 

dihydro- 

ethyl 


cycldh&x&ne 

cycloheKene 

myrcene 

linoleate 

A(A) 

' . 2537 

2637 

3650 

3660 

«(“0) 

15 

15 

15 

11 

10^rw (g.mol. 1.“^ sec.“^)* 

4-05 

10-7 

3-26 

62 

10® r (g.mol. 1.”^ see."’’) 

4-25 

6-00 

1-77 

9-85 

V 

9-5 

18 

18 

53 

Wla (einsteinl.“isee."i) 

4-5 

4-5 

22 

22 


9-4 

13 

0-80 

4*5 


1-0 

0-72 

0-046 

0-085 

log {OjK) (6 ixL sec.) 

0-2o 

0-4o 

0-6o 

0-65 

T = eiK (see.) 

1-e 


4*0 

3*5 

Tq (sec.) 

0-1, 

o-i* 

O-la 

0-06e 

&3 (g.mol.~’l.sec.--’) 

0-63 

1-1 

0*4o 

5-7 

10~®fce (g.mol."’’Lsec."’-) 

0-95 

0-6o 

0-65 

0-5g 


* For derivation of these quantities see preceding paper. 

( 2 ) Activation energies of and k^. At a constant rate of initiation and negligible 
dark reaction, ig varies as {Kjd)^ (equation (4)), and therefore the temperature 
coefficient of Kfd affords an estimate of the activation energy of k^. Factors con¬ 
cerned with volatility and the intrusion of high dark rates severely limit the tem¬ 
perature range oyer which comparisons of the order of accuracy given above can 
be made. No change significantly larger than the experimental error was found in 
the respective Ejd values between 0 and 30® 0; in the case of 1 -methylcycJohexene, 
which provides the most favourable conditions for accurate measurement, the 
difference in log {Kid) between 0 and 15® C was less than 0-05. These data obviously 
cannot determine jBg, but they definitely establish that Eq does not exceed 
5kcaLg.mol."'^. The chemistry of the termination reaction remains to be elucidated, 
but the combination of two reactive ffee radicals is undoubtedly as facile as 
*the above limit suggests. Although radical recombination is a common process 
in many well-investigated free radical reactions, positive information about the 
energies of activation is extremely meagre. In their well-known analysis of the 
energetics of gas-phase chain reactions, Rice & BEerzfelSl ( 1934 ) assumed a value of 
8 kcal.g.mol.~^, which has since been tacitly accepted as correct by numerous authors. 
There seems little doubt now, however, that this estimate is too high, except for 
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those radicals which exhibit substantial mesomeric stabilization. This point is 
emphasized by the recent determination of the propagation and termination con¬ 
stants for the polymerization of vinyl acetate (Burnett & Melville 1947 ) and styrene 
(Bamford & Dewar 1948 a and 6 ), and the accessory estimates of the activation 
energies of the respective termination processes as 0 and 2-8 ± 1 kcal.g.mol.-^. The 
interaction of two RO^-r- radicals may well be a more complex process than the 
termination reactions in the polymer systems referred to, and this may be reflected 
in a small increase in the comparable activation energy. 

The assignment of an upper limit to also fixes a limit to E^, In view of the fore¬ 
going, we consider that E^ can be taken without serious error as 1 to 2 kcal.g.moL-”^ 
greater than the E^ — ^E^ values given in table 7 of the preceding paper (this volume, 
p. 390). No comparative data exist to check the precise validity of the E^ values 
thus derived, but their order of magnitude is unquestionably correct. The signi¬ 
ficance of E^ differences from olefin to olefin has already been discussed by BoUand 
& Gee ( 1946 ). 

(3) Absolute values of Tc^ and and the steric factors of the respective reactions. 
Reactivity studies make it reasonably certain that some of the so-caUed transfer 
reactions in polymerization systems are analogous to the propagation step in olefinic 
oxidation in so far as they involve the detachment of an a-methylenic, or similarly 
activated, hydrogen atom from a molecule by a free radical (Gregg & Mayo. 1948 ), 
Bamford & Dewar (1948 a) have determined the absolute rate constants for the 
reactions of styryl radicals with aromatic hydrocarbons, and have found energies of 
activation of 14 to 19 kcal.g.mol.”^ and steric factors, P (defined by the rate equation 
To = lO^iP e-^/^^) of 10-2 to 10-^. 

In view of the uncertainties in the absolute values of Eq and Pg, the corresponding 
steric factors P 3 and Pq caimot be estimated to better than an order of magnitude. 
The values obtained for Pg are 10 “^ for cycZohexene and dihydromyrcene, and 10 ”^ 
for ethyl linoleate—somewhat smaller than Bamford & Dewar’s values, but well in 
fine with the conclusions reached by Steacie, Darwent & Trost ( 1948 ) concerning 
hydrogen exchange reactions with simple paraffins. 

The steric factor of the termination reaction lies between 10“2 and 10 ”^, depending 
on whether E^ in 5kcal.g.mol.“^ or smaller. This range may be compared with the 
values found for interactions between radicals in the terminatibn step of poly¬ 
merization reactions. For vinyl acetate, Burnett & Melville ( 1947 ) find IO -2 and 
Swain & Bartlett ( 1946 ) lO”^; for styrene, Bamford & Dewar (1948 a and 6 ) find 10 ”®. 

(4) Decay in rate of oxidation immediately following cessation of illumination. 
The chain times given in table 1 imply that the photo-rate of oxidation should not 
fall immediately to the dark rate on shutting off the light, but should exhibit a 
decay in rate extending over a few minutes. For the oxidation system now con^ 
sidered it can readily be shown that 

where AOg is the total oxygen absorbed during a time t after shielding the light. 
Accurate measurement of oxygen absorption during the decay period could therefore 
be used in conjunction with the value of to furnish an independent*method 
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of determining and For the experimental conditions described in this paper, 
the decay is in fact too rapid for accurate measurement in the apparatus we have 
employed, but our observations are completely consistent with the sector findings. 
Figure 8 records the relevant data for ethyl linoleate. The curve relating the variables 
inust obviously be drawn somewhat, arbitrarily, but it yields values of and fcg 
of 2-3 and 0 * 22 x 10 ®g,mol.-^l.secrespectively, which compare favourably with 
the values given in table 1 . 



Figxtkb 8 . Decay in rate of oxidation of ethyl linoleate at 11® C immediately following 
cessation of illiimination. = 2*2 x lO"® einstein L~’'Seo.~^ at 3650 A. 


Appendix. Ejnetics op reaction in intermittent light 


Discussion is confined to conditions (not. too low oxygen pressure) in which the» 
stationary concentration of R — radicals is low compared with that of JBO 2 —. The 
only reactions to be considered are then: 

( 1 ) Thermal production of J? 02 — ‘ rate = r 2 T. 

( 2 ) Photochemical production of J? 02 — rate = ^^7^. 

(3) iZOg—h + — (rate constant ^ 3 ). 

(4) 2RO^ -^inactive products (rate constant 

Suppose the light is switched on and off cyclically, each period of illumination 
being 6 and of darkness ^6, Let [iS 02 —]x and [i 202—]2 be the respective concen¬ 
trations of BO 2 — at the instants when the light is switched on and off; they will 
be the same in each cycle when a steady state has been reached. 

During a dark period we have —^ == r^-k^lBO^—Y^ Writing for rjjjk^, 
and integrating over a complete dark period, we obtain 


(6^[JZ02-]2)(6 + E-B02-]i) = (6+[i?02-]2)(6-[7?02-]i)e2&^e^^ 


The total oxidation during one period of darkness is given by 


Rj[^ — i3[iZH] J* 




[jB02 —] dt = 


hiBR] 

2*6 16^~[-K02-?J- 


( 10 ) 


( 11 ) 
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During a light period, 


dLJBOg—] 
dt 


= J-y - h^[EO^—f. Writing d^for (r^+ 56 ^ JJ/feg. 


a pair of equations similar to ( 10 ) and ( 11 ) may be derived, viz. 

(d+[JS02-L)(d-[i202-]i) = (d-[-BOg-]2)(d+[-B0g—]i)ea«*»»», 

and the total oxidation during one period of illumination 


( 12 ) 


Sr = • 




1 f d^-[i?03-3!l 

[503-31/- 


(13) 


Adding Bj) to 5x, and dividing by d(l + f) gives for the mean rate of oxidation 


^3[5H3 , f 6^-[i?0,-3id^-[.K02-3! l 
2bed(l +^)'“\62- [502-3! [502-31/* 


(14) 


Equations ( 10 ), ( 12 ) and (14) together contain the complete solution. This may be 
obtained in a slightly rnore convenient form by an algebraic transformation. Writing 
new variables 


X = d/[502—^3i) y = d/[502—^32> ^ ^ — dkg$, 


( 10 ) and ( 12 ) become 

{toy— 1 ) {tox + 1 ) = {toy+ 1 ) (lox — 1 ) 

( 2 /+l)(a;-l) = (y-l)(a;+l)e^, 

The ratio y of f to the rate in full Hght may then be expressed in the form 

1+wfi 1 / (l-»;)(a;-j/) l 

l+f^E{l+fl)^Y-^{y + l){wx+l)r 


(15) 

(16) 


(5) 


The limits of ( 5 ) for 5 large (slow flashes) and K small (rapid flashes) are easily shown 

to be 1,0 

^ _ 1 n 7 \ 

y^-^-OO 1 -|- ^ (^' / 


re ->0 


"I l+/?i ' 


(18) 


If w = 0 , i.e. if there is no dark reaction, an algebraic solution of equations (15), 
(16) and (17) is possible, and gives 


y = 


i+ 


l+y?"5(l+yJ) 


]n|l + 


Kf 


l + i[{(5yd+2)2+85y5/a}t-5y(?3, 


,}■ 


where (1 + a) has been written for e^. 


We wish to express our gratitude to Dr J. L. BoUand for valuable advice and 
criticism during the progress of the work described ia this and the preceding paper, 
which forms part of a programme of fundamental leseajrch undertaken by the 
Board of the British Eubber Producers Besearch Association. 
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On tlie theory of statistical and isotropic turbulence 

By W. Heisbnbbeg, Gottingen 

{Communkatedby Sir Geoffrey Taylor, F.R.8.—Received 15 June 1948) 

sris:;!r ^ 

W smaU Reynolds Qi ^momde those frequency components which 

■tetUtioal part ./Sa "“y 

Tow.«d ,.p 47 . .948 

/ f*co r /Tt/tfrw 


S, - {/‘+pi:j^ J{^) ■»') J‘2J'(i')FW. 


( 1 ) 


“T part of the spacW ttat ia contah»d 

an eddi« hetl^o an« (1) i. that tor 
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On the thecyry of statistical and isotropic turbulence 

is siniilar to the action of ordinary fidction (Prandtl 1945). This additional viscosity 
must depend upon the intensity F{k) of the sniall eddies, i.e. on the part of the 
spectrum with large h. If one admits this hypothesis, then the value 





( 2 ) 


for the turbulent viscosity follows as the simplest assumption from purely dimen¬ 
sional reasons, since must be the product of density, velocity and length, k is 
a numerical constant, which from the experimental data seems to have a value of 
about 0-8. Equation (2) is of course just a simple mathematical expression of the 
similarity hypothesis introduced by Kolmogoroff, Onsager and v. Weizsaeeker. 

In Heisenberg (1948) the shape of F(k) has been discussed for a stationary tur¬ 
bulent motion. It has been shown that for smaller 4 (i.e. for large Reynolds numbers 
of the eddies) F{lc) ~ while for large h (small Reymolds numbers of the eddies) 
F{h) ~ hr’’. Both results foUow from the underlying similarity hypothesis. In fact, 
if one denotes by the characteristic velocity of an eddy of diameter Trjk, then for 
medium values of k (kpkQ, where k^ characterizes the biggest eddies, but Vjifkv'p 1) 


the product of the turbulent viscosity ^ and the average value curP v for this 

part of the spectrum (~ v|P) must be constant, since iSfj. means just the total energy 
flow and must therefore be iudependent of that leads to 


^ v| P = const., Wfc ~ i"*. 


( 3 ) 


which is equivalent to F{k) ~ i”*. For very large k, on the other hand, {v^jkv^ 1) the 

total flow of energy from all larger eddies into these small onesis given by p^curPv, 

where the average curP?; can now be taken practically over the whole .spectrum 
and does in this approximation not depend upon k. This energy must equal the 
energy that is consumed in the small eddies by ordinary viscosity, i.e. ~iw\W. 
Thearetbre _ 

/3^curPa)~/ft;|X:2, Vj,~k-^, (4) 


whicli is equivalent to F{h) ^ 

If the . turbulent motioii is not maintained by means of external forces, it must 
decay and the rate of decay can be directly derived from (1), which now can be put 
into the form {v = fifp) 

( 6 ) 

If the initial spectral distribution F{h, 0) is given, then ( 5 ) determines the spec¬ 
trum for any later time. Here again we may look for solutions with simple similarity 
properties. One sees at once, that a special group of solutions can be given by 
assuming , 


( 6 ) 
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Equation ( 5 ) then goes over into 


The physical meaning of the similarity hypothesis (6) can be most easily expressed 
by saying that the total spectrum is determined essentially by one length, which 
we may call the diameter of the ‘largest’ eddies, and their velocity only. 
Then it follows from dimensional reasoning that 


which gives at once 


and 


(B) 


It is important to note that the similarity (6) is not destroyed by the presence of 
the viscosity /i, and that the Reynolds number of the turbulent motion stays con¬ 
stant throughout the whole decay, since this number is essentially ^ const. 

The solution of ( 7 ) will be discussed first in the case v = 0, i.e. for very large 
Reynolds numbers. Then f{x) seems to be uniquely determined except again 
for a similarity transformation; for if / = g{x) is a solution of ( 7 ) for v = 0 , then 
/ = a?g{ax) is also a solution. 

As essential properties o£f{x) one finds from ( 7 ): 


/(») const. X for very small x,] 
and f{x) ^ const, x"^ for very large x. , 


( 9 )‘ 


The second property is of course just the result of the Kohnogoroff hypothesis. 
If one puts K = 0-8, then an approximate solution of ( 7 ) is given by 



( 10 ) 


This solution is correct for small and large values of x and is a reasonably good 
approximation for intermediate values; a is an arbitrary constant of integration. 

If one characterizes the initial state ^ by two constants Vq and one gets 
finally from (6) and (10) 


F{k,t) — 



( 11 ) 


The reason for F{k, t) being proportional to at smaE values of k is that energy 
dissipation in the very big eddies is very small, and if there is to be similarity in the 
sense of equation (6), it can only be by a linear dependence of F{Jc^ t) on k. 

In the case of finite but small values of v the spectrum (11) can only be valid for 
not too large values of k and will then be continued by the kr^ law as discussed 
in Heisenbe]^ (1948). 

In the opposite case of very large values of i.e. very small Reynolds numbers 
of the total turbulent motion one can again derive an approximate solution of ( 7 ), 
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This solution varies for small values of x as and for large values according to 

the a?"’ law. To a reasonable approximation it is given by 1), 

where y? ^ 1 measures essentially the Reynolds number of the motion. 

We now have to turn to the question whether the actual turbulent motion should 
during decay approach the simple solution (11). This solution describes a state of 
equihbrium. The smaller eddies are produced by the bigger ones and lose their 
energy to still smaller ones. The energy is derived always from the largest eddies. 
One may describe the similarity hypotheses (6) and (8) also by saying that the 
biggest eddies grow partly larger and partly smaller. When they become smaller 
they get very quickly into the general Kohnogoroff equilibrium. When they become 
larger they must have approximately the same angulat momentum as they had 
before, since even if new parts of the fluid are included in the. larger eddy, on the 
average no angular momentum wUl have been added. So for the largest 
eddies will approximately stay constant, which again leads to (8). 

Now the question arises whether the actual turbulent motion will approach this 
equilibrium. The experiments of Batchelor & Townsend (1948a) show that after 
a short time the decay actually takes place according to (8), the energy decreasing 
as 1/^, but after a certain period the decay becomes faster, the Reynolds number of 
the turbulence decreases, and finally the inertia terms play no appreciable role in 
the turbulent motion, as has been studied in detail by Batchelor & Townsend (1948 b) 
and the energy decreases at 

The actual turbulent motion will certainly for large h values, i.e. the small eddies, 
very soon come into a state of equilibrium. The real problem arises from the region 
of the large eddies. In Heisenberg (1948) it had been assumed that the size of 
the largest eddies should be approximately constant; this is certainly not true and 
would never follow from any reasonable spectrum according to (6), But neither is 
it possible that the real spectrum ultimately approaches ( 11 ) for small To values, 
because the real spectrunj must approach zero for very small values of h much fastei^ 
than (11). Batchelor (1948) has shown that for very small A, F{Jc) should vary as 

jF(fc)^jS^ const. ( 13 ) 

i Usually the real spectrum will, in a certain range of not too small k be well repre¬ 
sented by a function like (11). But there will be a region of very small k in which 
Fijc) from the beginning is much smaller than (11); the very biggest eddies can never 
contain as much energy as indicated by ( 11 ). Therefore the linear dec^y of the 
energy {v^ 1 jt) will take place until finally the maximum of the curve (11) is shifted 

to values of k which approach this region. Then the biggest eddies no longer contain 
enough energy to supply the Ift law, the Reynolds number of the turbulent motion 
drops and fiboally gets so low that the inertia terms become uiiimportant, as has been 
shown by Batchelor & Townsend .(1948 6). 

The point at which the 'Ijt law is replaced by some faster decay depends on the 
initial conditions, especially on the amount of energy contained in Rouner com- 
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ponents belonging to wave-lengths that are larger than the mesh width of 
grating. 

Tto whole description appKes even if the intial Reynolds number of the turbulent 
motion is not large, since the similarity hypothesis (6) leads to solutions of (5) for 
any value of the Reynolds number. The essential condition for the occurrence of a 
1/t law for the decay is the existence of a rather large range of the initial spectrum 
(or its creation, in the very first establishment of turbulent equilibrium) in which 
F{h)~h, and the Ift law is limited only by the breakdown of this law F{h)~]c at 
very small values of ifc. . ' 

A few remarks may be added with regard to the physical picture of turbulence 
presented in the recent papers. In the earlier years one thought that turbulence was 
caused by viscosity. This seemed to be true since without viscosity the liquid could 
theorefacaUy perform all the classical laminar motions, where the liquid glides along 
the wa^; it is only through the viscosity that rotational motions are produced near 
the walls At present we know that it is almost the other way round. The liquid 
wi hout faction IS a system with an infinite number of degrees of freedom. It is 
extremely improbable that only those few degrees of freedom which a 

mofaonrepresentsshouldhe excited. As soonas one puts energy intoaUquid without 

faction, tbs energy w^ be distributed among aU degrees of Worn, and what 
My r^ults IS a certam equilibrium distribution, corresponding to the Maxwellian 
tabution m g^^, and represented by the spectrum found by Kolmogorofi^ 
J^er and V. We^saecker. Itisthe viscosity that reduces the number of degrees 
Of fireedoin smce it damps very quickly all motions in the very smaU eddies. TW 

^nSv^ Turbulence is an 

detb T t without going 

^ f ^ mechamcal motion, so it can be solved here by simple eon 

fiimilaiit^properti^^^' Equation (1) is just a very simple way of describing these 

REPEREIirCES 

SE i I f »». ' 34 . 

^dtl, L 1945 NaOir. Qea. Wiss. G5Mngen, p. 6. 
von Weizsaeoker, C. P. 1948 Phys. 124, 614. 



The changes induced in Bad. ladis aerogenes by 
irradiation with ultra-violet light 

By a. E. Pbacockb and C. N. Hjcnshelwood, F.R.S. 

Physical GJiemistry Laboratory, University of Oxford 

{Received 19 May 1948) 

(This paper has been printed in full in Proceedings B, 135, 454.) 

Absteaot 

Suspensions of Boot, lactis aerogenes have been irradiated with ultra-violet light until only 
a small fraction of cells survived. Strains derived from these were isolated. Their ability to 
grow with ammonium salts as sole sources of nitrogen was tested by measurement of the 
difference AXr between the lags in liquid glucose media containing ammonium sulphate and 
the lags in parallel media containing asparagine and glutamic acid. The statistical distribution 
of hL values among the substrains was determined for (a) those derived from a standard strain 
by simple plating, (6) those derived by plating survivors from the first irradiation of the 
standard strain, (c) those derived after a second irradiation of a selected strain from (d). 
All the substrains grew easily in the asparagine-glutamic acid medium, but irradiation 
increased progressively the proportion which showed large values of AL. 

The power to utilize ammonia could be restored completely to the impaired substrains by 
retraining. 

The keto acids, a-ketoglutaric acid and oxalacetic acid, greatly decreased the lags of strains 
which were reluctant to grow in ammonia. 

It is concluded that the ultra-violet light damages one of the key enzyme systems re¬ 
sponsible for supplying the carbon compounds which enter into reaction with ammonia to 
form amino-acids. 

The fact that the.damage is easily reparable by growth in ammonium salt media lends 
support to the idea of autosynthetic enzyme systems.' 

The instability of the strains obtained emphasizes the desirability of quantitative measure¬ 
ments on bacterial ‘mutants’ that appear to have lost certain characters. 


[ 407 ] 




Corrigendum 

Proceedings of the Royal Society A, vol. 1‘96, p. 271, lines 23 and 24. Delete 
lines 23 and 24 ‘The Crown.-.H.M. Stationery Office.’ 

The Royal Society regrets that, owing to a misunderstanding, H.M.S.O. claimed 
the copyright in these illustrations and the acknowledgement published at the 
request of that office is incorrect. • 

■ The Society wishes to take this opportimity of thanking the Controller of the 
^ationery Office for his courtesy in lending to the Society certain of the blocks 
which had previously been used in a Stationery Office publication. 




The Lister Institute of Preventive Medicine 

By a. N. Drttky, F.R.S., Director of the Institute 
{Lecture delivered 22 April 1948 —Received 1 May 1948 ) 

[Plates 13 to 15 ] 

On a Sunday morning early in 1889 , the Lord Mayor of London, Sir James 
Whitehead, visited Pasteur in his institute in Paris. He went, as he says, as a 
business man to consult the records of the treatment for rabies that Pasteur had 
recently developed. He went, I believe, at the suggestion of his friend Ray 
Lankester who was much concerned at the increase of rabies in this country. He 
returned determined that some pubhc recognition should be made in Great 
Britain of Pasteur’s work for humanity and his generosity in treating, &ee of cost, 
persons who were bitten by rabid dogs in this country, and that the establishment 
a treatment centre for rabies in London should be seriously entertained. He 
j^/fecided to call a meeting at the Mansion House, and a considerable correspondence 
fjjpassed between him and Ray Lankester as to the business which should be 
li^nsacted. From the very outset Ray Lankester, supported by Sir Henry Roscoe, 
les Paget and others, was against the establishment in London of a treatment 
re for rabies. They and many others had always argued that this disease could 
th^stamped out from these islands by the muzzling of dogs and a proper quarantine 
re^newly imported animals. Pasteur himself had recommended this line of action 
le public press. Ray Lankester argued with the Lord Mayor that if a treatment 
tre was established in London it would only facilitate the evasion of the public- 
Sty to stamp out rabies. The possible establishment of a new institute had, 

( iowever, got abroad and a -vigorous press campaign was started, at tiie instigation 
'^^nti-'vi-visectionists, against this development, on the grounds would 

[)etuate in this country aU the cruelty and pain which Pasteur had accused 
hcting upon animals in Paris for many years past. The opposition was a very 
real one, for Ray Lankester wrote to the Lord Mayor just before the meeting: 
‘It -win be necessary to have a good posse of police to guard the entrance, and the 
stewards naust prevent anyone from obtaining admission who has not received an 
invitation.’ The meeting passed off -without incident. The business of the meeting 
concerned the public expression of thanks to Pasteur, the setting up of a com¬ 
mittee to collect funds in order to make a presentation to his institute, and 
inviting the Government to stamp out rabies by the simultaneous muzzling of ah. 
dogs throughout the British Isles and by effective quarantine. Some of the 
speakers referred, however, to the idea of establishing a new institute. Michael 
Foster drew the attention of the meeting to the fact that those who pursued a 
certain branch of science ‘are put upon a criminal footing and are only allowed to 
pursue their investigations upon ticket of leave’, tiiat ‘it would not do simply to 
establish in this country a merely mechanieal shop, so to speak, for the mere 
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repetition of inoculation. We are only beginning this great subject of inoculation; 
inquiry must go on, and unless an institute is kept sweet by the salt of investiga¬ 
tion, it will become a hindrance.’ He went on: think that, with our present 

regulations, the necessary inquiries which belong to this work are better carried 
out in Paris than in London, and you would do well to give your money to Paris 
and not keep it for London.’ Ray LanJkester thought it was absurd to attempt to 
start an institute in London by means of private subscriptions. He said: ‘It 
cannot be done, it is simply out of the question; it has been tried. Rut I may say 
I look forward to the time when an institute will be established in London in the 
only way in which it can be established, that is, under the auspices of the Govern¬ 
ment.’ 

In the autumn of 1889 the Mansion House Committee, under the chairmanship 
of the Lord Mayor, presented £2000 to the Pasteur Institute. 

After the final meeting had been held, the Committee went to the Mayor’s 
Parlour to take tea and the Lord Mayor expressed his sorrow that this was their 
last meeting. During tea-time Professor Roy, of the Department of Pathology, 
Cambridge, and Sydney Turner, the Secretary of the Mastifif Club, a dog lovers’ 
society, expressed strongly the view that the idea of establishing an institute 
should not be given up. They convinced the other members of the Committee, 
such as Lister, Horsley, Roscoe, Ray Lankester, Thomas Huxley and Paget, that 
it might be possible, and the Mansion House Committee was dissolved and an 
Acting Committee immediately formed to carry this into effect. The Lord Mayor, 
through in health, was Chairman of this Committee for a short time only, and he 
was succeeded by Sir Joseph Lister. The Committee immediately asked Roy and 
Turner to draw up a scheme and, vrithin a few weeks, they presented a report to 
the main Committee suggesting that a Jenner-Pasteur Institute should be estab¬ 
lished in Cambridge and that the main objects should be Hhe preparation and 
inoculation of material which has been found successful for preventive inoculation 
and the carrying out of investigations fitted to increase our knowledge of the nature 
of disease-producing germs’. They chose Cambridge, as they said, for the reasbn 
that the Institute would be afSliated to one of the largest and best-equipped patho¬ 
logical laboratories in England, that Cambridge was readily accessible from all 
parts of the country and was only 1J hours from London by train. 

The first appeal to the public for funds was not made till December 1890 . The 
appeal was for the establishment of a British Institute of Preventive Medicine, 
to be situated at Cambridge, the objects of which would be primarily the investiga¬ 
tion of the various infective diseases of man and animals, and secondly, the 
preparation of protective and curative materials which are found to be of value. 
You will notice that the emphasis is now placed upon scientific investigation, 
whereas in the scheme suggested by Roy and Turner it was placed upon the 
preparation of curative material. This appeal was sent to scientific societies, 
such as the Royal Society, to aU the city companies and to many private individuals. 
In addition, a person was appointed to make house to house collections. Money 
did not come in at aU fi:reely, but certain of the city companies, especially the 
Grocers’ Company, responded generously. The individual responsible for the house 



The Lister Institute of Preventive Medicine 411 

to house collection died only a short while ago, and he told how on one occasion 
he went to a physician in Harley Street who quickly showed his sympathy by 
writing a cheque for £100, but the next told him equally quickly that he did not 
approve of preventive medicine and thought that a good epidemic was much more 
satisfactory. Fortunately, at this time, a certain Mr Berridge had left a large sum 
of money for the furtherance of sanitary science, and the Committee were able to 
persuade the Trustees to give some £40,000 to the proposed Institute. This gift 
had a definite influence in the situation of the Institute, for the Berridge Trustees 
made it one of the conditions of their offer that the Institute should be placed in 
London, and, in spite of the fact that negotiations had been carried a long way 
with the University of Cambridge and any change of plan would place Roy in an 
awkward position, the Committee, after several acrimonious meetings, decided 
that the Institute should be established in London. 

By the beginning of 1891 about £60,000 had been coHected and the Committee 
decided to incorporate the Institute as a limited liability company with the 
omission of the word 'limited ’ in order to impress the public with the fact that the 
Institute was not established for the purpose of gain but for purely charitable and 
scientific objects. The President of the Board of Trade, Sir Michael Hicks Beach, 
at first declined to grant the application without giving any reason for his decision. 
He agreed later to receive a deputation, and some 500 influential men and scientists 
met him to put the case. It transpired that one of the main difficulties in his mind 
was that if he granted the application it might be construed as implying approval 
by the Board of Trade for experiments on living animals, or as affecting the 
exercise by the Secretary of State of his discretionary powers under the Cruelty to 
Animals Act of 1876. As a result of this meeting and certain further corre¬ 
spondence from the Committee, Sir Michael Hicks Beach finally gave his sanction, 
and the British Institute of Preventive Medicine was incorporated on 25 July 
1891, a special paragraph being inserted in the articles stating that the sanction 
did not imply any approval by the Board of Trade of experiments on animals^ 

The Committee next considered how and where the work should be carried out; 
They obtained from the Duke of Westminster, on very generous terms, a dte in 
Chelsea Bridge Road, but it was clear to the Committee that the new bu i l d ings 
would take some time to complete, and there was still the qu^tion as to whether 
they would be able to get the new buildings licensed for experiments on animals. 
They, therefore, looked around to see if there was any other organization with 
whom they could effect amalgamation. They came to the conclusion that the 
College of State Medicine, a private organization which was carrying on investiga¬ 
tion into infective diseases in addition to teaching sanitary science, had aims that 
were not far removed from those of the proposed Institute, and they had a house 
which was already licensed for animal experiment. 

Late in 1893 amalgamation with this College was effected. This provided 
immediate accommodation, and the transfer of the licence for animal experiments 
to a new building would be relatively easy. 

Work commenced in the begnmiog of 1894 in tibe Collie of State Medicine 
premises at 101 Great RusseE Street. The hotise stands to-day partition^ in 
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much the same maimer as it was in 1893, and the only alteration to the frontage 
has been the insertion of a square window in place of two half-round windows on 
the ground floor (figure 1, plate 13). 

The erection of the new buildings at Chelsea was being carried through with 
difficulty, for the residents, again at the instigation of the anti-vivisectionists, 
I believe, immediately lodged a petition with the Home Secretary against the 
buildings on the grounds that the new laboratories would be a danger to the 
neighbourhood; the bacteria might escape from the windows, the attendants 
from the Institute would be living near by and might bring disease into their 
homes, and persons with disease would be coming into the neighbourhood for 
treatment, ill this would destroy the amenities of the area in which the Grosvenor 
Road and the Chelsea Embankment were situated and which formed a favourite 
Sunday evening promenade. 

The Institute immediately arranged for a representative to interview the tenants 
nearby and give them any information they would wish to have about the Institute. 
He has left a very human document detaflii^ his visits. Several of the tenants told 
him they would leave if the Institute was built, while the majority 'did not under¬ 
stand the question, did not want to, had not signed the petition, and did not want 
any information’. He finished by saying he had a chat with the soldiers in the 
guard room of the barracks nearby where they were totally indifferent, but 'I was 
offered an unlimited supply of animals for experimental purposes for a considera- 
, tion’. AH these difficulties were finally overcome, but the buildings were not 
completed until 1898, the delays being largely due to the difficulties of building 
on the waterlogged banks of the Thames (figure 2, plate 13). Scientific work com¬ 
menced in the new buildings in July 1898, the licence for animal experiments granted 
to the College of State Medicine having been transferred to the new laboratories. 

The Institute had always had in mind the preparation of therapeutic substances, 
and in order to carry this out they rented in 1894 a small farm from Sir William 
Perkin, the discoverer of aniline dyes, at Sudbury, near Harrow. This proved 
insufficient for their needs, and in 1902 they bought an estate of 25 acres at Elstree. 
This estate had been run as a racing stable, so that the only additional buildings 
required were for laboratory accommodation (figure 3, plate 14), 

The Institute was then relying, as it has done during its whole career, on income 
from endowments and the profits on the sale of therapeutic substances. At first 
the financial situation was extremely difficult, as income was insufficient to meet 
current expenses. Losses were also encountered from the sale of therapeutic 
substances; capital had to be sold to meet expenses. It seemed that Ray 
Lankester’s behef that such an Institute could not be run on private subscriptions 
might prove correct. In 1912, however, the late Lord Iveagh made a most generous 
gift of £250,000 to the Institute and, at about the same time, the sale of thera¬ 
peutic substances began to show profit, and this, together with a few substantial 
bequests and donations, as ensured an income sufficient for a progressive, though 
modest, research institute. 

One of these bequests brought about a change in the name of the Institute. The 
year 1896 was the centenary of the discovery of vaccination against smallpox by 
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Jenner, and a sum of money was collected and presented to the Institute as a 
memorial to a man ‘whose work was of importance to the whole human race’. 
The Institute, in accepting the gift, agreed to change the name from that of the 
British Institute of Preventive Medicine to that of ‘The Jenner Institute of 
Preventive Medicine’. A few years later, however, this had to be abandoned, as 
a commercial organization supplying smallpox vaccine had a prior claim to the 
name ‘Jenner Institute’. The name was therefore changed to that of the ‘lister 
Institute of Preventive Medicine’. No happier name could have been chosen. 
Lister had interested himself in the project from the very beginning and had given 
unstintingly of his time and influence in its Foundation and development. 

As if three names for an Institute were not sufficient, a proposal was put forward 
in 1920 to change its name once again to the ‘Lister Institute for Medical Eesearch ’. 
Fortunately, from the point of view of historical simphcity, this proposal was 
defeated. 

In the beginning the management of the Institute was in the hands of a Council of 
twenty-four persons, seventeen of whom were representatives of various learned and 
scientific bodies, the remaining seven being elected by the members of the Institute. 
The members were persons who either subscribed a certain sum to the Institute 
funds or were invited to become members by the Council. When Lord Iveagh 
made his gift, the management was placed in the hands of a Governing Body of 
seven members. Of this Governing Body, one member is elected by the Eoyal 
Society, three by Lord Iveagh, and three by the Council of the Institute, which 
continued to exist in its original form. The Council thus ceased to be a directly 
administrative body, but continued to exert an influence over the Institute’s 
affairs through the representatives on the Governing Body. Many eminent men 
and scientists have given of their time as members of the Governing Body, and 
others as members of the Council, and among those who have helped us have been 
Lister, Eoscoe, David Bruce, Burden Sanderson, Michael Foster, Ernest Starling, 
WiUiam Osier, Rose Bradford, Leishman, Boycott and Bullock. 

I have gone into the history of the foundation of this Institute in some detail. 
It shows how unsympathetic, if not hostile, was the atmosphere to scientific 
investigation involving animals in those days, only just over 50 years ago, and 
stresses how resolute and determined the members of the Comnodttee must have 
been in carrying the matter through. 

The Institute has been actively at work for about 50 years. In its early days, 
in addition to research, teaching was an important branch of the Institute’s 
activities, but this was largely discontinued in 1901 when departments of bacterio¬ 
logy had been established generally throughout the country. Some 2000 papers 
have been pubhshed as a result of the researches in medical and allied subjects. 
A great majority of these show solid advances in their subjects, while some of the 
them record striking discoveries. In addition, the Institute gave help to Govern¬ 
ments and municipalities to implement their duties to the public health at a time 
when they were not ready to do this themselves, and this took up a great deal oi 
time and energy of the Institute. The character of the departments has, therefore, 
been fluid and elastic. Although the general background has been bacteriology^ 
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experimental pathology and biochemistry, special researches have been under¬ 
taken from time to time in response to urgent needs. The scientific staff has 
always been small, seldom more than thirty, but the number of attached workers, 
including investigators from the dominions and elsewhere, has often nearly 
equalled that of the established staff. 

In 1905 the Institute was admitted as a school of the University of London for 
the purpose of research, and this gave an opportunity for students to join the 
Institute and to proceed to higher research degrees of the University. Until the 
formation of the National Institute for Medical Research by the Medical Research 
Committee (later the Medical Research Council), the Lister Institute was the main 
training ground for those interested in preventive medicine. The list of those who 
have worked at the Institute is a long and most impressive one, and many have 
made fine contributions to their subjects; it includes a Nobel prizeman, many 
who have been honoured by election ,to the Fellowship of the Royal Society, and 
others who have received honours for their work on behalf of the Home or Colonial 
Governments. 

As one reviews the work of the last 50 years, one is struck by the large number of 
subjects investigated. They range, as a late director has put it, from purpura 
haemorrhagica to the synthesis of vitamin B^, from plague to the coagulation of 
proteins by heat and alcohol, from fermentation to the domestic habits of the 
body louse. 

It is difficult in a short time to describe more than a few of the Institute's 
scientific activities or to mention more than a few of the scientists who have 
contributed to the progress of their subjects. It may be best to take up each 
department in turn and to outline some of the more interesting achievements. 

When the Institute commenced work it consisted of two main units or depart¬ 
ments, that concerned with bacteriology and that with the examination of drinking 
water. The Bacteriology Unit was first under the direction of Dr MacFadyen, a man 
whose ideas were ahead of his technical competence. He, together with Dr Rowland, 
was chiefly interested in an attempt to obtain the antigens from bacteria in as 
normal a condition as possible, which he attempted to do by grinding them up in 
liquid air. 

There then followed a period under Dr George Dean, during which many soHd 
advances were made. 

In 1903, Dr Martin was appointed Director of the Institute and, largely as a result 
of his initiative, investigations were carried out on the spread of plague in India, 
under the Committee for the Investigation of Plague in India, on which the 
Institute was represented in addition to the Royal Society and the India Office. 
In 1905 the Director, Dr Martin, with two members of the staff, went to India to 
work in the Parel Laboratory, Bombay, and, in collaboration with members of the 
Indian Medical Service, carried through a fine piece of epidemiological research. 
Thesfe researches, which were continued over three years, succeeded in estab- 
lishii^ as the carrier of the plague bacillus, the rat flea {Xenopsylla cheopis), 
which usually infests the wild rat {Mvs rattles) in tropical and subtropical re^ons 
of the world. Later work carried out at the Institute in London demonstrated 
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the mechanism by means of which the flea, by a process of regurgitation, is able 
to inject a fresh human subject with baccilli cultivated in its stomach upon blood 
sucked previously from an infected rat or human being. 

Tor a considerable period Ledingham was responsible for the direction of the 
Bacteriology Department. His work on trench fever and its minute causal 
‘rickettsia’ and the technique developed in its study was a preliminary to useful 
work on the viruses of vaccinia and fowlpox. There is now no doubt that the 
so-called 'elementary bodies’ which could be demonstrated under a high-power 
microscope represent at. least one stage in the life of these viruses. Proof was 
forthcoming in the results of later work which showed the specific antigenic action 
of preparations of these elementary bodies when injected into horses. 

Bacteria, being living organisms, are subject to variations and mutations. These 
are manifested by differences in the character of their growth on artificial media, 
their power to ferment various sugars, and also their virulence and susceptibility 
to make protective vaccines. Bacterial variation is a subject which engaged the 
attention of members of the bacteriological staff for many years, particularly of 
Sir Joseph Arkwright, Sir John Ledingham and Dr Penfold. The discovery that 
alteration in the shape of the colonies of many pathogenic bacteria was associated 
with alteration in virulence and immunizing value was an impetus to these 
studies and has afforded valuable results. 

More recently, observations have been carried out on the typhoid bacillus. It 
was found that when different smooth strains of typhoid bacilli are compared with 
one another in regard to their sensitiveness to agglutination by an 0 antiserum, 
they differ very widely. This sensitivity is inversely related to the virulence of the 
strains. Later work showed that the virulence and inagglutinability are due to 
the presence of a special antigenic component called the Vi antigen. This work 
has had important repercussions on the detection of typhoid carriers .and the 
preparation of prophylactic vaccines against typhoid. Ledingham was appointed 
Director on Charles Martin’s retirement in 1931. 

The formation of the Water Laboratory in 1894 arose from the fact that the 
Berridge Trustees, in making their bequest, stipulated that a certain sum should 
be expended on a laboratory for the chemical and bacteriological examination of 
drinking water and on an investigation of the value of treating sewage by a process 
devised by a Frenchman, Dr Hermite. This process involves the treatment of 
sewage with electrolyzed sea water, and a trial was actually carried out in 1894 at 
Worthing in Sussex, where the limitations of the method were clearly exposed. 
Routine work on the chemical and bacteriological examination of water was 
carried on for some years. In 1898, a new department was opened for the practical 
application of bacteriology in industrial and commercial processes. This was led 
by Dr Morris who was interested in fermentation, but when he left two years 
later the department was fused with the Water Laboratory to which Dr Harden 
had been appointed in 1897. As a result of Buchner’s epoch-making discovery, 
announced at about the tipac of Harden’s appointmmt, that the living cell was 
not essential to the process of fermentation and that cell-free yeast juice would 
cause the decomposition of sugar. Harden commenced his researches in Miis field. 
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TTici studies soou revealed that the fermentation enzyme, zymase, would not 
convert sugar into alcohol unless another substance which functioned as a co¬ 
ferment was present. He also observed that the presence of phosphate was also 
necessary if fermentation is to take place. The separation of the co-ferment was 
achieved by using a gelatin filter introduced by 0. J. Martin for the separation 6f 
high-molecular colloids from crystalloids. The zymase was retained by the filter 
while the co-enzyme passed through. Neither component alone would give rise 
to the fermentation of sugar, whereas when the two were mixed fermentation 
occurred. Many years later the nature of co-ferment was established as adenine" 
pyridine diphosphonucleotide by the work of Warburg and von Euler. 

Harden’s discovery was an outstanding contribution to biochemistry and 
provided a clue to many other biological phenomena, such as the biochemical 
aspects of molecular contraction and bacterial metabolism. For these contributions 
Harden shared the Nobel prize for chemistry with von Euler. 

Robison became a member of the Biochemical Department in 1913, and for the 
first time came into contact with biochemical problems. He commenced work 
with his characteristic thoroughness and enthusiasm, and soon announced the 
discovery of a new hexose monophosphoric ester which was destined to play an 
important part in the later development of biochemistry. He investigated in 
extreme detail the products of alcoholic fermentation, and the skill and care with 
which his work was -undertaken can be judged from the fact that six hexosephos- 
phoric esters were discovered during the following years. Early in 1923 Robison 
discovered the enz 3 mie, phosphatase, in the aqueous extract of bones of young, 
rapidly growing animals. He used the bone phosphatase as a biochemical reagent 
and opened up new techniques for determining the constitution of the sugar 
phosphoric esters, Robison’s more biological work was a direct outcome of his 
investigations on alcoholic fermentation and, with the knowledge gained by the 
discovery of the enzyme phosphatase, allowed him to suggest a probable mechanism 
for the deposition of the calcium salts of bone. During the following years Robison 
developed a theory of bone formation and produced much valuable experimental 
evidence to support the view that the full calcifying mechanism consists of a 
complex enzyme system of which phosphatase is but one component. Robison’s 
work on this subject is a rare example of beautifully planned research carried out“ 
with outstanding skill. 

Subsequent work in the department developed along entirely different lines. 
Investigations to establish the chemical nature of certain bacterial antigens had 
started some years before. The outbreak of war in 1939 seemed reason enough for 
hurrying forward these studies which were largely concerned with the isolation 
and purification of the antigens of the dysentery and typhoid group of organisms. 
Although the antigenic preparations were not used on a large scale, a small group 
of volunteers was successfully immunized in 1942 with the isolated and purified 0 
somatic antigen of Shiga’s dysentery bacillus. Investigations aimed at increasing 
o”ur knowledge of the fundamental processes involved in blood transfusion were 
also commenced. The human A, B and O blood group specific substances have 
been i^lated and characterized, and the genetical aspects of these biochemical 
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investigations are now being studied. The role of the toxins of Clostridium welchii 
in gas gangrene has also been investigated, and the findings open up a new approach 
to the chemistry and pharmacology of bacterial toxins. Similarly, a thorough 
study of the chemical structure of the important bacteriostatic substance, grami¬ 
cidin, has recently been undertaken and has revealed the evidence of a new 
type of structure which may be common to other labile molecules of biological 
importance. 

These two departments have continued without interruption from the very 
beginning; other departments have had much shorter lives. Dr Barnard, whose 
later work on microscopy earned him such well-merited recognition, was in charge 
of a short-lived Photographic Department in 1900. Until he left in 1906 he worked 
on the phosphorescence of bacteria and the bactericidal action of light of different 
wave-lengths. 

In 1900 the Department of Pathological Chemistry was formed under the 
direction of Dr Hedin. Dr Hedin was interested in the proteolytic enzymes to be 
found in organ juices, but the more striking investigations of this department 
commenced with the arrival of Leathes, who carried out his early work on the 
metobolism of fat. At that time Cathcart and Dakin were working in this laboratory. 
When Leathes left to take up another post m 1905, this department was merged 
into that of the Water Laboratory and became the Department of Biochemistry. 

Charles Martin became Director in 1903, and, as one would expect from our 
knowledge of the man, there was progress in many different fields. Co-operating 
with John Haldane, Boycott and Lieut. Damant of the Navy, an investigation 
into the physiological adaptation to raised and lowered atmospheric pressure was 
carried through, using a pressure chamber which was the gift of Dr Ludwig Mond. 
The results defined the precautions necessafy to prevent accidents during diving 
operations in the Navy. This was followed by work on a breathing apparatus for 
use in rescue work in mines. 

In 1911, a young Pole, Casimir Funk, was engaged m an attempt to separate 
from yeast the substance which would prevent beriberi in man. For this substance 
he coined the word 'vitamin ’—a word which pursues us from the cradle pretty well 
to the grave. 

The occurrence of beriberi and scurvy in the troops abroad during the 1914^18 
war created a further urgency for the study of these disease. A team of workers 
undertook researches upon the distribution and properties of the anti-beriberi 
vitamin—^now known as vitamin B^ and the anti-scurvy vitamin—^now known as 
vitamin C. This team developed into a nutrition department. After the war this 
team went with workers from the Medical Research Council to Vienna and stayed 
there for three years carrying out an extensive series of investigations into rickets 
and scurvy which had become prevalent m central Europe. 

It was found that the indications for successful prevention and treatin.ent 
obtained from the results of experimental work with animals were applicable 
to the diseases in human beings. The results of the trials carried out in.the Hospital 
in Vienna showed that the disease in infants could be prevented or cured with 
certainty either by the administration of preformed vitamin D in cod-liv^ oil or 
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+w^ exposure to ultra-violet irradiation from artificial sources, and 

tfi^ tfie physiological reaction of these three agents was indistinguishable. 

With the coining of the Second World War, the problem of selecting the most 
economical and nutritious flour for making bread became important, and the 
value of fiour derived fi:om different portions of the grain was extensively investi¬ 
gated. In addition, the stabflity of vitamins under different conditions of storage 
was determined, ° 

In 1906 a Department of Protozoology developed, the University having asked 
the Institute to accommodate E. A. Minehm, JodreU Professor of Zoology. His 
mam work wm the detailed and very complete study of the life cycle of Trv- 
patuuorm Uwm m rats and fleas. He gave set lectures on tropical diseases which 
m^y ofacers of the R.A.M.a and I.M.S. attended. He was a Ln of wide culture 
and expenence, fond of quotmg his Virgil or his Milton in the laboratory. He died 
^ interest in protozoology has continued in the Institute 

++ y gathered impetus in a study of Trichomonas foetus, and iu an 

attempt to separate the antigens by biochemical and biophysical methods from mass 
cultures of the organism. 

M 1909 the Governing Body decided that the validity of conclusions drawn 
from m^y mqimes m experimental medicine, as well as those regarding the 
pmofrc^ value of prophylactic and curative treatment, must ultimately rest upon 

statistical treatment wLd aid in 
dining the relative importance of different means whereby a disease is spread 
They ^pom^ Dr Major Greenwood to lead a statistical u^t and G. Udny Yut 

Greenwood left the Institute in 19lf to go 

and^V-flT^f- tlie first Professor of Epidemiology 

and Vital Statistics m the University of London. The Institute thus pWed fn 

^y part m mtroducing into scientific investigation the importance of thC 
ste^frcM tr^tment of^e results and was happy in securing ProfeCsXenwo^d 
o, m his own inimitable way, has stressed this development 
In 1911 a imt for entomological research was started under A W Bacot 
He w^ then 46 years old, had no set scientific educafron, ha4j been a Cftt 
cer or years, with entomology as his intense hobby. He developed into 
w<«ie, of great origMty arrd invertgated tie biono.^w'te 
a» and became a member of the Telloir rever West AMom f!om 
ttw. In -1922, be collaborated with Sir Jotepb Arkniteht te 9 ^ ■ 

ibto typbns. Ibey both contra^ L diS^rB^f^rtt 

tetSrZ^tTi^ “rbe teCt™ 

atm b« d^ebrped a ^ 
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In 1936, the Department of Biophysics was initiated. A new htiilding was 
erected and the expense of the initial major equipment, comprising the high-speed 
ultracentrifuge and equilibrium ultracentrifuge, was partly borne by the Rocke¬ 
feller Foundation, A new Tisselius electrophoresis apparatus was erected in 1937. 
Taking advantage of the new techniques thus afforded, work on vaccinial bodies, 
antitoxins, pneumococcal polysaccharides and normal and pathological human 
sera was undertaken. 

At the outset of the Second World War, the unit turned its attention to the 
preparation of a liquid blood plasma which would stand long storage and transport 
without deterioration, and a method of ether extraction was developed which gave 
promising results. It seemed evident at that time that the ether method had much 
wider possibihties, but owing to more urgent war needs, little further work was then 
carried out. Immediately after the war, a joint unit with the Medical Research 
Council was set up to exploit the possibilities of the ether method with a view to 
preparing the various fractions of human sera. The value of these was being 
demonstrated in the U.S.A. where they were being prepared by an alcohol pre¬ 
cipitation method involving an elaborate set-up. The ether method of precipitation 
has developed most fruitfully. By varying the concentration of ether, the hydrogen- 
ion concentration, the ionic strength and the temperature, it is now possible to 
obtain, with modest laboratory equipment, fibrinogen, prothrombin, yff- and 
y-globuhns in a high state of purity and in good yield from human plasma or serum. 
Two of these products, fibrinogen and thrombin, which is prepared from the 
precipitated prothrombin, when mixed together form a very sohd clot, which can 
be used to keep the two ends of a severed nerve in close apposition when they are 
sutured together. The same mixture can be used to stick or fix skin grafts on to 
areas which have been denuded of skin through severe burning. If the fibrinogen 
is treated in the laboratory in a special manner, a sponge-like material, fibrin foam, 
can be produced; this, when moistened with thrombin, can be placed upon a 
bleeding area. The blood is firmly clotted in the sponge and the haemorrhage 
promptly arrested. There is no need to remove the sponge, for, being comp^ed of 
a natural substance, it is slowly absorbed. This has been used extensively in brain 
surgery where access to bleeding points is often extremely difficult. The "/“glo¬ 
bulin’ fraction, so called, contains the natural antibodies against diseases, and 
it has already been used for the modification or prevention of measles. The 
y?-globulins contain the blood group agglutinins, while the albumin left in solution 
can be used for transfusion or for certain special blood grouping tests. There is 
little doubt that, as further experience is obtained, methods such as this, which 
make .use of solvents for fractionating protein mixtures, will have even wider 
application. At the same time the availability of the various fractions of 
plasma in a high state of purity has allowed the attack on more fundamental 
problems. 

The character of this unit is rather unusual, as it is concerned not only with 
research but also with production. It is responsible for, processing some 50^000 
bottles of human plasma a year for transfusion. The fractionation methods are 
initially defined on a laboratory scale and'immediately adapted to large-^scale 
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production, so that the products may be made available to the medical profession 
As all the products are issued in the dried state, the unit’s production commit¬ 
ments are considerable, but this responsibihty calls for a steady supply of human 
p a^a and serum, and the research worker has readily available ample suppHes 
^ fundamental investigations. AU the products are 
issued free by the Ministry of Health to the medical profession and no profit is 
made by the unit; a very desirable feature when it is remembered that the basal 
rn^nal, human blood, comes from the voluntary blood donor. 

Tte manufacture of therapeutic substances commenced in 1894. At that date 

diphtheria antitoxin, and 

^r ^nd Ruffer, who was secretary to the Institute at the time and had worked 

at “"ifundertook its preparation. The Institute was then housed 

at Great Russell Street and had no accommodation for horses, so Dr Ruffer 

ft Sherrington, the Professor Superintendent of the Brown 
^jjstitution, and asked him to stable the necessary horses. In the autumn 
•fS « antiserum against diphtheria to be prepared in this country was 

tr^ted T ^ June and cases were successfuUy 

treated m J^y. In addition, while the first horse was being immunized a younu 

^ Sbe^gton immeltely 

it was not rine for Lai if pomted out that 

1 , V 1 ^ ®^®™ugton tells in a dramatic manner how he bled the 

da^ok a T Brown Institution and the next ' 

i “ 7 “ =‘ - “ 

S ht h' 7” >“>«»»• H-® ma^PftotaM of anto of 

*^®ra:^utie substances prepared by the Institute 

tkoHrst World War theBup^S««e77'^°™’ 



waa aa g<»d aa liat of « vacc^Tra T~Sr7^“""7r 

not suffer from tubermilrroie, <.r,ri i ™ these animals do 

Mtaio T 1*7 

eep ever smce. In 1946, the Government decided to close 
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their Lymph Establishment at Hendon, and it was gratifying that they asked the 
Institute to take over the supply of vaccine lymph for the whole country. 

During the Eirst World War the Institute became heavily engaged in the 
preparation of tj^hoid and other vaccines for the armed forces, and when the war 
terminated a department was set up for the commercial supply of bacterial vaccines. 

Erom 1898 to the present time the Institute has carried on as a private research 
institute. In 1913, a proposal was put forward which, if it had been accepted, 
would have brought the Lister Institute to a close. The Government were t h^u 
considering the establishment of a new Department of Medical Research in 
accordance with the provisions in the National Insurance Act of 1911. The 
Governing Body of the Iilstitute considered whether it might not be in the best 
interest of medical science to oflfer to the nation the organization and resources 
of the Institute as a nucleus of the Government’s scheme. The ppposal was hotly 
debated by the Governing Body and, after many meetings with the National Com¬ 
mittee and the Treasury, they decided by 5 votes for to 2 against—^the Chairman, 
Sir John Rose Bradford, resigning his chairmanship, as he was against the pro¬ 
posal—^to put the proposal before the members of the Institute who have a con¬ 
siderable say in any major change of policy. A special meeting was held in 
November 1914, and although the majority of those present spoke in favour of the 
proposal, it was rejected on poll by 39 votes against to 32 for, the proxy votes 
apparently turiling the scale. 

I have endeavoured to give you a short history of the foundation of the Lister 
Institute and in brief outline some of its scientific achievements. It is never 
possible to give a balanced picture of a research institute’s activities; one subject 
is chosen because it can be told in a few simple words, another because it has 
a wide practical application. These are not necessarily more important than many 
of the small investigations which in themselves are firuitless and not worth the 
telling, bnt which have set other workers thinking and from which nnportant Im^ 
have developed. As an example, Dr Harden in his Nobel Brize address, states 
that his discovery that phosphate plays an important part in alcoholic fermentation 
arose out of an attempt, which in point of fact proved fruitless, by Dr Maefadyen, 
a bacteriologist, to prepare an antizymase by injecting Buchner’s yeast juice into 
animals. ' 

The Lister Institute is an jmusual institute. It is a private research institution 
and a school of the University of London. It derives its income from endowments, 
donations and the sale of therapeutic substances. It receives no subvention from 
the State or from the University of London. It has occupied rather an unusual 
position. Eormed at a time when there were no other institutes of similar character, 
it not only carried out research work but became the adviser of the armed ser^ces 
and many Government Departments. This position naturally changed completely 
when the Government set up the Medical Research Council with its own Institute 
for Medical Research. Since that date the Institute has maintained very dose 
connexion with the Medical Research Council, and joint units between the 
and the Institute have been established and the Council has housed, and still 
houses, some of its special units in the Institute’s buildings. 
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I t.TiTmlr it is clear that the history is one of which the Institute may be justly 
proud. It could he argued that it was formed at a time when many matters of 
scientific interest were ripe for development, and that no group of scientists could 
have failed to achieve fine results. I think it is more Hkely due to the fact that the 
Institute has been extremely fortunate in aU those who have given time to its 
direction to the quality of the scientists it has attracted to its staff. As one 
Stukes the lives of, the early members of the Institute, one is struck by their 
enthusiasm and enterprise, working in fields that, owing to the state of knowledge 
at the time, were extremely dangerous; they pushed ahead with unpleasant and 
fetal consequences to themselves and their assistants. A tradition of 
honest work and co-operation was quickly built up, with no admission of secrecy. 
If this tradition can be maintained, the Institute should continue to play an 
important, though modest, part in the field of preventive medicine; a field into 
wMeh such an intensity of effort is being put to-day that could not fail to give 
satisfeciaon, if not astonishment, to those who laboured so earnestly in 1889 for 
the foundation of the Lister Institute. 


Desobiption of Plates 13 to 16 

Plate 13 

1 . 101 Great Bussell Street. The house belonged to the College of State Medicine 
weQl which the Briissh Institute of Preventive Medicine eunalgamated in 1893. Sit^eatific 
work was carried out in this building from 1894 to 1898. 

PfODBE 2. The laboratories in Chelsea Bridge Boad, London. The right-hand portion was 
completed in 1898 and the part to the left was added in 19104 

Plate 14 

PiexJEE 3. The laboratories at Elstree, Herts. The Departments of Vaccine Lymph and 
Baotarial Vaccines are on the left, while the Serum Department and stables are in the 
centre and right respectively. 

Plate 15 

pKtcBE 4. The horse ‘Tom’. The first horse in Great Britain to be immunized against 
diphtheria. Dr Buffer is standing on the, left and Mr Bobertson, the veterinary surgeon, 
in ^le centre. It was from this horse that Sir Charles Sherrington obtained the serum 
wi^ vdiich he treated his nephew. (Prom an old photograph in possession of the 
JnsStute.) - ■ . 
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The Royal Botanic Gardens, Kew 
By Sib Edwaed Salisbuby, Seo.R.S. 

{Received 17 June 1948) 

[Plates 16 to 18] 

Science can be defined as the philosophical co-ordination of classified information. 
Accurate identification of the units to be classified is fundamental to all scientific 
progress, and the Royal Botanic Gardens, Kew, has as its main function this 
service to science with respect to plants. By the public generally the Institution 
is usually regarded merely as an ezceptionally beautiful garden and a pleasant 
resort, because these by-products of its equipment as a research organization are 
far more conspicuous than those provisions which are more directly concerned with 
its serious purposes. 

It will help to place those purposes in true perspective if we review briefly the 
origin and history of the Institution. Although it is little more than a century 
since Kew became a National Research Establishment, the development at Kew 
of a Botanical Garden was the conception of that remarkable woman Princess 
Augusta, the mother of George III. Thus it was the enterprise and initiative of 
this individual in her private capacity, establishing an unusual of garden on 
her own property, which explains why the largest botanical collections of living 
plants in the world are located on a rather sterile sandy soil, that &om the point 
of view of culture has many defects and few merits. Sir William Chambers, 
writing in 1763, alludes to this fact when he says of Kew Gardens, ‘what was once 
a desert is now an Eden. The judgment with which art hath been employed to 
supply the defects of nature and to cover its deformities hath very justly gained 
universal admiration.’ However, in the days when labour was cheap and farm¬ 
yard manure plentiful, the building up of soil fertility was no hard task. But the 
impression of a favoured area which visitors to Kew often carry away is a tribute 
to generations of skilled cultivators whose superb craftsmanship has mmimized 
the intrinsic defects of the soil and the pollution of an atmosphere laden with soot 
and sulphur dioxide. Thus only thirty years after Princess Augusta began the 
project Erasmus Darwin ( 1791 ) could write, ‘So sits enthroned in vegetable pride 
Imperial Kew by Thames’ glittering side.’ There are a number of botanical gardens 
as distinct from Physic Gardens, far older than Kew, such, for example, as those 
at Padua, and Montpellier, but Princess Augusta when she began to create bar 
garden in 1769 was something of a pioneer in that she collected plants for their 
own sake, and not merely because they were useful in medicine, or had other 
economic assets. She was assisted in this task by the Third Earl of Bute, of whom 
a contemporary wrote that ‘he was unfitted to be Prime Minister on three counts, 
firstly because he was a Scotsman, secondly because he was a Mend of ihe King 
and thirdly because he was an Honest man’. But, however unfitted he was as 
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a politician, he possessed undoubted ability as a botanist and was in effect the 
first Director of the Gardens. 

The total area after 20 years was only 9 acres, but from the list published by the 
Curator Aiton ( 1789 ) we see that there were already in cultivation no less than 
5500 species, and the garden had in fact already attained an international reputation. 
It was not till 1840 that the garden changed from private to public ownership, 
largely through the report of a Fellow of th& Society, John Lindley, then Quain 
Professor of Botany at University College, London, and also through the powerful 
influence of the Sixth Dute of Bedford. With the death of the Princess Augusta 
in 1772, the control of the botanical garden passed to George III, who shared his 
mother’s predilections. He combined the gardens of Kew with those of Richmond 
Lodge and hence the employment of the plural ever since, although' the area 
devoted to the botanical collections, as distinct from pleasure gardens, was still 
only a^ut 15 acres when the gardens were taken over by the nation. Of more 
immediate importance was that George HI invoked the help of Sir Joseph Banks, 
who for a period of 47 years exercised scientific oversight of the Gardens, so that 
the association of the Royal Botanic Gardens and the Royal Society has been 
close from its inception, since the scientific direction has always been in the hands 
of a Fellow. Banks wm President of the Royal Society for over 40 years during 
his unofficial directorship of the Gardens, slind the second official Director, Sir 
Jos^h Hooker, wm President of the Royal Society from 1872 to 1877, whilst 
Sn David Prain was Treasurer from 1919 to 1929. So that by a happy coincidence, 
of the eight Directors of Kew, actual as well as nominal, no less than four have 
-se^^ as Officers of the Royal Society, totalling 58 years of such association. 

When the Gardens were handed over to the public m 1841, Sir William Hooker 
was appomted Director, the first m name as wefi as in fact, and the much needed 
enlargements were made. Between 1842 and 1846 the Gardens were extended to 
^ost their present limits, the only recent addition being the gift of the Queen’s 
ge pounds iu 1897 by Queen Victoria. The total area is now about 300 acres 
with a pm^um of some 50 acres at Bedgebury in Kent, where conifers can be 
gr^ from the atmospheric pollution so detrimental to their welfare at Kew 
Kew Gardens, originally under the Board of Works, was placed under the 
tatp. of ^culture and Fisheries in 1903, and financed by a block grant, the 
o^t of mamtemnce now being of the order of £ 95,000 per annum. The Director 
of Kew IS also Botamcal Adviser to H.M. Government, and as such is called upon 
^vise and make recommendations on numerous technical and economic 

Di^tor, an Economic Botanist, a position at present held by Sir Geoffrey Evans, 
wil 270, of which over half are concerned directly 

Th™« 1 Tfie scientific staff numbers about 40 

remau^ staff mcludes 40 constables necessitated by the admission of the 

to realize, however, that in addition to the scientific staff 
1 ^ a considerable number of visiting scientists are normally working in the 

to the mtemational service which the facilities at Kew afford. 
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The main work of the Institution is organized into four Departments, namely, 
the Herbarium and Library, the Museums, the JodreU Laboratory and the Living 
Collections. 

The Herbarium and Library occupy the largest Department in respect to 
buildings, since they together constitute a storehouse of specimens and literature 
unrivalled both in quality and quantity for purposes of taxonomic research. The 
oldest portion of the Herbarium was once the residence of the Duke of Cumberland, 
who later became King of Hanover, and was therefore known as Hanover House. 
The aim of Kew Herbarium is to provide international science with an extensile 
collection, particularly of the flowering plants of the whole world, and to this end 
we already possess between five and six million herbarium specimens including 
more than 200,000 types, using the term type in the broad sense. A better idea of 
the magnitude of the collection is perhaps gained by stating that to go through 
the Herbarium carefully and note the number of types would occupy one person, 
without holidays, rather more than 40 years of continuous work. Since any in¬ 
crease of knowledge usually involves reference to the type specimen, such can, 
of course, never be discarded, and the Herbarium building has in fact been enlarged 
on no less than three occasions, the last addition being in 1932. One of the problems 
that has to be faced is the proper control over such expansion of collections and 
the need for avoiding unnecessary overlap between the functions of different 
herbaria, since the mere housing and care of specimens makes a serious claim on 
space, personnel and public funds. The average number of specimens received by 
Kew each year is in fact about 50,000. All additions to the collections are care¬ 
fully fumigated before taking their place in the cabinets, and, indeed, it is contrary 
to regulations for any specimen to be brought into the Herbarium without such 
disinfection. The cabinets are arranged according to the Bentham and Hooker 
system, and the specimens of any one species are grouped according to the geo¬ 
graphical provenance of the material. Since the Kew collections are extensive, 
embracing the flora of the whole world, they are necessarily only intensive in 
respect to certain very restricted groups, and it may be hoped that other national 
herbaria, both at home and abroad, wdll accept the responsibility of making 
intensive collections of particular taxonomic groups, or local areas, since only by 
such division of labour, in the acceptance of responsibilities, can the requisite 
scientific provision for taxonomic research be effectively made without undue 
strain on the resources of individual institutions. .Moreover, unless duplication 
of function be avoided the charge on public funds cannot be justified. 

The Herbarium is in charge of the Keeper, under whom there is a staff of 
qualified taxonomists with Experimental Officers and Scientific Assistants. Each 
of the Principal Scientific Officers is responsible for a geographical area and tends 
to specialize on families characteristic of that region. This geographical basis for 
subdivision of the work has been found of more practical convenience than a 
strictly taxonomic subdivision which might seem more logical. It is thus possible 
to ensure that the officer in charge of an area has a personal knowledge of the 
region concerned and is acquainted with the plants as living organisms and not 
merely as dried specimens. Moreover, the\egional basis facilitates the establish- 
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ment of personal contacts of the officer with the taxonomists and collectors of the 
region for which he is responsible. The only exceptions to the geographical basis 
are first the grasses, a group which because of its large size (there are at least 
10,000 species) and its great economic importance is the sole charge of a Principal 
Scientific Officer. Snnilarly, the ferns, the fungi and other cryptogams are also 
allocated on a taxonomic and not a geographical basis. The geographical sub¬ 
divisions employed are Europe, the Mediterranean and North Africa; South 
Afiica; Tropical Afirica; North Aisia, China and Japan, India; Australasia; North 
America and South America. * 

In addition, the South African and Indian Governments support assistants for 
their respective areas who benefit by the training, advice and facilities which Kew 
can offer and famiharize themselves with the type material, whilst, on the other 
hand, their acquaintance with the living flora and vegetation often enables ttiarn 
to make reciprocal contributions. We have every hope that this type of liaison 
wifi extend to other Dominions and Colonies to the benefit of themselves and Kew, 
and arrangements have been made with this objective as soon as the requisite 
personnel is available. 

To Kew Herbarium come scientists from aU over the world, and it is rarely that 
there Me not taxonomists from a diversity of foreign lands workmg with the 
coUections for periods ranging from weeks to months and, indeed, many of the most 

^togiAhed systematic botanists of the world have visited Kew and paid tribute 
to the facilities which it provides. 

A;^ from the preparation of monographs and the description of new species 
much of the time of specialists is devoted to the identification of specimens sent 
in by botan^ts, esj^ciafiy from various parts of the Commonwealth, and to the 
^wermg of mqumes. During the recent war, most of the scientific staff of the 
er were either seconded for work more immediately connected with the 
war effort or had to take charge of the coUections evacuated to areas where such 
inflammable and irreplaceable material was less Uable to damage. As a con- 
^quence of this and the retention of specimens by coUectors abroad tiU the end 
of hostihries we have now some 125,000 specimens representing accumulated 
amears. Much of the identification of such coUections serves as a foundation for 

^ contribution. 

^ monographs have been prepared at Kew, including 

Amtraliensis, the Flcyra Oapensis, 

^^e 1^ con^^ descriptions of over 16,000 species. The ten volumes of the 
. f _ Afnca, m which some 18,000 species were dealt with and the 

ofTZcon'^l,i;®!°^f and Antarctica indicate the magnitude 



' “^-^-eeded Flora of Fast Africa has already be^V sdZXthe 

ft ^ ^ considerable additional assistance is forthcomiim 

ft may weU be some years before much'progress can be made. ^ 
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The unrivalled taxonomic Library of some 45,000 volumes is an indispensable 
part of the equipment which, in association with the Herbarium, enables Kew to 
perform ejBEiciently another international service for science, namely, the pro¬ 
duction of the Index Kewensis, This is a catalogue, published by the Oxford 
University Press, of the Latin names of all the flowering plants which have been 
properly described since 1753, giving references to the original description and 
recently citation of an illustration if such exists. Begun in 1893 it contained over 
375,000 citations, and the project was made possible by a gift from Charles Darwin 
bestowed as a mark of gratitude for the help he had received from Kew. A 
Supplement has been produced each quinquennium since then, and the work thus 
provides an indispensable tool for students of plant classification throughout the 
world. 

The leones Plantarum is a periodical published at Kew with the aid of a private 
bequest, the Bentham-Moxon Trust. It provides figures and descriptions of new 
and rare species prepared by the Kew staff and issued periodically. In this way 
since its inception illustrations and full botanical descriptions have been furnished 
of 3475 species. The Bentham-Moxon Fund, which provides this and a number 
of other botanical services and amenities, is a bequest with an income of about 
£1400 vested in trustees of whom the Director is ex-officio chairman and the 
Keeper of the Herbarium is also a member. This trust, which is free of the controls 
indispensable from Government funds, is of the greatest value, and double this 
sum could be spent with advantage. The trust was established in 1885 under the 
will of one of our Fellows, George Bentham, and was greatly augmented by the 
legacy of Mr and Mrs Moxon. It is due to this fund that Kew has acquired inter alia 
some invaluable 6ollections of botanical illustrations, including many by famous 
artists such as those of Jacquin and Ehret. 

Another publication to which reference must be made is the Botanical Magazine^ 
for though published by the Royal Horticultural Society, the material is aU 
prepared and the work edited in the Herbarium at Kew. Publication was begun 
by Curtis in 1787, and from that time has furnished admirable coloured illustra¬ 
tions and descriptions of considerably more than 8000 species. Last but not least, 
the Kew Bulletin furnishes a medium for publication of miscellaneous botanical 
contributions amongst which descriptions of new species, critical notes, and articles 
concerning economic and geographic botany, are conspicuous features. 

Some idea of Kew’s contribution to taxonomy can be gained from the fact that 
during the first 30 years from 1841 to 1870 there were produced about 460 papers, 
but during the next 30 years the number of scientific contributions had increased 
to 1400 and over 50 publications ranging from descriptions of single species to 
substantial volumes have been produced annually since that time. 

The Living Collections supplement the information provided by the dried 
herbarium specimens. The growing plants are under the general care of a Curator 
with Assistant Curators in charge of each of the main subdivisions. These are: 
(1) the arboretum and shrub collections; (2) the rock garden, aquatic garden and 
herbaceous beds; (3) the tropical, orchid and economic houses; (4) the temperate 
house; and (5) the decorative department. 
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It is important to appreciate that some 45,000 species of plants are in cultivation 
at Kew, and that many of these are annuals that require to be raised each year, 
often from seed which involves precaution against hybridization. The arboretum 
presents many problems, not the least of which is that no systematic provision 
has been made in the past to ensure that as trees become old and decrepit there 
are younger individuals to take their place. The fact that even the longest-lived 
trees at Kew appear not to be able to rerqain healthy more than about 200 years 
adds to the difficulty of securing adequate successional planting. Most of the trees 
were planted without any such considerations and hence of many species there is 
but one individual, whereas of others, such as the evergreen oak, there are far more 
than the space available can justify. It is, indeed, the very limited planting area 
now available that is the obstacle in attempting to remedy an obvious defect in 
a collection where planting should be not for any particular generation but for 
posterity also. Only a considerable extension of the Gardens would enable the 
requisite succession to be fully provided for. 

The arrangement of the living collections in the open has in the past been mainly 
taxonomic. This has, of course, certain obvious advantages in regard to the 
proximity of allied species and as facilitating the search for a particular plant in 
this vast assemblage. But such advantages, though not inconsiderable, may, 
especially on a poor soil such as that at Kew, be outweighed by the circumstances 
imposed of growing in the same conditions species which, however closely allied, 
may in fact demand very different types of sod, degrees of shade, shelter and 
drainage. For this reason no attempt is made in either the rock garden or the 
aquatic garden to group plants on a taxonomic basis,^ and quite recently a chalk 
garden has been added to the ecological grouping which it is hoped to extend both 
in the interest of scientific value and cultural efficiency. 

The living specimens of trees and shrubs in the arboretum which at the beginning 
of the century numbered 4500 now comprise some 10,000 species. They are an even 
more necessary complement to the hortus siccus than living specimens of smaller 
species in respect to which latter even a dried specimen may convey an approxima¬ 
tion with respect to growth and habit. The tree collections provide useful informa¬ 
tion to the foresters and horticulturists, whilst here and in other sections the 
growmg plants are a source of material for purposes of research. 

Amongst the more notable trees at Kew may be mentioned the male maidenhair 
tree {GiTigho biloba) which probably dates from about the time of Princess Augusta, 
There is a very beautiful example of the chestnut-leaved oak {Quercus castanae- 
folia), a species that exemplifies discontinuous distribution very strikingly, being 
found wild only in the Caucasus and Algeria. The planes are represented by two 
superb specimens, one the oriental plane {Platanus orientalis) near Museum III, 
and the other in the rhododendron dell is the London plane, a hybrid between the 
former species and P. bccidentalis. The oldest trees in the gardens are a decrepit 
Robinia psetidacacia, and a persimmon, Diospyros virginiana, probably the finest 
in Britain, both planted in 1762, and a Sophora japonica planted 9 years earlier, 
whilst there is a magnificent wistaria that may well be even more aged. Amongst 
recent additions to the arboretum mention may be made of seedlings of Metase- 
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quoia glyptostroboides, a close ally of the redwood, chiefly interesting because of 
its extremely local occurrence in China, in an area of sonie 300 square miles in the 
Szechuan province and with a fossil lineage that goes back some hundred million 
years, so that like Oingho biloba it can be termed not inaptly a living fossil. 

One feature of physiological interest presented by Kew is the growth of self- 
sown trees upon its old walls. Thus on the wall of Cambridge Cottage can be seen 
a Thuja orientalis over 50 years of age (see plate 18), the only nourishment for 
which is derived from the bricks and mortar in which it is rooted. Other species 
that persist upon the same meagre rations are Buddleia variabilis, Laburnum 
vulgaris, Pinus austraiaca, Sb pear tree and a lilac. 

The herbaceous collections are necessarily in much the greater part composed 
of exotic species. But it is curious that hitherto no serious attempt has been made 
to grow the rarer and the scientifically more important native species, a serious 
gap that a perusal of the seed exchange lists of other botanical gardens will show 
is shared by most others and has in the past been a not infrequent handicap to 
autecological studies. Steps are being taken to remedy this defect. 

The temperate house is the largest glasshouse in the world, an eighth of a mile 
from end to end and contains about 2000 species belonging to 561 genera. It is 
here that the plants of Australia and* New Zealand are chiefly housed as well as 
the more tender rhododendrons. The collection of tree ferns from New Zealand 
is a triumph of technical skill and horticultural grouping. The Australasian flora 
is notoriously difficult to maintain in health in this climate, but thanks to the 
remarkable skill of Mr Raffill, who has been in charge for many years, we have not 
only aphieved success with a number of extremely rare and difficult subjects, but 
thanks to the remarkable collections of seed made by Captain and Mrs McEachern 
during the war years, Mr Raffill has now such a wealth of new material that the 
provision of an additional temperate house will be essential, and I am glad to be able 
to state that approval has been given for its erection. 

The next largest house is the 60 ft. high palm house designed by Decimus 
Burton, where the collections of greatest scientific interest are the cycads, of which 
we have representatives of most genera. 

The extensive range of houses near the chalk garden provides for the growth 
of a variety of economic plants which have frequently provided valuable research 
material for biochemical and pharmacological investigations. Here, too, is housed 
that remarkable water lily, Victoria regia, which, despite its large size, a siixgle 
plant occupying almost the whole of a 36 ft. tank, is a comparatively short-lived 
annual that compasses its entire life cycle in the space of 9 months, sometimes 
growing at the rate of more than 2 in. in a night. 

Collections of insectivorous plants, pelargoniums and orchids are provided for 
in adjacent houses. The orchid coUection, thanks to the generous gift of the 
executors of the late Sir Jeremiah Coleman, now comprises a remarkable a^em- 
blage of species probably without parallel, though still lacking representation of 
many terrestrial genera. Other houses contain a noteworthy collection of succulents 
where the pebble-Kke lAthops provide unrivalled examples of plant mimicry, * 
whilst some of the cacti and succulent euphorbias provide subjects as difficult as 
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any to cultivate in the moisture-laden atmosphere polluted by the proximity of 
a gasworks. The succulent coUectipn was recently augmented by valuable additions 
of numerous species presented by Her Majesty and by the Succulent Society of 
South AMca. In the tropical fern house can be seen excellent examples of the 
ancient groups of the Marattiaceae and Osmundaceae with an extensive collection 
of pteridophytes from the giant cibotiums with fronds 15 ft. in length to the small 
SelagineUa apus, chiefly noteworthy for being a living cryptogam that has adopted 
the seed habit. Other houses are devoted to a magnificent display of filmy ferns 
augmented this year by the gift of the late Mr Adney’s collection, to tropical 
Araceae and to decorative species, the last named being for the benefit of the general. 
public more than the scientist. 

The care of the living coUections affords a means of training in advanced horti¬ 
culture, and to this end the permanent gardening staff is augmented by some forty 
student* gardeners recruited solely from those who have already had at least 
4 years of approved gardening experience in a first-class establishment. Here we 
may recall that William Cobbett was amongst those who have worked at Kew. 
The value of this training is evident from the fact that a large proportion of 
important horticultural posts both here and abroad are occupied by men who 
hold the Kew certiScate. 

No mention* of the living collections would be complete without reference to 
the role Kew has played in the distribution and establishment of economic species 
in various parts of the Empire. Prior to the advent of air travel the development 
at Kew of the travelling greenhouse, knov^ as a Wardian case, made the transport 
of living material over long distances possible. Hence Kew’s success in establishing 
the plantation rubber industry and distribution through the Commonwealth of 
such economic plants as cinchona, coffee, pineapples, bread fruit, aleurites and 
many others. Moreover, as with the hybrid bananas from Trinidad, Kew has 
served as a house of quarantine, since the transport of material without such 
growth under expert supervision may be attended with grave risks, particularly 
with regard to the introduction of virus diseases. Mention should also be made 
of the extensive exchange of seeds with other scientific institutions and individual 
investigations. The last seed exchange list just issued enumerated “more than 
2500 species, and last year 7890 packets of seed were distributed to various parts 
of the world. Material for purposes of research was also supplied to many Uni¬ 
versities and other research departments. 

Four Museums serve to house the economic collections. They perform a dual 
role both as storehouses for research material and also as an instrument of educa¬ 
tion. The most noteworthy as a building is Museum No. Ill, constructed as an 
orangery. It is a monument to the genius of its designer. Sir William Chambers, 
and was built in 1761. Not least of the value of these coUections of fruits, seeds, 
timbers and plant products of every kind, from crude drugs to apices, is for purposes 
of comparison in relation to the innumerable requests for identification which 
almost every post famishes. 

It was in relation to such inquiries that the fourth Department, the JodreU 
Laboratory, developed its present functions. Here the main emphasis is on plant 
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anatomy, ospscially studied as a taxonomic character. Some 40 years ago the late 
Dr Boodle, then Keeper of the Jodrell Laboratory, translated, with Professor 
Fritsch, Solereder’s Systematic Anatomy of Dicotyledons, Since that time the 
material examined at Kew and the knowledge acquired particularly from the 
living collections has been so great that the present Keeper, Dr Metcalfe, has, in 
collaboration with Dr Chalk, produced a second edition that wdll be substantially 
a new work. Plans have been made for a sequel to follow in due course which will 
trea^t of monocotyledons. 

In this connexion it is of mterest to recall that Scott carried out much of his 
fundamental work on fossil plants in the Jodrell Laboratory, and that here, too, 
Brown and Escombe conducted their classical researches on diffusion. Since that 
time the Jodrell has always served as a laboratory where anatomists, physiologists 
and cytologists have carried out researches on the hviog material that the gardens 
so richly provide. 

The inquiries which arrive by every post number over 10,000 in the course of 
a year. Some of these are relatively unimportant and are quickly dealt with, but 
others often demand research, sometimes of an extensive character. Specimens 
sent by some overseas taxonomist for precise identification may even involve the 
revision of a genus, whilst meticulous microscopic examination of fragmentary 
material from a suspected person’s clothes, upon which life or death can depend, 
represent an appreciable investigation. 

It may not be inappropriate here to refer to the relation of the public generally 
to the Royal Botanic Gardens. More visitors come than ever before. Last year 
the total was. over a million and a half and 76,000 have been known on a single 
day. A by no means negligible proportion of these are genuinely interested h). the 
collections from the botanical, horticultural or arboricultural points of view; 
such use the gardens for their proper purpose. A great majority come for sheer 
aesthetic pleasure; they, too, are welcome, but a minority know nothing and care 
less for the real purpose of the Gardens, which they regard as a public park, only 
differing from others* in the restrictions, imposed to safeguard the collections, 
which they often resent and sometimes disregard. Such are both an incubus and 
a menace to the valuable treasures which it is Kew’s pri^ege to nurture for the 
public weal. The best safeguard is an informed opinion, which Fellows of this 
Society can do much to foster, so that I am gratefol for the opportunity afforded 
to make better known the priceless treasures that it is our good fortune to possess, 
our duty to cherish and obligation to develop for future generations. 

The following is a list of the floras and monographs only, prepared at Kew and 
published as separate works, i.e. not in periodicals or other publications: 

Baker, J. G. 1877 Flora of Mauritius and Seychelles, 

Baker, J. G. 1887 Handbook of the Fern Allies, 

Baker, J. G. 1888 Handbook of the Ama/ryllideae, 

Baker, J. G. 1889 Handbook of the Bromdiaceae, 

Baker, J. G. 1892 Handbook of the Irideae, 

Bentham, G. 1863-78 Flora AustraUensis, vols. 1 - 7 . 

Bentham, G. 1861 Flora Hongkongensis, 

Bentham, G. 1873 i^lora Hongkongensis, Supplement (H. F. Hance). 
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Bentham, G. 1904 Handbook of the HriMsh Flora, 8th ed., revised by Sir J. D. Hooker. 
Boswell, J. T. I. 189a English Botany, 3rd ed.. Supplement to vols. 1-4 compiled by N. E. 

Collett, Sir Henry 1902 Flora Simlemia. 

Cooke, T. 1901--8 The Flora of the PreMency of Bombay^ vols. 1-2. 

Duthie, J. F. 1903-29 Flora of the Upper Qangetic Plain, vols^l-3. 

.Fitch, W. H. & Sinith W. G. 1905 Illustrationa of the British Flora, 6th ed. 

Grisebach, A. H. R. 1859-64 Flora of the BrUish West Indian Islands, 

Harvey, W. H., Sender, O. W. & Thiselton-Dyer, Sir W. T. 1859-1900 Oapensis, 

vols. 1-7. 

Hooker, J. 1864-7 Handbook of the Flora of New Zealand, 

Hooker, J. 1852—5 Flora of New Zealand, 

Hooker, J. 1847 Flora Antarctica, vols. 1 and 2. 

Hooker, J. 1872—97 Flora of British India,' v 6 \b, , 

Hooker, W. J. 1842-50 British Flora, 5th and 6th eds. 

Hooker, W. J. 1829-40 Flora Boreali^americana, vols. 1-2. 

Hooker, W. J. So Baker, J. G. 1874 Synopsis FUicum, 2nd ed. 

Hooker, J. 1904 The Students^ Flora of the British Ides, 3rd ed., 

Hutchinson, J. So Dalziel, J. M. 1927-36 Flora of West Tropical Africa, vols. 1-2. 

King, Sir G. 1889-1904 Materials for a Flora of the Malayan Feninsvla, vols. 1-4. 

Massee, G. E. 1892-5 British Fungus-Flora, vols. 1-4. 

Massee, G. E.. British fungi: Phycorryyc^tes and UsHlaginaceae. 

Masseei G. E. 1892 A monograph of the Myxogastres, 

Oliver,'B. So Thiselton-Dyer, Sir W. T. 1867-1937 Flora of tropical Africa, vols. 1-10, pt. 1. 
Trimm, H. So Hooker, Sir f, D. 1893-1900 A handbook of the flora of Ceylon, vols. 1-5. 
Snowden, J. H. 1936 The ctdNAXded races of Sorghum.* 

For a complete list of publications prepared at Kew from the year 1841 to 1906, 
see Kew Bulletin, 1897, pp. 2-84, 238-240; 190S, 1-8; 1907, Appeud. y, pp..96- 

152. 
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Description of plates 16 to 18 

\ 

PlrATE 16 

Aerial view of Kew Gardens. 

PlATE 17 

Upper Sir William Chamber’s Orangery, now Museum no. Ill, built in 1761. 
Lower The interior of the extension of the most recent Herbarium. 

Plate 18 

Upper Thuja orientedis over 50 years of age, rooted m wall only. 

I^mer Victoria regia in flower. Despite its size this flower is an amiuaL 
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Collective electron ferromagnetism 
III. Nickel and nickel-copper alloys 

By E. P. WoHrjPAETH, Ph.D., Physics Department, University of Leeds 
(Communicated by B. C. Stoner, P.B. 8 .—Received 1 June 1948 ) 

^The collective electron treatment of ferromagnetism (Stoner 1938a, 1939) is applied to the 
magnetic and thermal properties of nickel and nickel-copper alloys. In § 1 a brief description 
is given of the theoretical backgroxmd, together with the necessary extensions of the basic 
treatment, in particular so aa to cover the effects of the overlap of the electronic d and s 
energy bands. With simplifying assumptions regarding the effect of alloying on the electronic 
structure, and naiug a limited range of observational data, estimates are obtained of the 
variation of the speoif3nng parameters, band width and interchange interaction, for nickel- 
copper alloys, over a wide range of composition (§ 2 ). A discussion is given in § 3 of the depend¬ 
ence of the electron distribution on temperature. Calculations are carried out of the Variation 
of the number of holes in the d band, due to the temperature redistribution of electrons 
between the bands (transfer effect). Other temperature effects, such as the variation of the 
specifying parameters due to thermal espansion, are briefly discussed, though they are not 
included in the main treatment (§§ 1 and 4 ). 

The treatment is applied to the temperature variation of susceptibility above the Curie 
point (§ 4 ). For nickel-rich alloys satisfactory agreement is obtained with experimental 
results (figures 10,11 and 12 ). For copper-rich alloys the observed high-temperature increase 
of susceptibility is well explained (figure 13 ), but no interpretation can be given of the 
observed low-temperature variation. It is suggested that this may be due to inhomogeneities 
in composition. 

A d^ussion is given in §5 of the bearing of the treatment on the electronic heat at high 
temperatures. Comparison is made vjith the relevant experimental results for nickel above 
the Curie point. Application is also made to the low-temperature electronic heat of nickel- 
copper alloys (§6). The general character of the variation of the electronic heat with com¬ 
position is covered satisfactorily in the nickel-rich regions, but in the copper-rich regions 
discrepancies occur, similar to those for the low-temperature susceptibility (§4). 

In §6 a brief account is given of the results of a preliminary analysis of the magnetic pro¬ 
perties of nickel alloys other than those with dbpper. 

1 . iNTBODTIOTIOlSr 

The magnetic and thermal properties of ferromagnetic metals have been treated on 
a collective electron basis by Stoner in two papers published just before the war 
(1938a, 1939). 3 tQ these papers (which will be referred to as I and II) the character¬ 
istics associated with electrons (or 'holes’) in a single-energy band of 'standard’ 
form, and subject to interchtoge interaction effects, were obtained with numerical 
precision for effectively the complete range of values of the specifjdng parameters 
and of the temperature. The application of the results to the interpretation of the 
properties of particular ferromagnetics was discussed in only a preliminary way, but 
this discussion, together with earlier work on the specific heat of nickel (Stoner 
1936,19386) and a short paper on the temperature variation of susceptibility above 
the Curie point (Stoner 1938c), showed clearly the co-ordinating value of the 
treatment. It has since been discussed, in relation to the general background, by 
Van Vleck (1945) and Stoner (1948). 

In the present paper the application to nickel and nickel-copper alloys is con¬ 
sidered in detail. This has involved, on the one hand, a critical analysis of the 
experimental results, and, on the other, an extension of the theoretical treatment, 
m particular so as to cover in a precise way the effects of band overlap. The nickel- 
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copper alloys have been chosen for detailed consideration, partly because extensive 
experimental data are available, and partly because the general issues are less likely 
to be confused by comphcating factors than for most other ferromagnetic alloys. The 
crystal structure of the two constituent metals is the same, and there is no change 
of phase over the whole composition range. Moreover, the electronic structures are 
similar, and the assumption, in the present treatment, of a standard band form, in 
which the energy density of states is proportional to the square root of the energy 
(measured from an appropriate zero), receives some justification, as a reasonable 
approximation in these metals, from such calculations on band forms as have been 
made. There are, however, very great dilBEiculties in carrying out detailed accurate 
theoretical calculations of band forms in metals and alloys. Tor this reason, part of 
the value of a survey of the present kind is that it enables an assessment to be made 
of the applicability of the simplifying assumptions represented by the premises of 
the precise deductive treatment. Further, it may suggest, in particular cases, the 
relative importance of the various uncertain factors, which, for obvious reasons, 
are^dehberately excluded from consideration in the basic theoretical treatment. * 

(a) Theoretical background 

The detailed numerical results of the statistical treatment which has been 
.developed apply to electrons distributed in energy bands of ‘standard’ form. Tor 
nickel and copper the two important bands are those usually denoted by the terms 
‘ 45 band ’ (since here atomic s functions predominate) and ‘ 3d band ’ (in which atomic 
d functions predominate). The work of Mott ( 1935 ), Krutter ( 1935 ) and Slater ( 1936 ) 
indicates that for these two metals the energy bands overlap strongly, the dis¬ 
tribution of the electrons between the two bands being determined by the amount 
of overlapping. In the copper atom there are ten d electrons and one s electron outside 
closed shells. The d band in metallic copper is thus full at absolute zero, and the half- 
filled s band gives rise to the conductivity and other electronic properties of the 
metal. Nickel contains one electron per atom less than copper. The magnetic pro¬ 
perties of its alloys indicate that, owing to the band overlap, the outermost electrons 
in nickel are so distributed that at absolute zero the d band contains approximately 
9*4 electrons, and the s band 0-6 electrons per atom. The d band thus contains 0-6 
holes per atom, which, owing to the much greater energy density of states, give rise 
to many of the characteristic properties of the metal, such as its high electronic heat, 
and, in conjunction with the positive interchange interaction, to the ferromagnetic 
properties, (The foregoing results as to the number of holes in the d band of nickel 
strictly apply only to O^’K, The redistribution of electrons between the bands at 
higher temperatures is discussed below, and, more fully, in § 3.) 

Apart from the number of electrons, the characteristics of a single band are com¬ 
pletely specified, in Stoner’s treatment, by two parameters, 6 q and 0', giving measures 
of the band width and the interchange interaction respectively. It is necessary 
to consider the choice of parameters for a similar specification of two overlapping 
bands. 

(i) JSand mdih. Tor single bands of standard form the specification requhed is 
provided by the maximum Termi enei^ at absolutp zero, measured from the 
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bottom of the band (or, if holes are relevant, from the top of the band). With the 
band structure assumed for copper and nickel, a value is required not only of the 
energy width of the unoccupied part of the d band, but also of the occupied part 
of the s band, (see figure 1 ). Values of these two quantities may be estimated for 
nickel from observational data, and calculated for nickel-copper alloys by methods 
indicated in § 2 . 

IrdercMye interaction. In Stoner’s treatment the interchange interaction 
coefficient, 6', is such that 2kd'^ is the energy difference for spins parallel and anti- 
para,Uel to the resultant spin, C being the relative magnetization, i.e. the ratio of the 
r^tant spm pef atom to the maximum possible, when paraUeHsm is complete, 
ihe simple, though justifiable, assumption is made that the exchange effects intro- 
duce a tenn into the expression for internal energy which is proportional to 
Thus IS formally equivalent to the Weiss molecular field coefficient. In cal- 
cffiatmg values of d' for nickel-copper alloys, exchange effects between d electrons 
offiy are comidered, those between a electrons being neglected. It is to be noted 
that It IS 01 % exchange effects corresponding to a positive interchange interaction 
mte^l m the two-atom problem which are relevant; negative interaction effects 
are m effe^, included m the form assumed for the bands. Neglect of a positive 
exchanp effect TOth a electrons is justifiable, not only because any such inter¬ 
action K hkelj to be we^ with a-type wave functions, but also because the factor 

e TZcif 1 exchange forces is the ratio kd'je,, and the band width 

e, is much larger than a., (cf. § 2 ). Possible positive exchange effects between d 

f ""T T neglected, so that the parameter specifying the 

mterchai^e mteraction for two overlapping bands of the present type Ly be token 

equal to that applicable to a singled band. xnayoeraKen 

tWticaUy has yet been developed. 

simvmltion^V h i ^ 936 ) suffers from serious over- 

Zk^l?, n ^ 948 ). Since in the course of the present 

for ffild approximate values of d' not only for nickel but also 

described in S 2 Thi^^’ +T?* 7^^ ^ ^ empirical method, to be 

a^cnbed m |2. This method also permitted an examination to be made of the 

^tmafron proposes of the afioys at absolute zero. As shown in I, tie octant 

or S' iTf r 

r parauelism of spins, at absolute zero, where, in the range 

t<^7eod<2-*, (l.j) 

unity. The 

3 u^tiot ma^ueteatieu at absolute aero depends ou the copper 

, ' (^) Application to nickel-copper alloys 

by Mott s^*iateX'tSoX“p^rj?; 
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the copper are distributed among available states in the d band. The question as to 
whether the holes in the d band are to be regarded as being associated equally with 
all the atoms or only with the nickel atoms has been considered by Niessen ( 1939 ), 
following on earlier work by Hiron 6 ( 1938 ). Niessen suggests that in nickel-copper 
alloys the d band is common to all the atoms. As stated in § 2 , however, Niessen’s 
argument is based on the assumption of the equality of the Curie temperature, 6, 
with the interchange interaction temperature, 6', and may well be erroneous. In 
any case, the effect of alloying is that, with an increasing copper concentration, the 
Fermi limit at absolute zero, common to both bands, shifts to energy levels which 
are unfilled in pure nickel. The number of holes per atoih in the d band decreases, 
and the number of electrons per atom in the s band increases. The consequences 
of this hypothesis can be readily developed, provided it is further assumed that, 
although the addition of copper atoms to nickel affects the electron distribution, it 
leaves the shape and position of th^ two bands unaltered. This assumption, the 
simplest possible, is adopted provisionally, and, imtil more accurate methods have 
been developed for carrying out the fundamental theoretical calculations required, 
its appropriateness can be tested only by a comparison with the experimental 
results of the consequences to which it leads. The magnetic data on the variation 
of Curie temperature and saturation moment'with copper concentration, in particular, 
serve to bear out the simple assumption to a remarkable degree, at least for low 
copper concentrations (of. § 2 ). Even for alloys of nickel with other metals, such as 
zinc, aluminium and silicon, where the assumption might be expected to be much 
further from the truth, the magnetic data indicate a very similar behaviour 
(cf.§ 6 ). 

On the basis of these simple and definite assumptions as to the effect of alloying 
on the electron distribution, it is possible to relate the number of holes in the d 
band at absolute zero to the copper concentration, c (cf. § 2 ). As already indicated, 
estimates may also be made of the interchange interaction coefiicient, d\ and of 
the relative magnetization at absolute zero. It then remains to.investigate the 
behaviour of the alloys as the temperature is raised. .The most immediate problem, 
that of the variation of the spontaneous magnetization below, and of the suscepti¬ 
bility above the Curie point, has been considered in I, and the variation of the 
electronic energy and specific heat in II. The treatment given is, however, strictly 
applicable only to a single isolated band. When there are two overlapping bands, 
as in nickel, a transfer of electrons from the d band to the s band takes place with 
increase in temperature. This effect may greatly modify the conclusions applicable 
to a single band with a fixed number of electrons. A method of treating this effect 
has so far been given only for pure nickel (WoUfarth 1948 ), and it is necessary to 
extend the treatment to cover the alloys (cf. § 3). 

It may be noted here that there are at least two further temperature-dependent 
factors which may influence the magnetic and thermal properties of the alloys. As 
to the first of these, the variation of band structure with temperature owing to 
thermal expansion, no more than a qualitative discussion can be given at present. 
A full treatment would involve a complete examination of the energy bands, the 
work of Krutter ( 1935 ) being taken as a starting point. The second factor is the 
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indirect dependence on temperature of the interchange interaction. A tentative 
discussion of this effect has been given by Neel ( 1940 ), who considers the effect of 
thermal expansion and atomic oscillations on the effective interatomic distance 
andhence on the molecular field coefficient. As indicated in § 4, a temperature depend¬ 
ence of interchange interaction is also caused by the temperature variation of the 
number of holes in the d band, owing to the electron transfer. To the approximation 
used here it was felt that the neglect of these factors could be justified. It was found, 
however, that tib.e agreement between theory and experiment could be improved 
in some cases by making some allowance for them (cf. § 4). 

(c) Experimental results 

With the theoretical background outlined it is possible to give a detailed co¬ 
ordinating scheme for a number of distinct physical properties of nickel and nickel- 
copper alloys. Their magnetic behaviour above the Curie point is discussed in § 4. 
The experimental results, due to Sucksmith & Pearce ( 1938 ) and Fallot ( 1944 ) 
(nickel), and to Wheeler ( 1939 ) and Kaufmann & Starr ( 1943 ) (nickel-copper), are 
unusually complete, and their general characteristics may be interpreted fairly 
satisfactorily. The peculiar susceptibility results which Kaufmann & Starr obtained 
for copper-rich alloys are only partly explicable, and for a full interpretation the 
present treatment requires further extension. The thermal properties of nickel and 
the alloys are discussed in § 5, following on the earlier work of Stoner ( 1936 , 19386 ). 
It is shown that the low-temperature specific heat results of Keesom & Kurrelmeyer 
{ 1940 } are in qualitative agreement with those predicted by the present treatment. 
It is also shown that the electron transfer between the bands will have a marked effect 
on the high-temperature electronic heat, but the relevant experimental data 
(Klinkhardt 1927 ; Sykes & Wilkinson 1938 ) are too meagre to~allow of a satisfactory 
comparison. The thermionic properties of nickel have been discussed elsewhere 
(Wohlfarth 1948 ). In § 6 a brief account is given of the magnetic properties of alloys 
of nickel with metals other than copper. 

It win be noted that this list does not cover all the relevant physical properties 
of nickel and its alloys, the most obvious omission being the behaviour of these 
substances below the Curie point. The omission has been made deliberately, since 
it was felt that the present treatment would be inadequate to cover magnetic and 
thermal properties other than those mentioned. The variation of spontaneous 
magnetization with temperature, in particular, would require a fuller consideration 
of effects, such as ‘fluctuations of the molecular field’ (Neel 1940 ), which lie outside 
the scope of the present paper. 

2. Bajsfd widths and interohanoe intebaction ooeeeioients 

The idealized band form, which has been assumed for nickel, is shown schematic¬ 
ally in figure 1 . For a quantitative numerical treatment of actual physical properties 
it is necessary first to obtain estimates of the band widths, and and of 
interchange interaction coefficients, for nickel and nickel-copper alloys. 
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{a) Band widths 

A value of for nickel is derived from observational data. From the relation 
between and the low-temperature electronic heat a value of about 2*4 x 10^ 
is obtained for the degeneracy temperature account being taken of the con¬ 
tribution to electronic heat from the s electrons and of that arising from the electron 
transfer between the bands (cf. § 5). An independent estimate may be obtained from 
the Curie temperature and the high-temperature susceptibility of nickel. The 
discussion in §4 indicates that for nickel the relative magnetization at absolute 
zero, ^ 0 , is just equal to unity, and the degeneracy temperature deduced is about 
1*6 X 10®° K. The discrepancy between these two estimates may be attributed to 
deviations of the band structure from that presupposed, to effects of thermal expan¬ 
sion, and to other factors not included in the treatment. For the numerical work 
a value for e^^lk = 2 x 10® °K, corresponding to 6q^ = 0*17 eV, has been adopted, 
except where the use of the 'high-temperature’ value is necessitated by the basic 
theoretical treatment (cf. §6). 



V 

FioxnEUB 1 . Band structure near the Fermi limit for nickel, e, electronic energy. v(e), energy 
density of states; r(e}oce^. Cq,, occupied width of s band; unoccupied width of d 
band, both at absolute zero, when number of ‘particles’ in either band equals 0-6 per 
atom. 

The occupied width of the s band, may be estimated for nickel on the assump¬ 
tion that the energy distribution of the s electrons does not differ significantly, over 
the range covered, from that of free electrons, as for sodium, and, with fair approxi¬ 
mation, for copper. The value obtained in.this way, e^^lk = 6 x 10^°K, is, however, 
almost certainly an overestimate. 

The value of the ratio of the band widths, 

is of importance in connexion with the distribution of electrons between the bands, 
the transfer effect being more pronounced the smaller Tq (cf. §3), bnt, owing to &e 
uncertainties in the values of eo^ and €q^ it is not possible to make a precise estimate 
of the ratio. In order to bring out clearly the general effect of the ^ band on the 
physical properties, the main calculations to be described have been m^s^e for an 
value of 10, which must be regarded as a lower limit. In most instances it is easy 
to see what would be the effect of a higher value of In the limit, oo, the model 
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corresponds to a single isolated d band, to which the results obtained in I and II 
are immediately applicable. 

Using a value of the band width ratio for nickel, equal to 10, with the simplifying 
assumptions regarding the effect of aUo 3 dng (cf. § 1 ), precise calculations may be 
made of the band widths, the number of holes in the d band and related quantities, 
as dependent on copper concentration, for nickel-copper aUoys. 

For a given fractional atomic concentration of copper, c, let the fraction of 
electrons entering the d band at absolute zero be that entering the s band 
Also let the number of holes per atom in the d band be and the number of 
electrons per atom m the s band both at 0 ° K. 

Then = = 0-6 + c^, ( 2 - 1 ) 

where * c^-hc^ — c. ( 2 - 2 ) 

Further, let and be the unoccupied widths of the d band at absolute zero 
for an alloy of copper concentration c and for pure nickel respectively, and let 
(^os)c (eQg)o be the occupied widths of the s band. Since the density of states for 
both bands is taken to be proportional to the square root of the energy, integration 

N^ = 0-6{{eMeM = (2-3) 

Since at absolute zero the Fermi limits for the two bands coincide, 

(^Os)e ~ (^o<z)o (^ 05 ) 0 * (2*4) 

It follows from equations ( 2 * 1 ) to (2*4) that 


W+roic+Noa)* = (0-6)*{l+ro), (2-5) 


determining the number of holes in the d band as a function of the copper con¬ 
centration. Values of the band widths, and (eog)^, and of the number of electrons 

in the s band, may then be derived from the preceding equations. The relation 
(2-5) shows that for a certain copper concentration, say the d band is completely 

filled. From (2-5) _ ..... 

W = 0-6{(l+ro)/roP, 


giving Ccrit = 0-6922 for = 10 , and 0-6 for corresponding to an isolated 

d band. For c < , the additional electrons enter both bands, while for c ^ c^rit 

they enter the s band only, at absolute zero. Calculations of and for == 
have been carried out, using equation (2*5) and employing a ^balancing’ method of 
solution. The results are shown in figure 2 . The physical bearing of these results is 
discussed in §§ 3, 4 and 5. 


( 6 ) Initrdt/mgt iv^raction coefficients 

The dependence of interchange interaction coefficients and related quantities 
on copper concentration may be estimated from experimental values of the Curie 
temperatures for nickel-copper alloys. Observed value of d, due to Alder ( 1916 ), 
Erupkowskijfiqzq), Marian { 1937 ) ^rid Wheeler ( 1939 ), ^re shown in figure 3 . 

For alloys with c < 0*4 the observed values fall roughly on a straight hne, given by 

0 = 631(1 ~c/ 0 * 6 ). ( 2 * 6 ) 
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Figube 2 . Electron distribution at absolute zero for nickel-copper alloys, c, fractional atomic 
concentration of copper. holes per atom in the d band. Nqs, electrons per atom in 
the s band. Full curves, Tq = 10 , where Tq = (6o«)o/(^od)o* Broken curve, cx). 



Figijbe 3 . Experimental values of the ferrome^etic Curie temperatures for nickel-copper 
alloys, c, fractional atomic concentration of copper. Curie temperature (®K). 
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For higlier copper concentrations the ordinary methods of Curie point determina¬ 
tion are unsatisfactory, since, owing to inhomogeneities of the alloys, , the tem¬ 
perature at which the spontaneous magnetization vanishes is not clearly defined 
(Marian 1937 ). For the purpose of the present treatment the relation ( 2 * 6 ) is, how¬ 
ever, assumed to hold for all values of copper concentration. Calculated values of 
interchange interaction coeflicients are thus uncertain for c > 0*4. 

Use of ( 2 * 6 ) enables d* values to be calculated for the alloys, provided the value 
is known for pure nickel. As shown in § 4 the experimental susceptibility results 
indicate that for nickel the relative magnetization at absolute zero, is just equal 
to unity, the value of kd'jeQ^ being equal to the critical value, 2 ~*, given in ( 1 * 1 ). 
Hence, from I (table III), • _ 1-952 

giving 0 ' = 1232° K, i.e. kd' — 0*106eV for nickel. Calculations of 6 ' as a function 
of the Curie temperature may be carried out, using the relations (cf. I, (3-9)) 


kd' ^ kd F{7I) 

with F{7i) = f (fe 0 /eo^)-^ -F'(^) = (d/d^) F{ri).^ 


(2*7) 


In these relations F( 9 /) is the standard Fermi-Dirac integral, oj being the statistical 
parameter. The relations apply strictly only*to "particles’ distributed in a single 
isolated band. Owing to the electron transfer between the d and s bands in nickel 
and the alloys, the number of holes and the unoccupied energy width of the d band 
increase with temperature. The necessary correction to d' is, however, negligible, 
since, at temperatures corresponding to the Curie point, the transfer effect is 
relatively small (cf. §3). 

Values of dependent on kdje^ are given in I (table III) for equi-spaced 

values of the argument. Intermediate values are readily computed by direct inter¬ 
polation or by means of a series expansion. The dependence of 0' on the copper 
concentration may thus be obtained, using relations ( 2 * 1 ) to (2*7). The final results 
are given in table 1 and also in figure 4. The values of the interchange interaction 
parameters so derived may be used to calculate the variation of ^ 0 , using the relation 
(cf, I (5*10)) 


%o(ke'le^) = {(1 + Co)*- (1 - Co)*}- 


( 2 * 8 ) 


This equation was solved by a "balancing’ method, by adjusting values of until 
the two sides of ( 2 * 8 ) are equal. The results are given in table 1 and in figure 5, which 
also includes a curve giving the dependence on copper concentration of the effective 
number of magnetic "carriers’ per atom, denoted by n^. This is given by 




(2*9) 


and is proportional to the absolute saturation moment cTq, Figure 4 shows that for 
nickel-copper alloys the ratio 0'j0 increases, with copper concentration, from the 
value 1*95 for pure nickel. This value may be compared with the value 1*53 obtained 
by Slater ( 1936 ) by a different method. The general conclusion, that 0* is greater 
than, and not proportional to, the Curie temperature, is independent of the par¬ 
ticular band form assumed. The usual method of estimating the exchange energy 
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from the Curie temperature, which is based, in effect, on the assumption that d' = d, 
may therefore lead to serious errors. The assumption is made, for example, in 
Niessen’s discussion of nickel alloys (1939). 



0 01 0-2 0-3 0-4 0-5 0-6 


c 

Figtiiie; 4. Variation of interchange interaction coefficients for nickel-copper alloys, c, frac¬ 
tional atomic concentration of copper. 0 , Curie temperature, (cf. equation (2'6) and 
figure 3). interchange interaction coefficient, 



. 0 0-1 0-2 0*3 0-4 0-5 0-6 


c 

Figure 5. Variation of relative magnetization at absolute zero, c, fractional atomic con¬ 
centration of copper. Tiotf, effective magnetic ‘carriers’ per atom; 

The nmnerical values of interchange interaction parameters and related quantities, 
given in table 1, are, of course, dependent on the values assumed for and 6 ' for 
nickel, and are of less signifi-cance than the general variation with copper concentra¬ 
tion. The variation of 6 \ shown graphically in fiigure 4 , is connected with the depend- 
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ence of the exchange energy on the number (and so on the average distance apart) of 
the effectively ‘interacting* particles, and raises fundamental problems to which 
only preliminary consideration has as yet been given. 

As shown in figure 6, the relative magnetization at absolute zero, decreases 
with the copper concentration, although is very near to unity for a considerable 
concentration range. The calculated variation of the effective number of mag¬ 
netic ‘carriers* per atom, is approximately linear, in good agreement with the 
observed variation of the absolute saturation moments (Alder 1916). Independent 
evidence for the general character of the variation of with c, calculated here from 
experimental values of . the Curie temperature, is provided by a consideration of 
the high-temperature susceptibility results (cf. § 4 ). 

Table 1. Variation of interohangb interaction 

COEFFICIENTS AND RELATED QUANTITIES 

c, fractional atomic concentration of copper, 6 , Curie temperature, (cf. relation (2*6) 
and figure 3). interchange interaction coefficient, expressed a»s a temperature, ®K, Co, 
relative magnetization at 0°K. number of holes per atom in the d band at 0® K. 
effective magnetic ‘carriers’ at 0°K, absolute saturation moment per gram. 


c 

0x10-3 

d'xio-^ 

fa 



<^0 

0-00 

0-6310 

1-2320 

1-0000 

0-6000: 

0-6000 

57-10 

0-05 

0-5784 

1-1566 

0-9972 

0-5546 

0-5531 

52-63 

0-10 

0-5258 

1-0804 

0-9907 

0-5093 

0-5046 

48-02 

0-15 

0-4732 

1-0033 

0-9801 

0-4642 

0-4550 

43-30 

0-20 

0-4207 

0-9254 

0-9644 

0-4192 

0-4043 

39-42 

0-25 

0-3681 

0-8464 

0-9419 

0-3744 

0-3527 

33-56 

0-30 

0-3155 

0-7662 

0-9101 

0-3298 

0-3002 

28-57 

0-35 

0-2629 

0-6846 

0-8650 

0-2855 

0-2469 

23-50 

0-40 

0-2103 

0-6016 

0-8001 

0-2414 

0-1932 

18-38 

0-45 

0-1578 

0-5168 

0.7051 

0-1977 

0-1394 

13-27 

0-50 

0-1052 

0-4299 

0-5626 

0-1544 

0-0869 

8-27 

0*55 

0-0526 

0-3405 

0-3475 

0*1117 

0-0388 

3*69 

0-60 

0-0000 

0-2467 

0-0000 

0-0698 

0-0000 

0-00 


With the present treatment the spontaneous magnetization even at absolute zero 
is not necessarily equal to the absolute saturation magnetization. In favourable 
cases, in principle, a fairly direct experimental test would be possible. For an alloy 
with c = 0 * 5 , for example, the relative magnetization at absolute zero would 
increase by about 15 % (from = 0 ’ 563 ) in a field of 50,000 oersted. A change of 
this magmtude would be easily measured, but an unambiguous analysis of the 
observed change of magnetization into a part due to increase in true magnetization, 
and a part due to the ordinary increase of apparent magnetization, might present 
difi&oulties, which, however, shotild not be insuperable. 

3. Electron transfer effect in nickel-copper alloys 

With increase of temperature the distribution of electrons, described in the 
precedmg section, changes, partly owing to the movement of electrons to higher 
levels in the same band, and partly owing to what may be described as a transfer 
of electrons from the d band to the s band. The transfer is a consequence of the general 
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movement to states of higher energy as the temperature increases. In the d band 
both the energy and the number of states are limited, while in the s band, effectively, 
these limitations do not arise (cf. figure 1 ). The extent of the transfer depends strongly 
on the value of the band-width ratio, Tq, and is conditioned by the equality of the. 
partial chemical potentials in the two bands. In this section the magnitude of the 
effect is determined for nickel-copper alloys. If may be noted that, even if the d 
band is full at absolute zero (as for alloys with a copper concentration higher than 
Ccrtt. cf- § 2 ), an appreciable electron transfer may still occur at higher temperatures, 
particularly if the energy difference between the top of the d band and the top of the 
Fermi distribution in the s band is small. 

The general importance of the transfer effect hes in the fact that, without the 
introduction of any additional arbitrary assumptions, it accoimts quantitatively 
(at least as to order of magnitude) for a number of hitherto unexplained peculiarities 
iu the temperature variation of physical properties in both the higher and lower 
temperature ranges (cf. §§4 and 6 ). 


(a) Theoretical discv^sion 

The transfer effect has been discussed previously for nickel (Wohlfarth 1948 ), 
which is particularly simple, as the number of holes in the d band is equal to the 
numberiof electrons in the s band at aU temperatures. For an alloy this no longer 
holds. For a given fractional atomic concentration of copper, c, 

= = (3-1) 

Here refer to the number of ‘particles’ at absolute zero, and Ng, at any 

temperature T. As shown in the previous paper, N and Nq are related by 

N = mkTleo)*F{v), (3-2) 

71 = /ijkT, (3-3) 


II being the chemical potential (Gibbs free energy per particle, electron or hole). 
Hence from (3-1) ^N^ikT\i I NA 

where {€qs)q, (€od)c to the band widths for an alloy with copper concentration c, 
i^oshy i^od)o being the corresponding values for nickel. In (3-4) and % are the 
statistical parameters, corresponding to the partial chemical potentials measured 
from the bottom of the s band and the top of the d band respectively. Using 
abbreviations: r, = {eJoMo> r, = kTI(e^)„ 


(3-4) may be written as ' 

F{Vs) = {NJN,g)rtFi7if)+UrJrgni^^ (3-5) 

The condition for equilibrium at any temperature is the equality of the chemical 
potentials of the particles, measured from the same or^in, say the bottmn bf the 
s band. Using (2-4) and (3-3), 

k Trig = (ejo + (eod)o - ^Tri^, 




or, putting rj^ = ri. 


(3-6) 
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It follows from {3-6) and (3'6) that 

m+roVTo-vl = {NJNJrlm + Wcl-rc)Hl-NoM- ( 3 - 7 ) 

This equation may be obtained in a form convenient for numerical evaluation by 
inserting ( 2 - 1 ), (2-2) and (2-3). Eelations are found between and r^, and Tq, 
leading to F{{l+r^)jT^-ri-\ = rlF{v) + Wo/to)*c. (3-8) 

is given by* ( 3 * 2 ), which reduces to 

(3*9) 

Equations ( 3 * 8 ) and ( 3 * 9 ) reduce to those for pure nickel (c = 0 ) obtaiued previously. 
Their convenience lies in the fact that the copper concentration enters only through 
the last term on the right-hand side of (3*8), while Tq is related to the temperature 
in the same way as for pure nickel (i,e. is equal to roughly Tj2000), and Tq may be 
taken to have the value 10 as before. 

In the derivation outlined it is assumed that c < ^ band contains 

holes, at absolute zero. It may be easily shown, however, that relations (3*8) and 
( 3 * 9 ) hold even if the d band is full at absolute zero, thus covering the complete 
concentration range. For values of c approaching unity, the equations may be 
reduced to a classical form. In the limit 

F{ri)-^0, ^[(l+ra)/To-9/]-^oo, 

and, after insertion of approximate values for the Fermi-Dirac integral, it is found 
7 = —AejkT, = 0*798T|exp( —Ae/feT), (3*10) 

where Ae is the energy difference between the top of the d band and the top of the 
Fermi distribution in the s band. Relation (3*10) is valid only for large values of the 
copper concentration and at low temperatures; in all other cases recourse must be 
made to numerical solution of the equations (3*8) and (3*9). The process of solution 
is here much more tedious than for nickel; a trial and error method was followed, in 
which the two sides of (3*8) were made to agree, within the limits of accuracy aimed 
at (1 unit in the 6 th significant figure). Three sets of results were obtained as follows: 

(1) c = 0*352, To-0*0(0*l) 1*0, 

(2) c = 0*75, To = 0*0(0*1) 1*0, 

(3) To == 0*5, c = 0*0(0*1) 1*0, Cent.* 

Sets ( 1 ) and ( 2 ) were planned as being directly applicable to the susceptibility results, 
due to Wheeler ( 1939 ) and Kaufmann & Starr ( 1943 ) respectively. Set ( 3 ) was 
obtained to determine how the magnitude of the transfer effect depends on copper 
concentration at one particular temperature (tq = 0*5, corresponding roughly to 
T = 1000 ° K). In obtaining solutions of the equations, extensive use was made of 
the tables of Fermi-Dirac integrals due to McDougall & Stoner ( 1938 ). 

• 

( 6 ) Computational results and discussion 

The results of the calculations are shown m figures 6 , 7 and 8 , and the numerical 
results for set (3) are given in table 2 . Figure 6 gives the results for sets ( 1 ) and ( 2 ) 
and shows the temperature dependence of the number of holes per atom for the 
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*^0 

Figube 6* Variation of with temperatee. holes per atom at reduced 

temperature Tq and absolute zero respectively. Tq = kTHe^^)^ referred to the unoccupied 
mdth of nickel d band, c = 0‘362, 0-75 as indicated, = (eoa)o/(eo(i)o = 10. 



Figxjbe 7. Variation of and related quantities with concentration. hol^ per 

atom at reduced temperature Tq = 0*5 (2’=I=1000*^K) and absolute zero r^pectively. 

electrons per atom, c, fractional atomic concentration of copper (cf. figure 2). 

To = 10 . 
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It follows from (3'5) and (3-6) that 

Fi(.^+ro)lTo-V] = (N^INJrlF{i]) + i{rjT^)i{l-NoslNJ. (3-7) 

This equation may he obtained in a form convenient for numerical evaluation by 
inserting (2-1), ( 2 * 2 ) and (2*3). Relations are found between and and Tq, 
leading to ■f’[{l+»'o)/To-i?] = »‘S-F(i?)+^(ro/To)*c. (3-8) 

is given by (3*2), which reduces to 

(3*9) 

Equations (3*8) and (3*9) reduce to those for pure nickel (c = 0 ) obtained previously. 
Their convenience lies in the fact that the copper concentration enters only through 
the last term on the right-hand side of (3*8), while Tq is related to the temperature 
in the same way as for pure nickel (i.e. Tq is equal to roughly jP/ 2000 ), and Tq may be 
taken to have the value 10 as before. 

In the derivation outlined it is assumed that c < Ccrit.> that the d band contains 
holes at absolute zero. It may be easily shown, however, that relations ( 3 * 8 ) and 
(3*9) hold even if the d band is full at absolute zero, thus covering the complete 
concentration ranged For values of c approaching unity, the equations may be 
reduced to a classical form. In the limit 

jF[(l+ro)/ro00, 

and, after insertion of approximate values for the Fermi-Dirac integral, it is found 
ri = -LelkT, = O-TaSrSexpC-Ae/feT), (3*10) 

where Ae is the energy difference between the top of the d band and the top of the 
Fermi distribution in the s band. Relation (3-10) is valid only for large values of the 
copper concentration and at low temperatures; in all other cases recourse must be 
made to numerical solution of the equations (3*8) and ( 3 - 9 ). The process of solution 
is here much more tedious than for nickel; a trial and error method was followed, in 
which the two sides of (3'8) were made to agree.within the limits of accuracy aimed 
at (1 unit in the 6 th significant figure). Three sets of results were obtained as follows: 


(1) 

c = 0-352, 

To = O-O(O-l) 1-0, 

(2) 

c = 0-76, 

To = 0-0{0-1) 1-0, 

(3) 

11 

O 

C = O-O(O-l) 1-0, Certf 


Sets ( 1 ) and ( 2 ) were planned as being directly applicable to the susceptibility results, 
due to Wheeler ( 1939 ) and Kaufinann & Starr ( 1943 ) respectively. Set .( 3 ) was 
obtained to determine how the magnitude of the transfer effect depends on copper 
concentration at one particular temperature (tq = 0'5, corresponding roughly to 
T = 1000 ° K). In.obtainmg solutions of the equations, extensive use was made of 
the tables of Fermi-Dirac iutegrals due to McDougall & Stoner ( 1938 ). 

* 

(b) CompvMiaml results and discussion 

The resTilts of tbe calculations are shown in figures 6 , 7 and 8 , and the numerical 
results for set (3) are given in table 2 . Figure 6 gives the results for sets ( 1 ) and ( 2 ) 
and shows the temperature dependence of the number of holes per atom for the 
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To 

Fioubb 6. Variation of {N^-Nod) "with temperature. Nd, N^d> holes per atom at reduced 
temperature r„ and absolute zero respectively. Tq = kT/{,e^d)o referred to the imocoupied 
•width of nickel d band, o = 0-362, 0-75 as indicated, = (eo,)o/(eo«)o = 10. 



Figotb 7. Variation of Nd and related quantities -with concentration. JV* hol^ per 
atom at reduced temperature To = 0-6 (2'== 1000° K) and absolute zero respectively. 
Ngf Nftgt electrons per atom, o, fractional atomic concentration of copper {of. figure 2). 
r# = 10. , 
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two alloys. The values plotted represent the number of electrons per atom actually 
transferred from the d band to the s band for a given temperature change. Por the 
alloy with c = 0-352 the d band contains 0-248 hole per atom at absolute zero and 
the effect amounts to as much as 40 %ofi\;rQ^ for To = 1-0. Por the alloy withe = 0-75 
the d band is full at absolute zero = 0). The number of holes at higher tem¬ 
peratures is large; for To = 1-0, for example, = 0-125, amounting to about 18 % 

Ta-rt.H! 2. ElBCTEON TEANSBVBB BPFEOT DBPBHnrPrft ON 
OOPPEE OONOENTEATION. To = 0-5, To = 10 

c, fraetionskl atomic concentration of copper, rj, statistical parameter. Penni-Dirac 

integreJl. N^, holes per atom in the d band at reduced temperature t„ and 0° K respectively. 
For OCcrit. ■^^o«=0- 


c 

V 


Na 


N,/Noa 

0-0 

+ 1-5490 

1-9555 

0-6222 

0-0222 

1-0371 

0‘1 

1-2912 

1-6782 

0-5340 

0-0247 

1-0484 

0*2 

1-0090 

1-4046 

0-4469 

0-0277 

1-.0661 

0*3 

0-6939 

1*1362 

. 0-3615 

0-0317 

1-0960 

0-4 

0-3316 

0-8749 

0*2784 

0-0370 

1-1532 

0*5 

-0-1026 

0-6248 

0-1994 

0-0451 

1-2919 

0*6 

-0-6565 

0-3933 

0-1251 

0-0553 

1-7920 

0-6922 

-1-3574 

0-2098 

0-0668 

0-0668 


0*7 

-1-4292 

0-1963 

0-0625 

0-0625 

— 

0-8 

-2-6038 

0-0639 

0-0203 

0-0203 

— 

0-9 

-4-2534 

0-0125 

0-0040 

0-0040 

— 

1-0 

-6-0970 

0-0020 

0-0006 

0-0006 

— 



0 0-2 0-4 0-6 0-8 1-0 


c 

FieuBB 8. Variation of {Nt—N^g) with copper concentration. N^, holes per atom at 
reduced temperature = 0-5 (r=='lOOO°K) and absolute zero respectively, c, &aiCtional 
atomic concentration of copper, r, = 10. 
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of the number of holes in the d band of pure nickel at the same temperature. Corre¬ 
sponding values for intermediate temperatures, which are required for application 
to the susceptibility results (cf. § 4), are easily obtainable from the curves by graphical 
interpolation. 

Figure 7 shows the variation of the number of particles per atom, at absolute zero 
and for Tq = 0*5, for the whole composition range. At the higher temperature the 
change of the number of particles with c is more gradual than at absolute zero, and 
there is no discontinuous variation at the critical concentration. The difference 
between the two lower curves, is shown on a larger scale in figure 8 , from 

which it appears that the magnitude of the effect increases from the value for pure 
nickel, — = 0*022, to a maximum, = 0*067, for the alloy with the 

copper concentration, Cent. = 0*692, for which the d band is just full at absolute 
zero. For c>Cent.> ^ decreases rapidly, but is still quite appreciable for some 10 
to 15 % beyond Cerit.? although it is negligibly small for pure copper. 


4. Paramagnetic susceptibility oe nickel-copper alloys 


(a) Nickel-rich alloys. Theoretical 

One of the main applications of the results obtained in the preceding sections is 
to paramagnetic susceptibility. For nickel-rich alloys (with more than about 40 % 
nickel) the Curie temperature, 0, is positive, and the alloys are paramagnetic for 
T>d. Theoretical susceptibility, temperature curves may be obtained in a form 
convenient for comparison with experimental results, using a method essentially 
the same as that given in I (cf. also Stoner 1938 c). A ‘ reduced ’ inverse susceptibility, 
(l/x)> is plotted against a 'reduced’ temperature, TjO, cTq being the 
absolute saturation moment per unit mass and x i'll® mass susceptibility. For an 
isolated d band, the expression for the reduced inverse susceptibility is 


kd C kd ’ 


^ 0 , ^ being the relative magnetization at 0 and T°lSi r^espectively. For two over¬ 
lapping bands it is necessary to take account not only of the holes in the d band, 
but also of the s electrons, and of the effect of the electron transfer from the d band 
to the s band. An increase, with temperature, of the number of holes in the d band 
is manifested by a relative increase of mass susceptibility. It may be shown from the 
results of the preceding sections that the relation for mass susceptibility, appropriate 
to two overlapping bands, becomes 


where a = {kOhisCa) Xs> Xs hehig the contribution to the mass susceptibility of the 
s electrons. For nickel 1 , and Xg may be taken to have its ‘ low-temperature ’ 

^-2e^A’ 
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where is the nimciber of electrons per atom in the $ band, L Avogadro s number 
and A the atomic weight. Since is large, XsIXd small, and it may be assumed, 
with sufficient accuracy, that remains constant for all values of concentration 
and temperature, the 6 alculated value of a being about 0 ‘ 02 , 

For the evaluation of {4-2) values of N^INq^ are required, and have been calculated 
for pure nickel and an ahoy with c = 0*352 (cf. § 3). Calculations of {/ijgHIkO) 
for a range of values of the relative magnetization at absolute zero, 0 ^ ^ 1 , were 

carried out as fohows. For a given value of the values of kdjeQ are given 

in I (table HI). For pure nickel rough preliminary calculations showed that satura¬ 
tion was just complete at absolute zero, ^ corresponding to the critical value 
kff'jeQ = 2 ~^ (cf. (1*1)). Calculations were carried out for values of the reduced 

temperature ^ 0-00(0-05) 2-70. 

It follows from (I, 3-8) that 

_ Co rkTF(7)) kd'l 

^ kd kd kdje^le^JF'iv) eoJ’ 


where 


^0 ^ ^0 


and where F(^) = ^{kTlsQ)''^. 


Valuesof (ifer/eo) {F/F')l^^v^l>s®^^^^P^^dbyStoner(i 938 (i)forequi-spaced values 
of the argument. Interpolations were made by a central difference me^thod (Comrie 
1936 ), except for kT/cQ^0-1, when a series expansion had to be used. The results 
of the computations are shown in figure 9. The curves shown are applicable to a 
single d band, but may be modified, through (4*2), so as to apply to two overlapping 
bands. A comparison is then possible with experimental results. 


( 6 ) Nickd-rich alloys, JExjperimental results and discussion 

The experimental results for nickel, due to Suoksmith & Pearce ( 1938 ), have been 
obtained in reduced form, and are shown in figure 10 together with theoretical 
curves, applicable to an isolated d band (broken curve) and two overlapping bands 
(full curve), ^0 being equal to unity in both cases. It may be noted incidentally that 
the difference between the two theoretical curves indicates the modification intro¬ 
duced by a consideration of two overlapping bands, rather than of a single band. 
Whereas the curve for a single band is convex towards the temperature axis over 
the whole range (cf. I; also Stoner 1938 c), the curve for overlapping bands is approxi¬ 
mately hnear over a wide temperature range and finally becomes slightly concave 
towards the temperature axis. A discussion of the agreement between the theoretical 
curves and the experimental results is given below. 

The experimental results for five nickel-copper alloys, due to Wheeler ( 1939 ), are 
shown in reduced form in figure 11 , together" with the results for pure nickel, due to 
Fallot ( 1944 ). A detailed comparison with theoretical curves is possible only for the 
0*352 alloy, for which results of calculations of the transfer effect are avail^able. The 
experimental remits for this alloy are shown separately in figure 12 , together with 
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Fiottbe 9. Theoretical sxisceptibility ciirves for a single band. TjB, reduced temperature. 
(Co/C) reduced mass susceptibility (cf. (4*1)). ^o> C> relative magnetization at 

0 and T®K respectively. Curve marked Cl. corresponds to classical statistics (eJk6'-^0), 
Values of ^0 indicated. 



Figtjbe 10. Paramagnetic susceptibility of nickel. Full curve, = 10. Broken curve, 
00. ’ ^0 = 1 figure 9). Experimental points due to Sucksmith & Pearce ( 1938 ). 
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theoretical curves, applicable to two overlapping bands, and with 
respectively. To assess the effect of the electron transfer in this case, the two curves 
shown should be compared with the corresponding curves of figure 9. 



FiauEE 11 . Paramagnetic susceptibility of nickel-copper alloys. Experimental results due to 
Wheeler ( 1939 ) (nickel-copper) and Fallot ( 1944 ) (nickel). 



Figuhe 12 . Paramagnetic susceptibility of 0*352 ahoy. Curves corresponding to = 10, 
So = 0*9, 0 * 8 . Experimental results due to Wheeler ( 1939 ). 


In discussing the experimental susceptibility, temperature curves it is con¬ 
venient to consider first their general course for particular alloys, and secondly 
the effect on the curves of varying the copper concentration. As shown in the 
figures, in the 1 /% — T curves a curvature, concave upwards, occurs in the neighbour¬ 
hood of the Curie point, followed by a sensibly linear portion, and finally, at high 
temperature, by a portion which is concave towards the temperature axis. The 
observed behaviour at temperatures some way beyond the Curie point is covered 
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satisfactorily by the basic collective electron treatment. (A full discussion of the 
applicability of the treatment to ferromagnetics above the Curie point is given by 
Stoner ( 1948 ).) The interpretation of the observed high-temperature concavity of 
the 1 /x- T curves is here based on an increase, with temperature, of the number 
of holes in the d band. Although this accounts for thfe major part of the curvature, 
it does not suffice to explain the whole of it, indicating that other factors, which 
cause a relative temperature increase of susceptibility, may be contributory to the 
observed behaviour. Among such factors those closely connected with the present 
treatment are the temperature variation of the interchange interaction parameter 
and of the bamd widths. An increase of 6', and so a relative increase of susceptibility, 
is caused by the temperature variation of the number of holes in the d band. Although, 
according to N4el ( 1940 ), the indirect effect of thermal expansion is a temperature 
decrease of 6', rough calculations, based on those given in §§ 2 and 3 , indicate that, 
at temperatures well above the Curie point, the temperature variation of the 
nmnber of interacting particles has a greater effect than the variation of the distance 
between them. A decrease of the band width (due to the thermal expansion of the 
lattice and a consequent decrease of the overlap of wave functions in the interatomic 
regions) may also result in a relative temperature increase of susceptibility. Although 
the form of the observed susceptibility curves at high temperatures may thus be 
partly explicable by factors which have not been included explicitly in the present 
treatment, it should be borne in mind that the experimental results themselves are 
here less reliable. The experimental difficulties increase considerably in the bi g^ptr 
temperature range, and the values of mass susceptibility actually measured are 
small, and thus subject to greater relative uncertainties. Figures 10 and 11 indicate 
that, although the results for nickel due to Sucksmith & Pearce and those due to 
Fallot are in excellent agreement up to 1100 ® K, they differ at higher temperatures. 
In view of the uncertainties, both theoretical and experimental, in the higher tem¬ 
perature range, the agreement between calculated and observed susceptibility 
curves (figures 10 and 12 ) is remarkably close, particularly in view of the simp lifying 
assumptions underlying the present treatment. 

Reduced experimental susceptibility results for alloys with a wide range of 
composition are shown in figure 11 . For the highest nickel alloys it is seen that the 
experimental points for different alloys are very close together, while for an increasing 
copper concentration there is a marked shift of the points towards the temperature 
axis. Comparison of these results with the theoretical curves (figure 9) indicates an 
initial slow decrease of ^0 "with c and a subsequent more rapid decrease. The experi¬ 
mental results thus lead to a variation of ^ which is in excellent agreement with that 
derived in § 2 from the observed variation of the Curie temperature with copper, 
concentration. Theoretical values of interchange interaction coefficients and related 
quantities for the alloys are shown in table 3, calculated firom the values given in 
table 1 . For the 0-352 alloy, a value of 0-86 is obtained, while the susceptibility 
results for this alloy, shown separately in figure 12, lead to a value of roughly 0-87; 
Similar agreement is found for the more dilute alloys. For pure nickel, in particular, 
figure 10 indicates that So ji^st equals unity, while the previous analysis (Stonepr 
1938 c) led to a value slightly less than 1 . As a result of this kind of agreement it may 
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be concluded, with, some degree of certainty, that the calculated variation of inter¬ 
change interaction with copper concentration, or, more generally, with the number 
of holes, is essentially correct, at least foj: low values of copper concentration. 

Table 3. Theoretical values of ihterchahge interaction 

COEFFICIENTS AND RELATED QUANTITIES 

c, atomic concentration of copper. 6) Curie temperature, °K. O', interchange interaction 
coefficient, r^l^'tive magnetization at absolute zero. (Values derived from table 1.) 


c 

6 

6' 

So 

0 

631 

1232 

1*00 

0-124 

504 

1148 

0*99 

0-214 

406 

905 

0*96 

0-271 

346 

814 

0-93 

0*352 

261 

684 

0-86 

0-476 

130 

470 

0*64 


(c) Copper-^ich alloys 

For alloys with a high copper concentration (c > cf. § 2 ) the d band is full at 
absolute zero, although, as was shown in § 3, it contains holes at higher temperatures. 
The resulting paramagnetic susceptibility, Xd^ is determined by the number of holes 
in the d band at any temperature, and is roughly proportional to (In this case 
the classical Curie law is satisfied approximately, since kTjeQ > 1 at all temperatures.) 
To a first approximation 

7(^<^NJT, (4-4) 

and, since increases more rapidly with T than linearly, Xd increases with tem¬ 
perature. The variation of Xd been calculated for an alloy with a copper con¬ 
centration c = 0*75, using values of given in table 2, and employing the ‘high- 
temperature’ series (Stoner 1938 ^), which is here applicable. The results of the 
calculations are shown in figure 13, which also includes the contribution to the 
susceptibility of the s electrons, and in which temperatures are referred to (eQ^)o, 
the band width for pure nickel ((€ 0 ^) 0 /^ == 200 fi^ K). Experimental results for copper- 
rich alloys have been obtained by Kaufmann & Starr ( 1943 ), who found that, for 
some alloys, their results could be represented by an empirical relation of the form 

X- ccT^jS+yl.T. (4*5) 

Values for the coefl&cients in (4*5) for alloys for which the relation was found to 
be an accurate representation of the experimental results are reproduced in table 4. 
The susceptibility curves for these alloys are given in the original paper and have 
been reproduced by Stoner ( 1948 , figure 4*5a). For some of the alloys the suscepti¬ 
bility increases over a wide temperature range, as symbolized by the coefficient a 
in (4*5). The above remarks indicate?that this temperature increase is due to the 
variation of the number of holes in the d band. Figure 13 shows that for c = 0 * 75 , 
varies roughly between 0*2 x lO-® and 0*7 x 10“6; for a value of 0*4 x 10-®, 
dxjdT is equal to 2 x 10 “"^^, which is in good agreement, as to order of magnitude. 
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with, the coefficients a. Although the observed high-temperature increase of suscepti¬ 
bility of the copper-rich alloys is thus well explained, no interpretation can at 
present be given of their low-temperature behaviour, symbolized by the coefficients 
p and y. These indicate that, over a wide temperature range, a Curie law is obeyed 
approximately, the susceptibilities attaining very high values near absolute zero, 
and increasing rapidly with nickel concentration (cf. table 4). It appears impossible 
to interpret this surprising behaviour of the alloys on the basis of the treatment 



Figxjbe 13. Paramagnetic susceptibility for 0*75 alloy. Values calculated for holes in the 
d band (r^ = 10 ), Xd* for s electrons, Tq =^ir/(eo(i)o> referred to nickel, x = 
mass susceptibility. 

Table 4. Temperature ooeeeioients op susceptibility 

POR COPPER-RICH ALLOYS 

c, fractional atomic concentration of copper, a, y, coefficients given by Kaufmann & 
Starr { 1943 ). X = oi,T+p + ylT, mass susceptibility. 


c 

ax 10^0 


yx 10 ® 

0-882 

1-38 

. 0-160 

6-34 

0-784 

2-22 

0-444 

13-29 

0-683 

0-91 

1-073 

61-95 

0-625 

0-31 

1-302 

197-7 


outlined in the present paper. It may be that in some of these alloys the nickel atoms 
are not evenly distributed throughout the sample, but form small ferromagnetic 
* islands’ in the surrounding copper-rich matrix. Regarding y in (4*5) as a Curie 
constant, Kaufmann & Starr calculated effective Bohr magneton numbers and 
obtained values about ten times smaller than that of pure nickel. If nickel-rich 
islands are responsible for the observed behaviour of the alloys, these values are 
indicative of the inaction of undissolved nickel which is required to simulate the 
observed effect. 
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6. Eleoteonio heat oe nickel and nickel-ooppee alloys 

In view of tlie previous detailed discussions of the electronic heat of ferromagnetics 
at high and'low temperatures (II; of. also Stoner 19365193 ^ 6 , 1946)5 it wiU he suffi¬ 
cient, in this section, to examine only the present developments of the theoretical 
treatment in their bearh^ oh thermal properties. 


(a) Electronic heat above the Curie point 

The expressions (Stoner 19386 ) for the internal energy and specific heat of ‘par¬ 
ticles’ vsdth a standard-energy distribution and zero intrinsic magnetization are 


E 

Neo 




= <^(7-0)5 


( 6 - 1 ) 


GjNk = «!»' = dOjdTo, (5-2) 

where N is the number of particles and Cq the relevant band width, being equal to 
kTjeQ. Jj(^) and F^{ 7 l) are standard Eermi-Dirac integrals, which, for a single band, 
are functions of through the relations 

m = = (5-3) 


Eor two overlapping bands the increase of the number of holes in the d band, due 
to the electron transfer discussed in § 3, leads to a modification of the relations 
( 6 - 1 ) and ( 6 ‘ 2 ). It may easily be shown that the expressions become 


^ll^Od^Od = vi<S>{To), (5-4) 

CJN^k = vi(^'+^v*(^v', (5-6) 


where and are the modified values of energy and specific heat, the number 
of holes per atom in the d band at absolute zero, at any temperature T, the 
unoccupied energy width, and where Tq = kTle^^, v = NJNq^ and v' = dvjdr^. The 
increase of specific heat due to the transfer effect has been calculated for nickel, 
for which values of v had beeii obtained previously (Wohlfarth 1948 ). The values 
of the derivative, calculated directly from the expressions (3-8) and (3-9) (with 
c = 0 ), are given by 


. 3p 1 (l4-ro)J-{(l+ro)/To^7y} - 

21^0 rt4 + r{{l+r,)lTo--v}inv)S 


(5-6) 


where F = dF^ (?)/d^, and where r^, the band-width ratio is taken equal to 

10 as before. Values of ® and 0' have been tabulated by Stoner ( 19386 ) for equi- 
spaced values of Tq, intermediate values being obtamed by direct interpolation. The 
calculated specific heats are most appropriately expressed in practical units, 
cal.deg.~^mol.~^. Figure 14 shows the theoretical variation of specific heat above 
the Curie point for nickel, the curve marked G being that obtained with the previous 
relation (5-2), and the curve marked G' that computed for two overlapping bands 
from (5*5). Figure 14 does not include the discontinuity at the Curie point and the 
observed tailing some 20 ® or 30® above 0, which have been fully discussed by Neel, 
Stoner and others. The additional contribution to the electronic heat, due to 
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the temperature increase of the number of holes in the d band, is seen to be quite 
marked. This is mainly due to the fact that, although v may differ relatively little 
from unity, the temperature derivative, v', may be quite large. (For = 0*635, 
for example, v-l = 0*0601, and v' = 0*188.) It is apparent from figure 14 that 
over a wide temperature range (O* 4 <T 0 <O* 8 , corresponding approximately to 
800‘"<T< 1600°K) the variation of C is approximately linear; with = 10 , 
dC'jdT == 1*18 X 10“® cal.deg.“^mol.“^. For values of larger than 10 the electronic 
heat curve C' wiU be correspondingly less steep than that shown in the fi^e. f 

4 
3 

^ 2 

1 

0 

0*3 0*4 0*5 0*6 07 0*8 0*9 1*0 

. Tq 

Figube 14. Electronic heat of nickel above the Curie point. G, O', electronic heat due to 
single d band and two overlapping bands respectively, = 10 . Tq, reduced 

temperature, (Tq)^, reduced temperature corresponding to Curie point. Units: 

cal.deg.'^mol."^. 

Comparison with experiment is made difdcult by the paucity of reliable observa¬ 
tional data for the temperature region of interest (i.e. from above the Curie point 
(631° K) to the melting-point (1725° K)). The results of Sykes & Wilkinson ( 1938 ) 
for nickel, which are probably the most reliable, extend only to 900° K. The results 
of Klinkhardt ( 1927 ) extend to 1100 °K and agree well with the later results over 
the overlapping temperature range. Subtracting the contributions to the specific 
heat from the lattice vibrations (Debye term) and the dilatation, and assuming the 
anharmonicity correction to be negligible, the value obtained for the electronic heat 
at 1000°Kis 1*70. This is intermediate between the theoretical value calculated from 
(5*2), C = l*50j and the value calculated for two overlapping bands, with r^ = 10 , 
( 7 '= l*90cal.deg.“^mol.“^. KHnkhardt’s results indicate that over a restricted 
temperature range (950° < T < 1100 ° K) the electronic heat increases roughly linearly 
with temperature, dGjdT being about 1*5 x 10 ""^. This agrees, well, as to order of 
magnitude, with the value derived from figure 14. By adjusting the band width 
ratio, better agreement could be obtained with these particular experimental 
results, but no great weight could be attached to an estimate of arrived at in this 
way. 

The high-temperature specific heat for nickel-copper alloys has been measured 
by Grew ( 1934 ). For these alloys the tailing above the Curie point extends to very 
much higher temperatures, up to, and, for some alloys, beyond the highest in¬ 
vestigated. (For an alloy with a;Copper concentration 0*212, with 6 = 410°K, the 
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excess specific heat above the Curie point does not attain a minimum till 550° K, 
the highest temperature covered being 570° K..) The experiments, therefore, do not 
provide data to which the present analysis can be usefully applied. 


(&) Low-temperature electronic heat 

Experimental specific heat results in the hehum-hydrogen temperature range 
are usually expressed in the form 

C; = 72^+62^3, 

where the first term corresponds to the electronic heat, 0 , and the second, to that 
due to lattice vibrations (Debye term). The relation for 0, for ‘ particles' distributed 
in an energy band of standard form and having a resultant relative magnetization, 
^ 0 , at absolute zero, is (cf. II, (4*14), (4-18)) 

GjNk^MQkTIe,, 

where fi{Q = 1 + Q* + (1 - Q*}, 

the electronic energy beiog given by (cf. I, (6-10); 11, (4*12)) 

where A(Q = {{1 + Q»(1+W6) + (1-Q»(1-M- 

«i 

For paramagnetics, = 0 , and the relations reduce to the well-known forms 

0 = i7T^Nk{kTj€o\ E ^ 0-6J\re^. (5-9) 

For ferromagnetics the calculation of the low-temperature electronic heat necessi¬ 
tates a knowledge of For nickel and nickel-copper alloys this information is 
provided by the calculations (§ 2 ) leading to the values given in table 1 . Account 
must also be taken of the transfer effect; although the actual transfer is negligibly 
small at low temperatures, the variation mth temperature produces an. appreciable 
effect on the linear temperature coeflS.cient, y (of the order of 10 % of the whole), 
and has to be taken into consideration. For an application to nickel-coppei* alloys 
it is necessary to derive a low-temperature series expression for the transfer effect. 
It is found that, for kTl{e^Q 1 , 




where 



£f._ (l+^o) _ 

. 8ro (1+c,/0-6)»+ro(l +cj 0 - 6 )i (1 


(5-10) 


and where Nq^ is the number of holes per atom in the d band at absolute zero, at 

temperature T, the unoccupied energy width of the d band for an alloy with 
copper concentration c, the band-width ratio for pure nickel, and where and 

are the quantities, defining the distribution of electrons at absolute zero, given by 
( 2 * 1 ). Relation ( 6 * 10 ) holds for all values of the concentration approaching Cent.. 
(For c = 0 * 66 , for example, kTKeQ^)^ = 0-1 at 20 ° K.) For c > Ccntj when the d band 
is full at absolute zero, there is no simple relation for the transfer effect at low 
temperatures, nor, indeed, for the electronic heat. w 
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Relations have been obtained for computing values of y, including contributions 
due to the electron transfer and to the s electrons. It is found that, for Tq = 10 , 

r,x 10^ = 9d04(0*6-c,)M/i(Q+aA(Co)U 

7^x10^ = 4-492(0-6 + C3)^ 7 = 7^+7^, j ^ 

where/i(^o)j and a have been defined in (5-7), (5*8) and (5*10), and where 7 is 

expressed in cal.deg.’“^moL“^. The cube-root terms in ( 5 - 11 ) arise naturally from the 
assumption of a standard distribution of states, the electronic heat being directly 
proportional to the number of particles and inversely to the energy widths (cf. ( 2 * 1 ), 
( 2 ' 3 ), (5’7)). Values of the various quantities required for evaluation of (5*11) are 
given in § 2 . With the particular value of — 1 for pure nickel, for small values of 



FiauBE 15. Low-temperature electronio heat of nickel-copper alloys, c, atomic concentra¬ 
tion of copper. 7 , linear temperature coefficient of specific heat, cal.deg.“®moL”^. 
Experimental points due to Keesom & Glark ( 1935 ), Keesom & Kurrelmeyer ( 1940 ). 

copper concentration, /i(^o) increases rapidly with c. (For c = 0 - 0 , /i(Co) = ^*109, 
while for c = 0*2, /i(fo) = 3*902, the maximum value, /i(0), being = 4*935.) 
Since the term ( 0*6 —drops off very slowly for small values of c, 7 increases 
slightly (up to c = 0 * 2 ), and then remains approximately constant over a wide range 
of copper concentrations, finally decreasing rapidly as c-^Ccrit> when the cube- 
root term becomes predominant. Theoretical values of 7 are shown in figure 15, 
together with experimental results due to Keesom & Clark (i93S) (^liokel) and 
Keesom & Kurrelmeyer ( 1940 ) (nickel-copper alloys). The absolute discrepancy 
shown in figure 15 is due in the main to the difference between the values of the band 
width as estimated from low- and high-temperature data (of. § 2 ; II, § 7)* In *the 
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evaluation of (5-11) the numerical values used are derived from the magnetic results, 
implying the * high-temperature’ value for the degeneracy temperature of nickel, 
€^lk = l*6xlO^°K, rather than the ^low-temperature’ value, 2 - 4 xlO^°K, and 
leading to calculated values of y for nickel and nickel-copper alloys which are larger 
than those observed. Apart from this discrepancy there is very good qualitative 
agreement between the theoretical and experimental results; it is seen that in both 
cases y remains approximately constant over a very extended range of copper 
concentrations. Minor deviations between the two curves, especially the initial 
slight increase of y in the calculated, as compared with the slight decrease in the 
experimental curve, are due to uncertainties on both the theoretical and practical 
sides, and are of no fundamental significance. The general agreement is the more 
satisfactory in view of the difficulties of explaining the observed variation on any 
of the previous theoretical treatments (Stoner 1948), the present interpretation 
proceeding in an unforced way from the basic collective electron treatment given 
in II. 

Apart from the nickel-rich alloys, Keesom & Kurrelmayer (1940) also investigated 
an alloy with about 80 % copper and obtained a value about 2*5 times that of pure 
copper (Keesom <fc Kok 1936). No explanation of this result can be given if the 
electronic heat is due entirely to s electrons, with an energy distribution of the same 
general type as that considered. As already pointed out (§ 4 ), the present treatment 
is inapplicable in detail to copper-rich alloys, possibly owing to an uneven distribu¬ 
tion of nickel atoms. Nickel-rich nuclei could produce abnormally high values of 
specific heat, besides leading to the peculiar magnetic behaviour observed by 
Kaufmann & Starr (1943). 

6. General biscttssion 

The aim in this paper has been to examine in some detail the experimental results 
for particular substances^nickel and nickel-copper alloys, in the light of the collective 
electron treatment developed in I and II. The basic formulae and numerical results 
previously obtained are strictly applicable when there is either a single incomplete 
electron energy band of standard form or two (or more) overlapping bands in each 
of which the number of electrons is independent of temperature over the relevant 
range. In general, however, with overlapping bands, the number of electrons in 
each band varies with temperature, and the main extension of the basic treatment 
introduced in the present paper is in the development of a method for determining 
the equilibrium distribution of electrons (of given total number) between bands as 
well as in each single band (§ 3). 

With the band form assumed (figure 1), the parameters specifying the band 
widths and interchange^interaction can be estimated in a straightforward way from 
a limited range of observational data (§ 2), It is then shown that, with the limited 
number of specifying parameters so obtained, and taking into account the transfer 
effect, there is good general agreement,between calculated and observed values of 
magnetic susceptibility and electronic heat over the. whole temperature range 
investigated, and, in the alloys, over a wide range of composition. The agreement is 
not, of course, perfect. Since the specifying parameters have been estimated 
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essentially from high-temperature data, it is not surprising that the most marked 
discrepancy is that between the absolute values of the observed and calculated 
electronic heats near absolute zero (figure 15 ). The disagreement here, and the 
absence of 'perfect’ agreement elsewhere, can be attributed, at least in part, to an 
oversimplification in the band form adopted, and to the non-inclusion in the theo¬ 
retical treatment of some of the recognized determining factors, notably the effect 
of thermal expansion in modifying the band structure and interchange interaction. 
It may be noted, too, that imperfect agreement is not to be attributed entirely to 
shortcomings in the theoretical treatment; for analysis and intercomparison of the 
data obtained in various investigations have shown that some of the experimental 
values are much more uncertain than the stated, or implied, experimental errors 
would suggest. 

The detailed quantitative discussion has been confined to the single-aUoy system, 
nickel-copper, and since this may suggest a narrow limitation of the field of applica¬ 
tion of the general method, it is appropriate, in concluding this paper, to refer very 
briefly to other nickel alloys, which have been considered in a preliminary way. 
Fortunately, a wealth of experimental information is available on the magnetic 
properties (though not on specific heats) of these alloys. The saturation moments, 
as dependent on the concentration of the added metal in nickel, have bedn measured 
for a large number of alloys by Sadron (1932), and the Curie temperatures by 
Marian (1937). In addition, Manders (1936) has made a very extensive investigation 
of the paramagnetic susceptibilities of nickel alloys above the Curie point. It must 
suffice here to give the tentative conclusions drawn from a prehminary analysis of 
these three sets of data on the lines indicated in §§ 2 and 4 . 

The alloys may be regarded as falling roughly into two classes (cf. Auwers 1937; 
Neel 1940). First, there are the alloys in which the added metal has a small, usually 
constant, paramagnetism, which may be attributed to incomplete outer groups of 
a ox p electrons. Among the nickel alloys of this class, investigated by Manders, are 
those with gold, zinc, aluminium, tin and antimony. It might be anticipated that 
the magnetic behaviour of these alloys would be somewhat similar to that of nickel- 
copper, the above metals adding respectively 1 , 2 , 3 , 4 and 5 electrons to the d band 
of nickel, but that there would be an increasing divergence from the theoretical 
results based on that assumption with increasing valency of the added element. 
The analysis of the experimental results indicates, however, that the reduced 
susceptibility, temperature curves have characteristics very similar to those for 
nickel-copper (cf . figure 11). In addition, the results of Sadron and Marian show that 
both the saturation moments and the Curie temperatures of these alloys decrease 
roughly linearly with concentration over the range of solid solubility, either vanishing 
or extrapolating to zero, at an approximate atomic concentration 0-6/7^, n being 
the valency of the added metal. These results confirm the conclusions which hhd 
been reached previously as to the apparent simplicity of the magnetic properties of 
alloys of this class. 

Alloys in the second class include those of nickel with the strongly paramagnetic 
transition metals, which have characteristics due to an incomplete d band. Among 
alloys considered were those with chromium, manganese, palladium and platinam. 
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The results of the analysis are here more interesting though more difficult to iuter- 
pret, 

band structure of nickel. It is surprising that, even for these alloys, the observed 
Curie temperatures and saturation moments decrease, in the majority of cases, 
roughly linearly with the atomic concentration of the solute metal. Two exceptions are 
nickel-palladium and nickel-manganese; for the last the saturation moment increases 
initially with manganese concentration. The reduced susceptibility temperature 
curves have the same general characteristics as for nickel-copper. Deviations in 
detail are, however, found, and are significant. For most nickel alloys difficulties 
arise due to the limited range of solid solubility. For some of the alloys the results 
obtained are markedly dependent on heat treatment, and the Curie points and the 
susceptibilities are both very uncertain. In these cases a detailed analysis becomes 
impossible. It seems clear, however, that the characteristics of these alloys are 
consistent with the scheme developed in this paper, and that a more detailed analysis 
of the experimental results in the light of the collective electron treatment is likely 
to provide valuable information about band forms and interchange interactipn in 
metals and alloys. 

I should like to express my gratitude to Professor E. C. Stoner, F.R.S., for his 
constant advice and endburagement; to Professor R. Whiddington, F.R.S., for 
providing research facilities and for his interest in the work; to Mr P. Rhodes for 
criticism of the draft manuscript; to the University of Leeds for a post-graduate 
scholarship; and to the Department of Scientific and Industrial Research for a grant. 
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Large elastic deformations of isotropic materials. 
V. The problem of flexure 


By R. S. Rivunsr 


British Bvbber Prodv/iers’ Research Assoeiatiori,, Welwyn Qardem, City 
{Communicated by E. K. RideaZ, P.R.8.—Received 4 June 1948) 


A cuboid of highly elastic incompressible inaterial, whose stored-energy function IT is a 
function of the strain invariants, has its edges parallel to the axes a?, y and 2 of a rectangular 
Cartesian co-ordinate system. It can be bent so that: (i) every plane, initially normal to 
the aj-axis, becomes part of the curved stirface of a cylinder whose axis is the 2-axis; (ii) every 
plane, initially normal to the iz-axis, becomes a plane containing the 2-axis; (iii) there is no 
displacement parallel to the 2-axis; 

It is found that such a state of flexure can be maintained by the application of surface 
tractions only, and these are calculated explicitly in terms of the derivatives of W with respect 
to the strain invariants. The surface tractions are normal to the surfaces on which they act, in 
their deformed state. Those acting on the surfaces initially normal to thd a;-axis are uniform 
over each of these surfaces. 

The assumption is then made that the stored-energy function W has the form, originally 
suggested by Mooney (1940), for rubber. 


W = Al 4 -A|~ 3 )+aa(A|A|+A|Af+AfA|- 3 ), 


where and are physical constants for the material and Ai, Ag, Aj are the principal 
extension ratios. For this case—and therefore for the incompressible neo-Hookean material 
(Rivlin 1948 a, b, c), which is obtained from this by putting = 0 —^it is found that the flexure 
can be maintained without the application of surface tractions to the curved surfibce, pro¬ 


vided that 


2(Oi-o,) = 


I 

where («!—Uj) is the initial dimension of the cuboid, parallel to the tc-axis, and and r^ are 
the radii of the curved surfaces. » 

When this condition is satisfied, the system of surface tractions applied to a boimdary 
initially normal to the y-axis is equivalent to a couple M, proportional to (Ox+C^). It is also 
found that the surface tractions applied to a boundary normal to the 2-axis has a resultant 
proportional to (Oi—Ca). 


1 . Intbodtjotiok 


The problem of flexure has, throughout the history of the mathematical theory of 
elasticity, attracted considerable attention. It has, however, generafly been treated 
on the assumption that the material of the body conadered is intrinsically only 
slightly elastically deformable. In spite of this it has long been recognized that the 
displacements undergone by the various points of the body may nevertheless be 
large. 
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The system offerees required to. bend a flat plate into a cylindrical shell has been 
calculated by Kelvin & Tait (1895; Love 1927) on the basis of the classical theory of 
elasticity. The assumption is made that the radius of curvature of the cylindrical 
shell is large compared with the thickness of the plate, and it is because of this 
assumption that the classical theory of elasticity, valid only for small deformations 
of the material, can be used. 

Seth (193s) has discussed the problem of the flexure of a cuboid, departing from 
the usually assumed stress-strain relations which imply only slight deformability 
of the material. He takes particular stress-strain relations defined for large strain 
and calculates the force system necessary to bend a cuboid of material, obeying 
this law, into cylindrical form. His analysis is not limited to the case when the 
thickness of the cuboid (i.e. the dimension which is radial after flexure) is small 
compared with the radius of curvature of the cylinder. Seth’s stress-strain relations 
imply that the material is compressible and, as has already been pointed out 
(Rivlin 1948^), they are not derivable from a stored-energy function. 

In the present paper the problem of cylindrical flexure of a cuboid of highly 
elastic, incompressible material is again considered. The stored-energy function is 
considered to be a function of the strain invariants, and the method evolved in 
part IV of this series (Rivhn 1948 d!) is employed to calculate the surface tractions, 
which must be applied in order to maintain the state of flexure. The conditions for 
the tractions over both of the curved surfaces to vanish is discussed m the case of 
the relatively simple form of stored-energy function advanced by Mooney (1940) for 
rubloer. For the case when this condition is fulfilled, the resultants of the surface 
tractions applied to the remaining boundary surfaces are found. Finally, the stress 
components are foiyid for the case of a general stored-energy function, 

2. The displacement components 

Let us consider the flexure, in the a:y-plane of a rectangular partesian co-ordinate 
system {x, y, 2), of a body of incompressible highly elastic material. We shall assume 
that: 

(i) each plane of the undeformed body which is normal to the x-axis becomes, 
in the deformed state, a portion of the curved surface of a cylinder whose axis is 
the 2t-axis', 

(ii) each plane which is normal to the 2^-axis in the undeformed state becomes, 
in the deformed state, a plane containing the 2J-axis; and 

(iii) the points of the body suffer no displacement parallel to the :2-axis. 

If ( 1 ,57, are the co-ordinates in the reference system {x, 2), after the deformation, 
of a point which before the deformation lies at (rr, y, z), then 

= (2-1) 

where {u, w) are the components of the displacement undergone by the point in 
the deformation. Let (r, 0 , g) be the co-ordinates of the point (^, in a cylindrical 
polar co-ordinate system, so that 

g = rcosd and y = rsiaff. ,(^*2) 
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The assumptions (i), (ii) and (iii) regarding the deformation may be expressed 

where the functions / and 4> are so far undetermined. 

Using the relations (2-3) to substitute for r and d in (2-2), we have 

g=f{x)coh^{y), tj = f{x)^xi<j>{y) and ^ = z. (2-4) 

The incompressibility condition, t = 1, which must be satisfied throughout the 
material, is automatically satisfied by the deformation defined by (2-4), provided 
that 


f{x)f'{x)4)'{y) = 1. 
0 


( 2 - 6 ) 

( 2 - 6 ) 

(2-7) 


Since d<j>'{y)ldx = 0, we have = 0, 

which yields /(a;) = [^Ax + jB)*, 

where A and B are constants of integration. 

From equations (2*7) and (2-5), we obtain 

i>(y) = ylA+D, (2-8) 

where U is a constant of integration. 

We see that if the body is bent [Symmetrically with respect to the a;-axis— and 
there is no loss of generality in assuming this—^then D = 0. We then have, Jfrom 
(2-7), (2-8) and (2-3), 

r=(2Ax+B)*, 6 = ylA and C — z, (2-9) 

which, together with (2*4), give 

{2Ax+B)*co8ylA, y = (2Ax+B)iaiD.yjA and ^ = z. (2-10) 


3. The equations oe EQtriuBBrcrM 

The equations of motion for a material, whose stored-energy function W is given 
in terms of the strain invariants and are given (IV, 9-2) in part IV of this 
series of papers. Emplojdng the expressions {2-10) in these equations, we obtain 


<E>oos-j+-^cos-j^——sin-j^+pX = 0,] 
A A Adx r Ady ' 

_ . u r . y dp A y . -a- r. 

a>sm5+^sm|^+-cosL+pr = 0, 


and 


II 

p 

J 

where 


r = {2Ax+B)* 


and 

0 = -2(^ + !2) 


dw dw \ 
dii'^di^dij 




\/dW 0®TF 
071 



(3-1) 


(3-2) 


X, Y and Z are the components of the applied body forces, per unit of the 
material, and p is the density of the material. 
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(3.3, 

eqiiattons^ajf”™* ”* *"? ‘'“''S*""'** mateml. then, from the first two of 


dx 


^ and ^ = 0. 


. »•■- 3y“"- (3-4) 

Z^ b “ ‘^“‘‘r. °“!^' <®-2) 

fonofaon of r. Therefore equatioha fs 4 f as a fhnction of a; or as a 

ereiore, equations (3-4) are consistent and p is given by 

Jy®*—/'®‘*t. (3.5, 

sm^^f^^’ohly*™**^ ^ ‘’‘™ '* ptoduoed by the appHoation of 

4. The bohntdaby cokditiohs 

“3- it is a eoboid with boahdiag 
boundaries respectively!' z ± c. We shall call these the x, y and z 



-X 


K,inthedefonnationconsidered,thesurfaces* = a andfr- k 
ofthe curved surfaces of cylinders of radii r nn-ii ^ *- “2 become portions 

fiom (2-9), we see that "®®P®°tively. where ^ 

rx = {2Aaj_ + B)i and r^ = {2Aa^+B)K 


Thus 


(4-1) 

(4-2) 


5S-trpZrZ^'““ pat^ to the 

paper and normal to it. considered to be outward from the 
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On any surface of the body, the components 7^ and Z^, of the surface tractions, 
which must be exerted to maintain the state of deformation defined by (2-10), are 
given by (IV, 11'2). For the surface x = we can calculate the surface tractions 


by putting 


cos {x, p) = 1 and cos (y, v) = cos (z, v) = 0, 


and employing the expressions (2-10). We obtain 


Y. = [(^) +(^) (l+^,)]+5™5i>x 


and 




m 


where the value ofp when x = is obtained from (3*5). 

The normal, in the deformed state, to the surface which is at a; = in the im- 
deformed state, at the point which is at {<iity,z) in the undeformed state, has 
direction cosines (cosy/A, sinylA, 0). Thus the surface tractions (4-3) are equivalent 
to a surface traction directed normally to the surface in its deformed state. 


Xy, Yj, and Zj ,—and therefore defined per unit area of the surface measured 

in the undeformed state. 

In a similar manner it can be shown that the surface traction on the surface which 
was initially at cc = ag is directed normally to that surface in the deformed state and 
has magnitude given by 


where p^ is the value ofp, given by (3*6), when x=^ a^. 

The surface tractions which must be appKed to the y-boundariea are obtained 

by taking y) = + 1 and cos (x, v) = cos (z, v) = 0, 

and employing the relations (2-10) in equations (IV, 11*2), giving 


(4-6) 


and 

Again, these are equivalent to surface tractions 0^ normal to the ^-boundaries 
in their deformed states, given by 



^ 1 • y 1 

+-^,jsm3. 


-4 1 y ■ 

|+-3,jooS3 

© 

11 



^ ^rVdW dW I ^ A^y]A 


(4-7) 
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The sxirface tractions which must be applied to the ai-boundaries are obtained 
by taking 

cos (z, j;) = + 1 and cos (x, v) = cos {y, v) = 0 
in (IV, 11-2) and introducing the relations (2*10). We obtain 


X, = r, = 0 



If the direction d£ the outward-drawn normal to the surface is taken as the positive 
direction, for each of the ^-boundaries, then we can omit the negative sign in (4*8). 

It is thus seen that the cuboid may be held in the state of flexure defined by 
equations (2*10) by means of surface tractions, applied to its six bounding faces, 
which are normal to these in the deformed state. These surface tractions are undeter¬ 
mined to the extent of a uniform hydrostatic pressure and, in order to determine 
them completely, the value of the surface traction at one point of the surface must 
be specified. 

The surface tractions 0^ and given by (4*4), (4*5), (4*7) and (4*8), are 

defined per unit area of surface measured in the undeformed state. Now, in the 
deformation, elements of the surfaces x ==*% and x — a^oi unit area acquire areas 
t-JA and r^jA respectively. Unit elements of the ^-boundaries have, in the deformed 
state, areas Ajr^ and unit elements of the ^-boundaries have, in the deformed state, 
unit area. 

Thus, if i?i, 3;nd Z' are the surface tractions corresponding to 

and but measured per unit area of the surface in the deformed state, we have 




i2^ = 2 


and 


^T^rdWdWf^ .^2\-l 

® ^ 0/2 y )J +P 

Sdw dW{A^ r2\~| 

^ ^9-^2 I 


(4-9) 


The surface tractions on the boundaries initially at a; = and x = are constant 
over these boundaries. If that over the surface cc = is taken as zero, i.e. It[ = 0, 
we have, from (4*9), 

With (3*5), this gives 


(4-11) 
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If the surface traction over the boundary initially at» = is also zero, i.e. = 0, 
we have, jfrom (4‘9) and (4'11), 




This is essentially an equation for determining those values of A for which the 
flexure can be produced by applying surface tractions to the y and z boundaries only. 

We cannot usefully proceed further without making some assump'tion regarding 
the form of the stored-energy function W. 


5. Special poem op the stoeed-eneegy PtwoTioisr 

We shall take as the particular form of the stored-energy function that originally 
put forward by Mooney ( 1940 ) for rubber: 

W = Ci(/i-3) + C'2(/a-3), (5-1) 

where Cj and are physical constants for the material considered. This has been 
shown to be of particular interest in the mechanics of rubbers by Rivlin ( 1947 ) and 
Treloar ( 1948 ). It is noteworthy that the incompressible, neo-Hookean material 
discussed in parts I, II and III of this series (Rivlin 1948 a, b and 0 ) is a special case of 
the material considered here, obtained by putting <72 = 0 in ( 6 - 1 ). 

Introducing the form (5-1) for the stored-energy function into (4-9), we have 

and Z' = 2 [c?i+C? 2 (=^V;^)]+p. 

p is now determined by equation (3*5)j where the equation (3*2) defining O is now 

4--2(0.+<5,)(^+^,). (5-3) 

( ~2 ^ 2 \ 

where K is a constant of integration. 

* Added in proof 18 November 1948. Since this paper was accepted for publication, I have 
noticed that the condition (4*12) can be simplified to give (Tf’)r-ri = This leads to the 

generalization that equation (5*15) is valid for any form of as is the formula (5*21) for 
the radius of the neutral axis. A full derivation of these results will be published elsewheace. 
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If no surface tractions are applied to the surfaces which are curved in their 
deformed state, so that B'i = JR'^ = 0, then 

2^'[c4+<7a(l+^)]+i>i = = 0, (6-6) 

# 

where and obtained from (5*4) by putting r = and respectively. 
Equations (5*4) and (5*5) yield (5-6) 

as the condition that the surface tractions It[ and vanish simultaneously. From 

(4-2) «nd (6-6), weobtem ^ 4(».-«,)>r.r,. 

Let us write ri = rjia^—a^) and 

li = r'^-r‘^ and <r = r'Jr’^. 

Then (5-7) becomes ja®(cr+l)® = 4cr, 

which yields <r = [(2—;£®) ± 2( 1 — 


(5-7) 

( 6 - 8 ) 

(6-9) 


Itisreadilyseenthato'isrealonlyif;i2<- i_41go giQ(je-^]ien/t2< 1,(2—/t®)> 2(1—/t®)*, 
both of the values of cr given by (5-9) are positive. lirom equations (6'9) and (6*8) 

we obtam ^ ^ ^^ and ra = - |)Jt[l - (1 (5*10) 

or and + (5-11) 


accordingly as the positive or negative sign in (6*9) is taken. 

Now, since [i is positive and (1—> 1, and r'^, given by (5-11), are negative 
and therefore not physically allowable. Thus r'^ and ra are given by (S-IO). 

Since p = when r = r^, it is seen, from (5-4), (5-5) and (5-6), that 

£ = -(0,+Ca)^^-2Ca, (6-12) 

so that, from (5-4) and (5-6), we have 


,,.43) 

. Introduoing this relation and (5‘6) into the third of the equations (5*2), we have 

It is seen that ©' increases as r increases, from 


2(<7i+<?a){r|-ff)/rir2, when r = ra, 
to 2(0i+C'2)(j^-r|)/rira, when r = r^, • 

The r^nltant force ezerted normally to a ^-boundary is given by 

= I* ©' 2cdr = 0. 


(6-15) 
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The SBxfaice tractions acting on a ^/-boundary are therefore equivalent to a couple 
M ^ven by 

M= r&2cd/r 

Jri 

= + (5-16) 

From (6* 16) and (5'8) we have 

(6-17) 

From the last of equations (5-2), (5-13) and (5-6), we have 

Z' = 2C/, + 2Gi^+-^-l) + (q+0,)(-^-^-i?-ri±iV (6.18) 

r^r^ ) ^ V^r^ r® r^r^ J '' ’ 

The angle subtended at the origin by the curved surface of the deformed body is 
26 /j4j i.e. 26(rir2)~i. The total force exerted on a surface normal to the g-axis is 
given by 

Fj = 26 (rir 2 )-* I Z'rd/r, (5.19) 

Jn 

where Z' is given by (5-18), yielding, with (5-8), 

F2 = 2b{0^-C^)(a^-a^){rir'^-^[{r!^-r'^^)-rir'^\ogA^^^^ (5-20) 

If the force is not applied, then the body wiU tend to lengthen or contract 
parallel to the z-direotion. 

The radius of the neutral axis, in the deformed state, i.e. that line parallel to 
the 2 /-axi 8 in the undeformed body which is unaltered in length in the deformation, 
can be found m the following manner. The length of any line parallel to the y-axis 
is initially 26. If this Ime is bent into an arc of a circle of radius Tq, then its length 
in the deformed state is 2brJ(r-j^r^)i. If the Hne is unchanged in length in the 
deformation, we obtain 


^•o = (^1^2)*. 


( 6 - 21 ) 


6. Appro xtmat toi^s fob smaxl cttbvatobe 

When /i is very nearly equal to unity, the formulae {5*10), (6.17) and (5-20) are not 
very suitable for the calculation of the quantities 

ri, r^, Jlf/2c(<7i + C 2 )(ai- 02 )^ and FJ2b{C^-0^)ia^-a^). 

They may, however, be put in a more suitable form by writing 

e = (1—/z*)* or fi= (1—e®)*. 

Then the formulae (6.10) become approximately 

and = 

The error introduced by Tnalring this approximation is of the order e*. 


( 6 - 1 ) 


( 6 - 2 ) 



472 


R. S. Rivlin 


, Neglecting terms in e®, the formula (5* 17) becomes 

M = |c(ai-a2)®(Oi+Ca) (e-feS), (6-3) 

and, neglecting terms in e®, (6*20) Incomes 

= -26K-a2) iC^-O^) (fe^+ffe*). (6-4) 

If e is very small compared with unity, we have, from (6'2), 

(6-5) 

so that and rg are large compared with unity. 

Again, if e is sufficiently small compared with unity, 

M = %c{a^-a^f(Oi + C 2 )e and Fz = —^{(h—a^){Oj_-C 2 )^, (6-6) 

The first of these two equations is in accord with results of the classical elasticity 
theory for the flexure of an iucompressible sheet, if 6((7i+Og) is taken as Young’s 
modulus for the material. Since, in the classical theory, second degree terms in 
e are neglected, F^ is neglected. 


7. The stress components 


The stress components •••> W’ ™ co-ordinate system {x,y,z), are 

given by equations (IV, 4-6) in which the relations (2-10) are introduced. We obtain 


. S^W.y r* . dW(A^ . 

■ mb'”’3'"35‘“ i)-ay 


V f 

sm“-^-l--T»cos' 
A A^ 


^2 


£ _ 

A^A^ 




dW -dW~\ 


, JdW dW\lA'^ r^\ . y y 

and 


“ 4:3; “• 


(7-1) 


The stress components determined in a rectangular 

Cart^ian co-ordinate system {x\y\z*), which is chosen, for each point of the 
deformed body, so that x' and y' are in the radial and azimuthal directions respec¬ 
tively at that point and is parallel to z. The co-ordinate systems {x\y\z') and 
are related in directions by the scheme 


x' y' z' 


X 

y 

z 


aosylA 

smy/A 

0 


— smyjA 0 
cosy I A 0 
0 1 
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1. fx X f f A sirs tiliGTofor© ol)t8iiii©(i (Lovo 

The stress components ty'y', W/ ^neieiu 

(dW ^WA^ jd^ 

aij r® ^Sia) ’■ 

and Vis' ~ ~ “ ^’ . ■ 

1 .pe^, ^0. 

example, on one of the curved surfaces. 

This work form, part of a programme of fondameatal andertaken ky the 

Board of the British Rubber Producers’ Research Association. 
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An X-ray study of liorse methaemoglobin. II 

By M. F. Pbeutz 

Cavendish Laboratory and MoUend InstiMe, University of Cambridge 

{(Jotn/inunicaied by Sir Lawrence Bragg, B.B.8.—Received 8 June 1948 
Bead 16 December 1948) 

A complete three-dimensional Patterson synthesis of haemoglobin has been calculated, 
giving the distribution of vector density in thirty-one sections through ^the unit cell. The 
sections show certain concentrations of vector density which can be interpreted in terms of 
polypeptide chain structure. The following are the conclusions tentatively arrived at on the 
evidence described in this paper. 

The haemoglobin‘molecule resembles a cylinder of 57 A diameter and 34 A height, which 
consists of an assembly of polypeptide chains running parallel to the base of the cylinder. 
The show a short-range fold, with a prominent vector of 5 A parallel to the chain 

direction. In addition to this the chains also contain a longer fold which may extend through 
the whole width of the molecule. This long fold may be due either to open chains folded back¬ 
wards forwante through the molecnle or to closed loops of polypeptide chains. The average 
distance between neighbouring chains, or neighbouring portions of the same chain folded 
back on itself, is 10-5 A. The chains are arranged in four layers which are about 9 A apart and 
correspond to the four layers of scattering matter described in a previoizs paper. The haem 
groups lie with their flat sides approximately normal to the chain direction. 


1. iNTEODtrCTIOlSr 

A previous paper described bow the arrangement of the haemoglobin molecules in 
the crystal, their shape and dimensions and certain features of their internal struc¬ 
ture can be deduced from a detailed analysis of the X-ray diffraction pattern (Boyes- 
Watson, Davidson & Perutz 1947 , henceforth referred to as I). Of necessity only 
a small part of the total diffraction pattern was used (i.e. the reflexions from the three 
principal crystal zones), while the intensities of the vast majority of reflexions had 
to be disregarded for lack of any method of interpretation. 

At present the three-dimensional Patterson synthesis represents the only way of 
translating the information contained in the complete diffraction pattern into a 
form which is at least potentially capable of being interpreted in terms of molecular 
structure. Such a three-dimensional synthesis gives the vector density in a series of 
sections througji the unit cell and is intrinsically much more hkely to lend itself to 
reasoned interpretation than the two-dimensional'projections described in I, 
because the overlapping of peaks is reduced and the resolution much increased. The 
actual chances of interpretation depend largely on the kind of molecular structure 
which the protein may be supposed to possess. For instance, if the globin molecule 
consisted of a complex mterlocking system of coiled polypeptide chains where inter¬ 
atomic vectors occur with equal frequency in all possible directions, the Patterson 
synthesis would be unlikely to provide a clue to the structure. On the other hand, 
if the polypeptide chains were arranged in layers or parallel bundles, interatomic 
vectors within the layer plane or in the chain direction should occur particularly 
frequently and should give rise to a vector structure showing a corresponding system 
of layers or chains, which could then be interpreted without difficulty. All the more 
plausible hypotheses of globular protein structure put forward in recent years have 

[ 474 ] 
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been based on systems of the latter kind (Astbury 1936 ; Pauling 1940 ). Hence it 
was not unreasonable to hope that the Patterson synthesis might lead to inter¬ 
pretable results which would justify the great effort involved in its preparation. 

One previous effort on similar Mnes, though on a smaller scale, has been made by 
Crowfoot ( 1938 ), using dried crystals of insulin. Prom the Patterson sections of 
air-dried insuhn Crowfoot concluded that the distribution of vector peaks bore no 
relation either to the cyclol structure which was then under debate or to the various 
chain structures put forward for the globular proteins. No reflexions from spacings 
jamflllftr than 7 A were, however, included in the Fourier series, and hence the 
resolution of the Patterson sections was Hunted. More recently a complete Patterson 
synthesis of wet insulin was calculated by Wrinch (in collaboration with a com¬ 
puting firm in the U.S.*A.) from intensity data suppHed by Crowfoot (private com¬ 
munication). The results have not yet been published. 

2. ExPERIMBNTiJ^ 

(a) Preparation of rdative intensity data 

The diffraction pattern of wet haemoglobin crystals extends to a spacing of 2-5 A, 
but indexing was not carried beyond 2*8 A spacing, since only isolated weak reflex¬ 
ions occurred beyond this range. Even so the limiting sphere contained 62,700 
reciprocal lattice points which symmetry reduces to 7840 reflexions relevant for 
analysis. The photographing, indexing, measuring, correcting and correlating of 
some 7000 reflexions was a task whose length and tediousness it will be better not 
to describe. In the indexing and measuring the writer was helped by Miss J*oy Boyes- 
Watson and Dr Edna Davidson, who each did one-third of the work. 

Since no moving-film camera of suitable design was available the intensities had 
to be recorded on three sets of forty-five oscillation photographs taken respectively 
about the [ 100 ], [ 001 ] and [ 102 ] zone axes. The range of oscillation was 3°, with 1 ° 
overlap between successive photographs. Exposures varied between 1 and 2 hr., 
depending on the size of the crystal. Different crystals had to be used for the three 
series, since it was found that irradiation of a haemoglobin crystal with X-rays 
for more than about 7 0 hr. had a serious weakening effect on the intensity of the whole 
diffraction pattern. 

T Ha crystals used were the monoclmic variety of wet horse methaemoglobin with 
unit ceU no. 6 and suspension medium B (see I, tables 1 and 2 , p. 93). The shape of 
the crystals was such that errors due to absorption’ effects could be neglected. In¬ 
dexing was done with a Bernal chart specially made for the purpose, with lines of 
equal ^ drawn at intervals corresponding to the actual layer lines on the photographs. 
The smnJ] range of oscillation ensured that aU reflexions could be indexed unam- 
b^uously, despite the large imit-cell dimensions. Intensities were estimated visually 
by a method since described by Beevers & Cochran ( 1947 )* The occurrence of equi¬ 
valent reflexions on different photographs, due to the symmetry properties of the 
reciprocal lattice, provided a check against possible mistakes. After correction by 
the usual factors the set of relative intensities—^about 7000 in number was used 
for the calculation of the three-dimensional Founer series. 


31-3 
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( 6 ) Cakvktiion of the Patterson synthesis 

The haemoglobin crystals belong to the space-group O 2 which has four general 
positions. In the calculation of the Patterson-Poirrier series a centre of symmetry 
is added, so that the corresponding vector structure has the symmetry (72/m, with 
eight general positions. Hence the vector structure need only be calculated for 
one-eighth of the unit cell, the remainder being obtained by symmetry operations. 

The vector density was calculated at intervals of a:/ 120 , y/60 and 2 / 6 O, corres- 
sponding roughly to intervals of 1 A in each direction. This meant that about 7000 
Fourier terms had to be summed for each of 68,621 points. The Fourier summation 
w^ carried out for us by Miss E. Gittus of the Scientific Computing Service Ltd, 
using punched card computing machines of the Hollerith type. The actual method 
of adapting pimched card machines to the calculation of three-dimensional Fourier 
sen^ was devised by G. B. Hey and Barbara Rogers Low (unpublished) in con¬ 
nexion with the structure determination of penicillin (Crowfoot, Bunn, Rogers Low 
& Tumer-Jbnes 1948), and similar methods have also been developed independently 
by Shaffer, Schomaker & Pauling (1946) and by Cox, Gross & Jeffrey (1947). 

T^^al results were plotted in the form of thirty-one contour maps parallel to 
he XZ-plane, showing the vector density in sections from y = 0 to 30/60. Calcula- 
tion of the vector density at intervals of 1A was sufficiently close, since the Fourier 
^nes did not include any tenns of less than 2-8 A spacing, which in any case limited 
the resolving power of the vector maps to 1-7 A. 


3. The Patteesoh seotioks 

A prelimina^ survey of the sectional contour maps revealed a roughly spherical 
sheU of very ffigh vector density surrounding the ori^ at a distance of about 5 A. 
It was thought that this feature might he a diffraction fringe of the vector peak at 
the ongm caused by lack of convergence of the Fourier series. Uncertainty about 

simTT ^ ^ ^®«tor structure 

«iidesirable, and a removal of the origin peak together with its 

jo^y with Dr W. Cochran and is described in outline in the appendix. 

occurred at a distance of 4-6 A from it, and that beyond 

combed 

section ^ 

m . before and after subtraction of the origin peak and its fringes. 

S^^rOvL^n I surrounding the origin is a section through the leU 

mr^oiAon fringe loes indeed 
WbounS^Th™?;..?'' ^ haemoglobin synthesis 

o^nSS ffi It T appreciably the toM vector density con¬ 
vector densito u but merely produces smaU shifts in the distribution of 

y withm it. Altogether the corrected contour map only differs in min^r 
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detail from the imcorreoted one. As mil be shown in the appendix, there is reason to 
believe that the amplitude of the fringes was actually overestimated, and that sub¬ 
traction of the fringes might therefore have introduced new spurious features into 
the Patterson synthesis. Hence there seemed to be no point in proceeding any 
further with the corrected contour maps; in subsequent illustrations only the 
uncorrected version of the Patterson sections is reproduced. 

These sections show a towering peak at the origin (not drawn) from which the 
density falls steeply to a high plateau. With the exception of the origin peak, the 
peaks and hollows on the vector maps differ by only ± 2 to 6 % from the average level 
of that plateau. This is due to the smallness of even the strong values compared 

to the constant term in the Patterson synthesis*. In the maps the averjige level of 
the plateau has been choseq. as a kind of sea level and only the contours on the 
islands were drawn, those of the hoUows below sea level being omitted. This procedure 
has the advantage that the lower and hence less significant terms can be disregarded 
and do not confuse the picture. Contours were drawn at intervals of about 0-5% 
of JTooo- -All areas above ‘sea level’ are shaded. 

Pigures 2 to 14 show the sections P(x, 0 , z) to P(±, 12/60, z) . The remaining sections 
up to y = i are not reproduced since they contain no interpretable information. 
Pigures 16 and 16 show the .two sections P{x,y, 0 ) and P{(i',y,z'), the latter being 
a section through the origin normal to the JT-axis. 

The main features of the Patterson synthesis are best seen in a three-dimensional 
model where the contour maps are drawn on transparent sheets and superimposed. 
In order to illustrate at least some of the features which appear in the modelanumber 
-of ‘bounded sections’ have been drawn; these were derived by adding the vector 
density of certain combinations of sections, and are reproduced in figures 17 to 19. 

TheSAshdl 

$ 

The shell of high vector density surrounding the origin at a spacing of abput 
5 (± 1 ) A is marked S in figures 2 to 7, Each of the figures 2 to 5 clearly shows a 
central ring of high vector density whose diameter diminishes in successive sections. 
Figures 6 and 7 show sections through the outer rim of the shell, and in figure 8 all 
trace of it has disappeared. The vector density varies within wide limits in different 
parts of the shell. The greatest concentration of density by far is to be found in the 
plane at y = 0 (figure 2 ), where there is a vector peak drawn out into an arc normal 
to X (marked andjSg). Within the density reaches a 6 % of the highest 
in the enthe Patterson synthesis. Vectors of 6 A in the direction of that arc therefore 
appear to be one of the primary features of the molecular structure. There is a sub¬ 
sidiary peak of density 9 close to the Y direction (marked S^) which is visible in 
figures 6 and 15, and corresponds to a distance of 4*8 A from the origin. Figure 16 
shows that the vector density of the shell in the plane normal to X is much lower 
than in either the XF or XZ plane; the greatest density in the plane normal to X 
is 2-5%, and in the Z direction it is only 1-5% of 

* Note ctdded in proof: Kecent measurements of the al^lute intensities of reflexion have 
shown that (strong) 100:1; Fqoo == 140,000. 
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la 

FiatriEB 1. (a) Section through on0xi P(a?, 0, z) before application of correction. The dashed 
lines indicate an arbitrary zero level; positive contours are drawn at arbitrary intervals 
and negative contours are omitted. The origin is marked by the circle at the left margin. 
The difBfaotion fringes from the origin peak are overprint^ in red with contours drawn 
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at the same intervals as those of the vector pea^. The dashed circles mark the zero 
contour, the dotted ones negative and the fall ones pc^itive contours. The contours are 
drawn at the same intervals as those of the Patterson synthesis itself. (6) Same pection 
after applying the correction. Scale 1 cm. = 1*5 A. . 
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y=0t1/60 


y-4/60+7/60 






li;l 


y«y60+lO/60+T1/60 



Figusb 18. Boimded section P{x, 6/60, z) +P(x, 7 / 60 ^e). 

KobkbIO. BomdedsectionP(*.9/60.*)+P(*.10/60.s)+P(*,ii/60,.). 

seoticas; a* ^ same intemOs as in the 
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An overall view of the density distribution within the shell is best obtained from 
figure 20 which is a stereographic projection showing the maximum density en¬ 
countered by a radius vector on passing from the origin through the shell. It thus 
represents a contour map in which the vector density at a di^nce of 6 (± 1) A from 
the origin is plotted as a function of angle. The very high peak in the X direction 
and its satellite 8^ which together make up the arc at y = 0 stand out clearly, showing 
again the exceedingly high density concentration in that plane. 

The main rods parallel to X 

The second feature which is immediately obvious.in figure 2 is a rod-like structure 
of high vector density which is centred at 2 = 0 and runs parallel to X. This rod 
contains four maxima along its length {marked a in figures 2, 3 and 16) which are 
spaced at intervals of 5 A. The rod is still visible in figure 3 and is a prominent feature 
of the bounded section (figure 17) compounded of figures 2 and 3. It can also be seen 
m figure 16, though it is thinner in the X Y plane ’than in the XZ plane. 



FiauBE 21. Projection P{y, z') normal to X. The origin is marked by a cross at the centre. 

(Reproduced from I, figure 3 a). Scale 1 cm. = 7A. 

In addition to the rod at y = = 0 there is a pair of rods paraflel to X at y = 7/60 
and z = ± 10/60, at a distance of 10 to 11A from the Z-axis. These rods (mark^ 
A-A) are visible in figures 8 and 9 and are particularly striking in the hounded 
section compounded of the two (figure 18). It is to be noted that the rods in the upper 
and lower parts of these figure® are really part of one continuous rod-lifee staictine 
which runs through most of the unit cell—a fact which, can be visualized if the 
contour maps are imagined fo be repeated by symmetry, involving rotation tirough 
180"^ around the points z — 0 and x = 1/4 and z==0. 
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Finally, there is a structure, rod-lihe though rather tortuous, winding its way 
along the X direction at 2 ; = 0 and y = 9/60, 10/60 and 11/60 (marked B-B in 
figures 11 to 13). This rod also has a distance of 10 to 11A from the X-axis. The same 
feature stands out in the bounded section compounded of those three figures 
(figure 19). Finally, part of this structure also appears in figure 16. 

All these rod-like vector peaks are roughly parallel to the X-axis, and they should 
therefore appear as peaks in a planar Patterson projection normal to X. Examina¬ 
tion of figure 21 shows this expectation confirmed. The projection contains two 
types of peaks at a distance of 10*5 A from the origin (marked A and B) which appear 
in the exact positions of the corresponding rods in the three-dimensional synthesis. , 
(The central rod at y = 2 = 0, of course, coincides with the origin.) The rods are also 
visible in the two other principal projections shown in I (figures 36 and c, p. 93). 
The third type of peak in figure 21 (marked G) may or may not correspond to a 
rod-like structure in*the three-dimensional synthesis. It is difficult to judge whether 
such a structure exists, because the peaks occur at a distance from the origin where 
intra- and intermolecular peaks begm to overlap. Certain maxima in figures 2, 3, 4 
and 17 which would project into that peak are marked C. 

Figure 16 is a section through the origin normal to X, i.e. normal to the length of 
the rods. It is remark&ble for its low density. Except in the 8 shell and at the points 
where the rods A cross the section, the density nowhere exceeds 1% of jifooo» while 
densities in the other two sections through the origin range up to 2 to 3%. It seems 
surprising that no maximum appears in the positions where the rods B cross the 
section, but figure 19 shows that this rod actually has'a minimum at a; = 01 

The svbsidiary rods paT^llel to Y 

Examination of the three-dimensional model of the vector structure reveals a 
further set of four rods running parallel to F at a distance of about 10 A from the 
F-axis. These rods are comparatively short—^they only extend from = 0 to 
y = 5/60—^and are not generally as dense as the main rods. In consequence they do 
not show up as well as in the Patterson projection along F. The positions where these 
rods pass through the sections are marked 6 in figures 2 to 6. 

General desori^^tion 

Figure 22 gives a perspective view of the main rod structure in idealized form. 
It shows the central rod sliced open along half its length, revealing the origin peak 
in the middle^ the arc of high vector density at 6 A from the origin [8) and the 
maxima along the length of the rod (a). The main rod is surrounded by six others 
at a distance of 10-5 A, arranged at the comers of a regular hexagon,t which can be 
identified with the rods A and B in the sections. The subsidiary rods along F are 
not shown. 

The features just described are the most prominent ones in the Patterson synthesis 
and those which most readily lend themselves to interpretation. Little notice was 
taken of the lower peaks in the vector stmcture and of the peak systems in the outer 
r^ons of the contour maps where inter- and intramolecular vectors are liable to 
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overlap. This still leaves certain strong peaks to be accounted for. In the first place 
all the Tyia,iTi rods carry branchy which protrude in difi'erent directions (visible in 
figures 2, 8, 9 and 16, for instance); it will be shown below that these fit into the 
general scheme of interpretation. There are some other peaks, bSwever^ such as the 
maze of structures aroimd the centre of figure 10, or the two very strong peaks 
marked C in figure 17, which form isolated features whose, significance is difficult 
to assess. 

4. In’tbbpbbtation 

First consider the system of vector rods parallel to X. As figure 22 illustrates, one 
rod passes through the origin and is surrounded by six other rods arranged at the 
corners of a regular hexagon; their distance from the central rod is lO-sA. It can 
be shown that this is the type of yector structure to be expected from a set of parallel 
chain's, for in such a structure the interatomic vectors within any one chain would 
give-rise to a rod of high vector density passing through the origin, while the vectors 
between atoms of neighbouring ohams would produce a set of subsidiary rods 
surrounding the central one. The distances between the central rod and its satellites 
would then correspond to the vectors between neighbouring chains in the structure. 
Admittedly the real picture of the vector rods in the haemoglobin synthesis is 
confused by numerous subsidiary structures branching from them in different 
directions and also by other peaks more or less unconnected with the main rods, but 
aU the same the vector rods undoubtedly form the most prominent and consistent 
set of peaks in the Patterson synthesis. The presence of these rods thus suggests 
that the haemoglobin molecule contains chains parallel to X with a prominent vector 
of 6 A along the chain direction and a distance of 10-6 A between neighbouring chains. 
This ponclusion emerges from the vector structure alone and is quite independent 
of other evidence, comprising both chemical and X-ray data, which will now be 
introduced. 

Both from the chemical and physical points of -view the case for the existence of 
polypeptide chains within native globular proteins is overwhelming. It is known, 
moreover, that the atoms within any one chain are linked by primary covalent 
bonds, wldle the bonds between neighbouring chains largely take the form of salt 
bridges and secondary valency bonds. Thus a bundle of parallel polypeptide chains 
will consist of rod-like regions of high electron density, just like any other long-chain 
pol 3 Tner, and wUl therefore give rise to the vector structure which is typical for this 
class of compounds. There are, of course, the side-chains to be considered, but these 
are short compared to the main chains, the biggest, that of arginine, having a length 
of only 7-6 A. Since no other chain structures are likely to occur within the haemo¬ 
globin molecule, it thus seems inevitable to conclude that the rods in the vector 
structure represent the polypeptide chains themselves. 

On the basis of this argument the central rod parallel to X should give the direction 
of the polypeptide chains and the set of rods surrounding it the mfliri interchain 
vectors. The arc of high vector density at 6 A (/S in figure 22) should indicate the 
length of the most prominent interatomic vectors along the chain direction. This 
interpretation is supported by the occurrence of the raiaxima, (marked a) at 6 A 
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intervals along the length of the central rod.' The rods of high vector density marked 
A and B at 10*5 A from the central rod should correspond to the most prominent 
interchain vectors. 

We may now consider the general arrangement of such chains within the haemo¬ 
globin molecule whose general shape and dimensions were described in I, The chaius 
must fill a cylinder of about 57 A diameter and 34 A height (see I, figure 12 , p. 123); 
they must run parallel to the base of the oylinder which lies in the Z T plane, and their 
arrangement must be such as to give rise mainly to a set of interchain vectors of the 
type A and B shown in figure 21 . The latter condition makes it necessary to arrange 
the chains in layers parallel to the XY plane and spaced approximately 9 A apart, 
to conform with the layered arrangement of the vector peaks in figure 21 . No more 
than four such layers can be packed into the molecule of 34 A ihickness. 

So far we have discussed only X-ray evidence from haemoglobin itself. If this is 
combined with certain known facts about the stereochemistry of polypeptide chains 
and with analytical data concerning the number of independent chains in haemo¬ 
globin the interpretation can be carried one step further. In a fuUy extended poly¬ 
peptide chain the amino-acids, repeat at intervals of 3*4 A, and the closest distance 
of approach of neighbouring chains is 4*5 A. In haemo^obin the most prominent 
vector along the length of the chains is not 3*4 but 5 A, and the closest approach of 
neighbouring chains 10*5 A. These facts seem to indicate that the chains are folded 
and that the 5 A vector represents the distance between atoms which are spaced two 
or more amino-acid residues apart. The equal length of the two interchain vectors 
A and B suggests that the shape of the folded chains is roughly cylindrical with an 
average diameter of 10*5 A. 

Arguing purely from considerations of packing there should be twenty such chains 
in the haemoglobin molecule. Porter & Sanger ( 1948 ), on the other hand, have shown 
the horse haemoglobin molecule to contain only six terminal a-amino groups. Hence 
the twenty chains cannot be independent, but must be conibined into six bigger 
chains folded backwards and forwards through the molecule in long zigzags. 
Alternatively, there might be six open chains together with a number of closed rings. 

The foregoing conclusions are summarized in figure 23 which is an idealized 
drawing showing the type of chain configuration and packing which is compatible 
with the Patterson synthesis, {a) shows a polypeptide chain with a pattern repeating 
at intervals of 5 A in the chain direction and a long-range zigzag leading to vectors 
of 10-5 A between neighbouring portions of the same chain folded back on itself. 
In ( 6 ) an arrangement of the chains has been chosen in which the two prominent 
interchain vectors A and B are the most frequent. The details in the two pictures 
are, of course, purely imaginative, but the general lay-out which they indicate follows 
from the vector structure. 

We now come to some features of th,e vector structure whose meaning is more 
difficult to assess. It has often been argued that the sterical configuration of folded 
polypeptide chains should be determined by the van der Waals forces between the 
side-chains, which should be oriented in parallel and hence force the main chains 
to be folded in one plane. This raises the question whether the vector structure 
indicates the existence of a planar fold. The great lateral spread of the strong 5 A 
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peak in the XZ plane (see figure 20) and, the comparative feebleness of much of the 
8 in the XT plane suggests that the chains are folded in the XZ plane. The 
greater thickness of the central rod in the XZ plane (figure 2) compared to that in 
the XT plane (figure 15) points to the same conclusion. In that case the system of 
subsidiary vector rods of the type b running parallel to T at 10 A from the F-axis 



b 


FiGtjKE 23. Idealized pictoe of type of haemoglobin structure compatible with the Patterson 
S3mthesis. (a) shows a basal section through the cylindrical molecule with one poly¬ 
peptide chain folded in a plane and a pattern repeating at intervals of 5 A along the 
chain direction. As nothing is known about the geometry of this pattern its existence 
is indicated merely by a series of lines normal to the chain length. (6) represents a vertical 
section through the cylinder normal to X with the chains seen end-on. 
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would represent vectors between tbe side-chains protruding at right angles to the 
planar fold of the main chain. The length of the subsidiary rods—about 5 A—corre¬ 
sponds in order of magnitude to the average length of the side-chains. Packing 
considerations would preclude the distance between neighbouring side-chains from 
being much greater than 6 A, so that these rods would correspond to vectors between 
second-nearest neighbours rather than between nearest ones. The vectors between 
nearest neighbours would then be part of the 8 shell’ Not all the evidence agrees 
with this picture. Por instance, the main vector rods show branches which do not 
protrude in the T direction. The arrangement of peaks at the comers of a regular 
hexagon within the 8 shell in figure 16 is suggestive of a close-packed arrangement 
of side-chains extending in the Z direction. There are also the sweUmg properties 
of the crystals to be considered. It will be remembered that the haemoglobin mole¬ 
cules form layers parallel to the XY plane, and that swelling and shrinkage of the 
crystals is practically confined to changes in the spacing between those layers. In 
the past, the swelling properties have been attributed to the pattern of ionized 
groups formed by side-chains which protrude normal to the XY plane and not, as 
the vector structure suggests, in the direction of the T-axis (Perutz I946). The 
evidence of the vector structure is not sufficiently strong to decide this point, nor 
does it give any clue to the stereochemical nature of the short-range fold within the 
main pols^peptide chains. 

One important difference between the real vector structure and the idealized 
molecular structure of figure 23 stiU calls for comment: the weakness of the B rods 
compared to the A rods. This could be accounted for, for instance, if the 6 A folds 
in neighbouring chains with the same Z co-ordinate were out of step, i.e. displaced 
relative to each other in the X direction, or if their planes of folding were differently 
inclined, giving rise to a kind of ‘fish-bone’ pattern of the chains seen end-on. 

The four layers of chains of figure 236 correspond exactly to the four layers of 
scattering matter shown in the one-dimensional Fourier projections normal to the 
X Y plane (see I, figure 11, p. 121), and the explanation of the four peaks which was 
first offered some years ago (Boyes-Watson & Perutz 1943) has thus been confirmed. 
The haem groups were shown in I (figure 12, p. 123) to be oriented with their planes 
normal to the X-axis; they are thus normal to the length of the polypeptide chains. 
As it is generally believed that their iron atoms are finked to the imidazole groups of 
histidine, this would indicate that four of the histidine residues occur at points 
where the chains fold back on themselves—^these being the only positions where the 
side-chains could protrude in the X direction. 


Disotrssioir 

{a) The method of interpretation 

It may be asked, at this stage, whether the data contained in the vector kruoture 
are sufficiently unambiguous to justify such far-reaching conclusions. Can any 
significance be attached to density variations of the brder of ±2 to 5 % in an otherwise 
uniformly dense mass of vector matter ? Is it not too arbitrary to single out some 
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features in the vector structure, however prominent, just because they Wd them¬ 
selves to interpretation and to neglect others because they do not? Would it not 
be more satisfactory to base interpretation on a rigorous mathematical correlation 
between postulated molecular structure and the observed vector structure, rather 
than to work with qualitative arguments and imponderable probabilities 1 

As regards the first question, there is reason to believe that the variations iu 
electron density within the haemoglobin molecule are comparatively slight, provided 
they are viewed with a resolving power which is iusufficient to distinguish individual 
atoms. Measurements of the absolute intensity of reflexion m haemoglobin show 
that the structure amplitude per atom even of the strong reflexions is extremely low; 
in other words, the scattering contributions of the vast majority of atoms cancel 
out and small ‘regional’ fluctuations in the electron density from the mean decide 
the magnitude of any given structure amplitude. The high density of protem ( 1 - 3 ) 
shows that it must be a compact structure with few gaps between the polypeptide 
chains, and the great chemical diversity of the amino-acids is likely to ensure that 
interatomic distances cover a continuous range from primary covalent to residual 
bonds. The fact that the electron density variations within protein molecules are 
small does not imply that they are accidental or bear no relation to the general 
features of the structure. The variations in vector density in the three-dimensional 
synthesis are small merely by comparison with the constant term which is equal 
to the square of the number of electrons in the unit cell. Although the variations 
are small, they are consistent with the variations which were foxmd iu planar 
projections, and there is no reason why they should be fortuitous. 

To the second question no entirely satisfying answer can at present be given. In 
singling out the system of rods as the basis of interpretation the writer was led mainly 
by the excellent correlation between the rod-like structures in the three-dimensional 
synthesis, and certain features of the planar projections, especially the peaks in 
figure 21, where the end-on projections of the rods are not only prominent, but are 
actually the only peaks which occur within a radius of 16 A from the origin. The’ 
agreement of the distances both within and between the polypeptide chains in 
haemoglobin with those found in fibrous proteins (see next section) convinced him 
that these were the significant features which provide the clue to the structure. The 
detailed comiflexities of the vector structure wUl elude -understanding as long as the 
details of the molecular structure remain unknown. To these the vector structure 
provides no obvious clue. 

The third question is closely related to the second. Any mathematical correlation ■ 
between a postulated molecular structure and the observed vector structure really 
amounts to a comparison of calculated and observed intensities, which -will remain 
impossible as long as the details of the molecular structure, such as the nature of 
the short-range fold, the plane of folding and the precise arrangement of the chains 
within the molecule, remain unresolved. It was thought at one stage.that it might 
be sufficient to regard the pol3rpeptide chains as uniformly scattering cylinders, 
but trials showed that no agreement between calculated and observed intensities, 
even among the lower orders, can be expected on the basis of such smapMed models. 
Thus the structure proposed in the foregoing pages may be regarded as plausible 
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and consistent with all the known evidence, but proof for the time being 
eludes me. 

The conclusions will now be examined in the light of present knowledge con¬ 
cerning the structure of other globular and of fibrous proteins. It will be interesting 
to compare our results with various theories of protein structure put forward in the 
past and, finally, to see whether they are in accord with some of the characteristic 
physico-chemical properties which haemoglobin has in common with many other 
globular proteins. 


(b) Comparison luith struckvre of other proteins 

Apart from the three-dimensional Patterson synthesis of air-dried iusuli-n which 
was mentioned in the introduction there has been no published X-ray evidence 
which provides a clue to the structure of any globular protein. There are, however, 
a variety of unpublished data which suggest that the structure proposed here for 
haemoglobin may not be unique. Thus an X-ray analysis of horse myoglobin recently 
carried out by Eendrew (1948) has shown the basic structural features within the 
molecules of haemoglobin and myoglobin to be alike. Evidence of intramolecular 
layering was found in the monochnic form of foetal sheep haemoglobin which shows 
strikingly powerful 0^:0 reflexions at 8-3 and 21A spacings (Xendrew & Perutz 1948); 
the first of these may be a sign of a layered arrangement of chains as in horse haemo¬ 
globin. Horse-serum albumin is another instance where intramolecular layering 
was indicated by the intensities of certain reflexions (Eankuchen, private cqm- 
munication). It seems Mkely that other globular proteins, such as ribonuclease 
(Eankuchen 1941) whose analysis was recently continued by Carlisle (private 
communication), whUl show a type of arrangement of the polypeptide chains similar 
to that in haenioglobin and myoglobin. Li insulin, on the other hand, there is 
definite evidence against a layer structure, and no obvious relation between its 
three-dimensional vector structure and that of haemoglobin can at present be 
seen. 

There appears to be a close oonn^ion between the polypeptide chain structure in 
haemoglobin and that in the group of fibrous proteins giving the well-known 
a-keratitt pattern. This pattern generally consists of only two reflexions, one at 
5 T A in the direction of the fibre axis and another at 9'7 A at right angles to it (see, 
for instance, plate 16 m Astbury 1947 a). It seems that the 6-1A reflexion in a-keratin 
corresponds to the 5 A vector peak along the chain direction found in haemoglobin. 
If we assume the chains in a-keratm to be arranged in hexagonal close-packing, the 
average distance between neighbouring chains would be 9 * 7 /sin 60 ° = 11 ' 2 A, 
which is the same, within the limits with which the positions of the vector peaks can 
be defined, as the interchain distance of 10*6 A found in the present analysis. 

This leads us to the conclusion that the fundamental stereochemical configuration 
of the polypeptide chains in haemoglobin and myoglobin, and in the large group of 
proteins of the a-keratin type are the same. A number of hypotheses have been put 
forward as regards the precise nature of the fold in the a-keratin chain (Astbury & 
Bell i94i;Huggins 1943), but so far no conclusive experimental evidence has emerged 
in favour of any of them, and this problem still awaits solution. 
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(c) Comjparison with past hypotheses of protein structure 

Hypotheses of protein structure have been numerous and have often been derived 
by purely inductive reasoning. The most widely debated of the latter kind was 
Wrinch’s cyclol theory which postulated that globular protein molecules are cages 
of condensed polypeptide chains (Wrinch 1937). This theory is obviously untenable 
in the light of the results presented here; it should be emphasized, however, that it 
is also incompatible with the chemical and immunological properties of globular 
proteins (see, for instance, Pauling & Niemann 1939). 

Two hypotheses are outstanding for their close approach to reality and are con- 
jfirmed in all essentials by the present analysis. Astbury combined the results of his 
X-ray studies of denatured proteins with Gorter’s results on protein monolayers; 
this led him to the prediction that the egg-albumin molecule consists of four disk- 
shaped layers of polypeptide chains placed on top of one another. The diameter of 
each disk was to be 40 A and the spacing between the disks about 10 A (Astbury 
1936). A very similar structure of globular proteins was also predicted by Pauling 
(1940), who based his arguments on his interpretation of the properties of antibody 
molecules, as weU as on general chemical grounds. 

{d) 'Relation hetweerl structure and properties of proteins 
* The structure of haemoglobin proposed here is in accord with many of the cha¬ 
racteristic properties of globxdar proteins. It is well known, for instance, that the 
number of amino-acid side-chains of a certain type (SH-groups, e-amino groups, 
phenolic groups, for instance) which will combine with a specific reagent in the native 
protein is often only a part of the total number of such groups present in the protein, 
and that on denaturation the number of reacting groups generally increases. It 
has been shown in I that in the crystal, at any rate, the haemoglobin molecule is 
rigid and impenetrable to liquid. Hence clearly the availability of groups to reagents 
will depend on whether the particular group is freely accessible on the surface or 
tucked away in the interior of the molecule. Denaturation itself may involve many 
stages, beginning with the dissociation of tljp molecules into those component 
polypeptide chains which are not held together by covalent bonds, and followed by 
the unfolding of the long zigzags in the chains; this in turn would be succeeded by 
the unfolding of the short-range (5 A) fold, a process which would involve the 
imcovering of large numbers of hydrogen-bond forming groups and would therefore 
lead to the reassociation of different chains in the form, of random networks and 
finally to coagulation. Astbury, Dickinson & Bailey (1935) have shown completely 
denatured protein to have the yff-keratin structure. Hence denaturation in its final 
stage should involve the transition of the polypeptide chains from the a- to the 
yff-configuration. All these are obvious’‘inferences from the structure proposed in 
the foregoing pages. 

There is, however, another set of phenomena on which these findings may throw 
some light. In recent years evidence has accumulated that proteins may have a dual 
character; certain apparently fibrous proteins in their natural state have been shown 
to consist of a linear sequence of globular or corpuscular particles, and certain 
crystalline proteins have been transformed, reversibly, into true fibres. There are 
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several instaiiioes, of this type. Electron microscope photographs of a-keratin in 
merino wool have been reported to reveal the presence of fibres embedded in what is 
called an amorphous matrix. This matrix is said to contain globular pairticles of 
about 100 A diameter, while the fibres themselves have a beaded appearance eone- 
sponding to cross-striations with a repeat of 100 A (Parrant, Rees & Mercer 1947). 
Clam muscle fibrils are flat strips within which globular particles are arranged in 
hexagonal close-packing (Bear 1944; Hall, Jakusfe Schmitt 1945). Waugh(i944,1946) 
prepared fibrils several y long from acid-treated msuhn and regained crystallizable 
insulin by treatment with alkali. Tropomyosin exists in a fibrous and a globular 
form, depending on the salt concentration of the medium (Bailey 1948; Astbury, 
Reed & Spark 1948). Aotin can exist in a globular ((?-actin) and a fibrous form 
(jf-actin) which are interconvertible. Yet at least three of these fibres, namely, 
keratin, clam muscle and tropomyosin, give the a-keratin pattern. 

These observations are readily understood once it is realized that a globular 
protein may consist of an assembly of parallel polypeptide chains in the a-keratin 
configuration. Por instance, if the haemoglobin molecules were capable of end to 
end aggregation in the chain direction the fibres thus formed would show the 
a-keratin pattern superimposed on a periodicity of the order of 60 A. Hence Astbury’s 
classical interpretation of the a-keratin pattern is not necessarily contradicted by 
the recent observations of Parrant et al., as the latter have suggested; the globular 
particles and the fibrous matrix may be merely different states of aggregation of 
parallel chains whose sterical configuration is similar in both. This dual character 
of many fibrous protems is likely to provide a more satisfactory explanation for the 
frequently observed long-range periodicities in protein fibres than their interpreta¬ 
tion in terms of amino-acid stoechiometry'(Astbury 1942) which conflicts with 
recent chemical data (Martin 1946; Lindley 1947). In some cases, such as a-keratin 
and muscle, the long-range periodicities may also be due toxthe presence of two 
different proteins, one of which (e.g. myosin) gives the a-keratin pattern, while 
the other (e.g. actin) may be responsible for the refiexions at high spacings (Astbury 
19476). 

7. CONOLtrSIONS 

The following are the conclusions tentatively arrived at on the basis of the vector 
structure, combined with othejr crystallographic and chemical evidence. 

The haemoglobin molecule resembles a cylinder of 57 A diameter and 34 A height 
which consists of an assembly of polypeptide chains running parallel to the base of 
the cylinder. The chains are folded, with a prominent interatomic vector of 6 A 
parallel to the chain direction. In addition to this short-range fold the chains also 
show a long fold which may extend through the whole width of the molecule. This 
long fold may be due either to open chains folded backwards and forwards through 
the molecxile or to closed polypeptide loops. The average distance between neigh¬ 
bouring chains, or neighbouring portions of the same chain folded back on itself, 
is 10'5 A. The chains are arranged in four layers which correspond to the four layers 
of scattering matter described in I. The haem groups He with their fiat sides approxi¬ 
mately normal to the chain direction. 
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The data described ia the foregoing pages reveal the general type of arrangement 
of the polypeptide chains in the haemoglobin molecule. The details have now to be 
found. It remains to be seen whether the X-ray analysis of haemoglobin itself can 
be carried further or whether future progress lies in the analysis of simple proteins 
of smaller molecular weight which are now being studied by several workers. 

I wish once again to record my indebtedness to Sir Lawrence Bragg for lending 
me his support and encouragement in a venture in which the chances of success 
seemed forlorn to most others. I should also like to tha/nk Dr W. H. Taylor for his 
constant help and interest in the work and Professor J. D. Bernal for his helpful 
criticism in the preparation of this paper. I am most grateful to Miss Joy Boyes- 
Watson and Dr Edna Davidson for sharing the burden of indexing with me, to 
Mrs R. H. Dalitz for plotting most of the contour maps, and to Dr L. J. Oomrie and 
Miss E. Gittus for calculatmg the Eourier synthesis. The greater part of the work 
was financed by a generous grant from the Rockefeller Foundation, while the 
calculations themselves were paid from a grant, of the Department of Scientific and 
Industrial Research. To both these bodies I wish to record my grateful thai 3 cs. 


Appendix 

Svbtractwn of the origin peak 

It was mentioned m § 3 that doubt about the possibly spmious character of the 
6 A shell led to an attempt to subtract the origin peak together with its diffraction 
fringes from the Patterson synthesis. The foUpwing gives a brief outline of the method 
of calculation used for this purpose. It was developed in collaboration with 
Dr W. Cochran. 

Since only relative intensities were used for the computation of the Patterson 
synthesis the constant term had to be omitted and the contour maps h^id to be 
plotted relative to an arbitrary zero level. The real height of the peaks, including 
that at the origin, was therefore unknown, even on the relative scale used for the 
synthesis. 

Following Wilson (1942) the magnitude of Fooo can, however, be estimated even 
without knowing the absolute intensity scale. Wilson has shown that 

F'^ — nl'j^j^g^), ( 1 ) 

where n is the numbef of atoms in the unit cell and is the mean relative 

intensity of reflexion extrapolated to zero Bragg angle. It is obtained by collecting 
the intensities into groups covering different ranges of sind/A, plotting the average 
for each group against sin 6/A, and extrapolating the resulting curve to 6 = 0. 

Evaluation of F'^ gives the height of the origin peak on our relative scale. Its 
difficaction effects can now be found by calculating the Fourier transform of 
= ^(shxd/A), i.e. of the square of the effective mean atomic structure 
amplitude. Computation of this Fourier transform is simphfied'by the following- 
a4>proximation introduced by Costain (1941) and exteiisively used by Booth (1947), 
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according to which, the atomic scattering factor of 
follows a distribution of the type 


f = N exp — 


77-® sin® ^ 
”pA® ’ 


an atom at room temperature 


( 2 ) 


where N is the atomic number and^? an empirical constant. If the crystal contains 
several atoms of similar weight, their mean scattering factor can therefore be 
represented as 


/= .ATexp — 


Zsin®^ 
A® ’ 


( 3 ). 


where K is an empirical constant and N = 'ZNIn, the weighted mean atomic number 

n 

of the 7^ atoms in the unit cell. 

Consider now a hy^pothetical structure containing only one atom, with the 
structure factor/, in a cubic unit cell sufficiently large to exclude interaction between 
neighbouring atoms. In such a structure and will therefore be purely 

a function of spacing. Supposeto be determmed for all points lying within the 
limiting sphere whose radius corresponds to a spacing of 2-8 A. The Patterson 
synthesis of this structure will consist of only one peak at the origin together with 
its diffraction fringes and will be spherically symmetrical to a considerable distance 
from the origin. It will be sufficient, therefore, to calculate a line section through 
the three-dimensional Patterson synthesis: 

P(x, 0 , 0 ) = i S [s E/l«] cos 2 nhxla. ( 4 ) 

The double summation in ( 4 ) can be avoided by substitutingfor / the exponential 
function ( 3 ) and integrating over a series of parallel sections through the limiting 
sphere, thus introducing the approximation of a continuous distribution of /® in, 
reciprocal space. Let R be the radius of a section through the limiting sphere at the 
point ha*, and/^ be the value of /at the surface of that sphere, then 

SS/ftwOc27rJ^ /|rdr = 27rj^ ri^^®exp|^-—Jdr'= ^{/|-/i). (6) 


On substituting in ( 4 ) this gives 

P(x, 0 , 0 ) = {/I -/a) cos 27rAa:/a. (6) 

which can be found as the result of a simple ohe-dimensional Fourier summation. 
P{a;, 0,0) now gives a line section through the three-dimensional Patterson synthesis 
of a structure with one atom per unit cell; this atom’ has the saiPe scattering functioh 
as the average atom in the haemoglobin crystal, and the Fourier series is out off at 
the same spacing limit as in the actual Patterson synthesis of haemoglobin. To 
evaluate the height of the diffraction friuges in the Patterson synthesis of haemo¬ 
globin the observed/'® values and the chosen radius of the limiting sphere have to 
be substituted in (6), and finally P(a:, Oj, 0) has to be scaled up so that its value at the 
origin corresponds to that m the haemoglobin synthesis. 
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Figure 24 shows plotted against 2 sin 0 . The (dashed) experimental curve 
shows maxima at 10 and 4-6 A spacing corresponding to the X-ray pattern of 
unoriented protein. In order to extrapolate to 0 = 0 points 1 and 2 were replaced by 
their weighted mean value at 2 sin 0 = 0*1 (marked !')• The full curve in figure 24 
represents the function 

7/ T/ jK’sin*®^ 

— -^ 6=0 ^^2 ‘ 



Fioubb 24. Dashed ctirve: observed mean intensity of hJcl reflexions as a function of glancing 

8*5 sin® 6 

angle on relative scale. Full curve:-calculated function, 6 exp-r-r— . 



Fiuube 25. Line section through three-dimensional Patterson of crystal structure with one 
atom per unit cell having the scattering function defined by the full curve in figure 24. 
The ordinate gives P{x, 0, 0) in percentage height of the original peak. 

Ig=o = 5 and K = 8-5 were chosen as the constants giving the best fit with the 
experimental curve. These values were then substituted in equations (1), ( 3 ) and 
(6) and P{x, 0,0) was calculated. P{z, 0,0) is plotted in figure 26 and shows a series 
of secondary maxima, the first of which has a height of 1 % of the origin peak and 
a distance of 4-6 A from it. After scaling up by the appropriate factor the function 
was subtracted firom the haemoglobin synthesis up to a distance of 14 A from the 
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origin, beyond which the corrections became negligible compared to the density 
variations in the original data. 

There remains the uncertainty whether the two empirical constants and K 
were chosen correctly. Detailed comparison of corrected and uncorreeted contour 
maps showed that the corrections had introduced a new set of fiinges which certainly 
had all the appearances of being artefacts. This indicates that the negative exponen¬ 
tial factor K must have been underestimated, thus causing the fringes to fall off too 
slowly with distance from the origin. Although the amplitude of the fringes has thus 
been overestimated, as it seems, subtraction of the origin peak and its fringes pro¬ 
duced no significant changes in the vector structure. This gives us confidence that 
the 6 k shell which is one of the crucial features of the synthesis is a genuine vector 
peak and not an artefact introduced by the premature termination of the Fourier 
series. In any case this point is also proved by the existence of the maximum inlihe 
average radial intensity distribution at 4-5 A spacing which is illustrated in figure 24 . 
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The bond dissociation energies of Cd-CHs in Cd(CH3)2, 
and of CH3-I in CH3I 

By a. S. Cabsoit, K. Habtley and H. A. Skinneb 
Department of Chemistry, University of Manchester 

{Oorrimunicated by M, Polanyi, F.R,S,—Received 9 June 1948) 


An adiabatic calorimetric system suitable for the study of reactions in vaaibo and of reactions 
generating gaseous products is described. The system has been used to measure the heat of 
hydrolysis of cadmium dimethyl by water and dilute H 2 SO 4 , and to measure the heat of 
reaction of cadmium dimethyl and I 2 ux ethereal solution. From these reaction heats, we 
obtain 66*2 kcal. for the sum of the Od-CHg bond dissociation energies in CdMe 2 (gas), 
and 55*0® kcal. for the strength of the C-I bond in CHsI, assuming the value 102*0 kcal. for 
the dissociation energy of CHg-H in CH 4 . 


Intbodtjotion 

Butler & Polanyi (1943) assigned values to the bond dissociation energies of a 
number of C-I bonds, including the value c. 64 kcal.mole~^ for the C-I bond in methyl 
iodide. The basis for the values given by Butler So Polanyi rested in an interpretation 
of observed rates of ps^rolysis of iJI compounds under controlled conditions of 
temperature and pressure. Due to certain difficulties in the interpretation of the 
rates of pyrolysis (Horrex So Szwarc 1948), the absolute values given by Butler So 
Polanyi are sub] eot to some uncertamty, although the gradations in C-I bond energies 
are probably reliable. 

We have begun a series of thermochemical investigations with the purpose of 
obtaining accurate values for the heats of fonnation of i?I compounds. Given these 
data, it is possible to obtain jBI bond dissociation energies, based on J2-H dissociation 
• energies, some of which are now known within relatively small limits of error. In 
this paper we describe a measurement of the heat of formation of CHgl, which in 
conjunction with the accepted value of 102 kcal. for the bond dissociation energy 
D (GHg-H), leads to a value of 55-06 kcal. for j> (CHs-I). 


Theemoohbmioal method 

The heat of formation of CH3I was obtained by measuring the heats of the two 
reactions: 

CdMe2(]iq.)4-2H20 (liq.)->Cd(OH)2(ppt.) + 2CH4(^)-f Qi, (1) 

CdMe2(liq.)-1-212 (ether)-^Cdl 2 (c)-(- 2 CH 3 l(etW) 4 -^ 2 - (2) 

The Q-^ value provides information on the heat of formation of CdMe2; thus 

<2i = (Cd(OH)2, ppt.) + 2 Qf (CH4, g)- 2 Qf (H2O, liq.) - Qf (CdMeg, liq.), (3) 

[ 500 ] 



The bond dissociation energies of Cd-CHg in Cd(CHg)2 501 

where the terms in Qf are the heats of formation from the elements in their standard 
states. Using the following published heats of formation, 

^/(HgOjliq.) = 68 - 32 kcal. (Rossini 1947), 

= 17 - 89 kcal. (Rossini 1947), 

■ Q^(Cd(OH)2, ppt.) = 133 - 4 kcal. (Becker & Roth 1933) 

equation ( 3 ) gives 

Qy,(CdMe2,liq.) = ( 32-64 - Qd kcal.mole-i ( 4 ) 

The heat of formation of CH3I may be obtained from the value: thus, we have 
Qz = - Qf (CdMeg,liq.) - 2Qf (Ig, ether) + Qf (Cdlg, c) + 2Q^ (CHjI, ether), (5) 

into which may be substituted 

Qyr(CdIg,c)® = 48 - 4 kcal. (Bichowsky & Rossini 1936), 
ether)® = —1-6kcal. (Bichowsky & Rossini 1936), 

to give Qj.(CH3l, ether) = — 25-8 kcal. (6) 

Expebimental 
(1) Preparation of materials 

CdMcg was prepared by the method of Krause (1917) by reacting anhydrous 
finely powdered CdBrg with a solution of MgMel in ether. The OdMeg-ether mixture 
was separated by distillation in a 9 in. gauze-packed fractionating column, and the 
fraction boiling at 106 to 106 - 6 ° C collected. The clear liquid was finally fractionated, 
in vacuo by bulb to bulb distillation and collected and sealed in thin weighed glass 
phials. The phials were kept in the dark in a refrigerator until required for experiment. 

Pure ethyl ether was prepared from anaesthetic ether by shaking it several times 
with water and several times with the following solutions: (a) a inixture of saturated 
potassium bicarbonate solution and saturated mercuric chloride solution, (6) strongly 
alkaline permanganate solution, (c) concentrated ferrous sulphate solution, (d) water. 
The ether obtained in, this way was dried over calcium chloride and then over sodium 
wire, and distilled over sodium wire through a Eenske column. The fraction borlmg 
at the correct temperature was collected and stored over fresh sodium wire in a 
nitrogen-filled container. Prior to experimental use, ether samples were fractionally 
distilled in vacuo. 

The methyl iodide was purified by shaking it several times with (a) concentrated 
sulphuric acid, (6) water, (c) sodium bicarbonate solution, (d) sodium thiosulphate 
solution, (e) water. It was then dried over calcium chloride and carefully distilled 
through a 46 -plate column packed with small gauze cylinders. 

The iodine used was the Hopkins and WiULams analytical reagent. 
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(2) The reaction vessel 

The reactions were carried out in a brass reaction vessel, which was first silver 
plated and then heavily plated on the inside with rhodium metal. The internal 
fitments were also heavily rhodium plated (figure 1 ). The vessel consisted of a 
cylindrical container (capacity c. 400 ml.) with a detachable top. Both the container 
and the top were flanged and fitted with a spigot joint, in the groove of which was 
place a thiokol ring (thiokol was used in preference to rubber since it ig more resistant 
to swelling in the presence of ether vapour). When the top was bolted in position 
the vessel was pressure-tight and capable of holding a high vacuum. The vessel was 
sealed in this way to prevent any loss of the gas produced during the reaction, and 
since it was essential to know both the quantity and nature of the gas formed, the 
vessel was evacuated before carrying out an experiment. 



I*rauBB 1. Reaction vessel: showing internal stirrer, calibration heater and tube-holders. 

Inside the reaction vessel were two holders for the glass phials containing the 
reactants, a stirrer, an electric heater for calibration purposes, and an exit pipe to 
a high-vacuum needle valve. The phial-holders were attached to two rods which 
passed out through the top of the vessel and were fastened to two pieces of flexible 
metal bellows tubing, which, in torn, were soldered to the top of the reaction vessel. 
This arrangement gave an up-and-down mobility to the phial-holders without inter¬ 
fering in any way with the vacuum. A third bellows was used in a similar way to 
operate the internal stirrer, the bellows movement being transmitted through a gear 
system to the stirrer plate. The gear ratio of 6:1 ensured an ample vertical motion 
of the sticrer plate without putting an undue strain on the bellows. This method of 
stirring in vcumo was preferred to other methods, partly becd-use of its positive and 
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direct action, but mainly in view of its freedom from spurious heat effects. The 
internal heater (12-6 ohms) consisted of several turns of Brightray wire wound on 
a thin former inside a rhodium-plated casing. The leads to the heater also passed out 
through the top of the vessel. The vacuum needle valve (provided by Messrs Edwards 
and Co.) was of a similar type to that described by Melville & Farkas (1939). 

( 3 ) The calorimeter system 

Heats of reaction were measured by recording the temperature rise of water 
contained in a Dewar vessel (2 1 . capacity) in which the reaction vessel was 
completely submerged. The reaction vessel was suspended in a fixed position by 
three stout bakeUte rods connecting to the lid of the Dewar vessel (figure 2). The 



Figubb 2. Reactioil vessel: showing bellows, supports to 
Dewar vessel hd, and stirring connexions. 

nuld-steel lid fitted closely over the neck of the Dewar vessel, and was sealed to it 
through a mercury-well seal. Chimneys let into the lid allowed for the entrance pf 
a Beckmann thermometer, a differential thermocouple, the various stirring rods, 
and the rods operating the phial-holders. These coimeotihg rods were made from 
bakelite so that heat losses thrbugh them should be as small as possible. The whole 
Dewar vessel assembly, in turn, was enclosed and submerged in a copper bath' 
(14 X 18 X 13 m.) fiUed with a light petroleum oil (Puremctr 212 , supplied by the 
Manchester Oil Refinery Ltd.). The copper bath was wrapped in a thick felt blanket, 
and permanently fitted into the lower half of an insulating cabinet, constructed from 
the body of an Electrolux refrigerator. 
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Two rotary stirrers for the oil-bath were let into the cabinet through the top, 
through which also passed the moving connecting rods for the up-and-down bellows 
stirrer and the Dewar vessel stirrer. Electrical heatiug for the oil-bath was supplied 
from hare nichrome heaters, fitted into the bottom of the bath, and insulated from 
it by an ebonite framework. The upper door of the cabinet was fitted with a Perspex 
window. 

The temperature of the oil-bath was automatically controlled to follow the 
temperature inside the Dewar vessel. A 20 -point copper-constantin thermocouple, 
one arm of which rested inside the Dewar liquid, the other in the oil-bath, recorded 
temperature differences by causing a swing in the position of a light spot reflected 
from the mirror of a sensitive Moll galvanometer. The light spot was adjusted in 
position to fall clear of a photocell when the Dewar vessel and oil-bath temperatures 
were equal. However, a temperature difference of 0 caused the light to fall on 
to the photocell, and the resultant current was passed to the grid of a thyratron 
valve. This caused a sufficiently large current to flow in a secondary circuit to operate 
the mercury trip-switch which controlled the oil-bath heater circuit. The relay 
system, with small modifications, was similar to that described by Grace (1938). 
The voltage supply to the bath heaters was taken via a Variac transformer; in this 
way it was possible so to adjust the heater current during a run that the spot of light 
from the galvanometer scarcely moved from its zero position. 

The experimental procedure, in general, was as follows: 

(а) The reaction vessel was charged with reactants, one of which, at least; was 
contained in a sealed glass phial held in the phial-holder well clear of the stirrer 
plate. The reaction vessel wa« evacuated from the valve until aU the air had been 
removed, and the valve was then closed. 

(б) The reaction vessel was fitted into the Dewar vessel and surrounded by a 
measured volume of water. The Dewar vessel was adjusted in its fixed position in 
the oil-bath, and the various stirrers set in motion. The oil-bath temperature was 
brought approximately to the same temperature as the calorimeter liquid, and the 
automatic temperature control was then switched on. 

(c) The Dewar assembly was allowed to rest in the bath for 20 to 30 min., by 
which time it normally reached a stable unvarying temperature. An electric-light 
bulb, fitted inside the cabinet, was switched on during this period to bring the air 
temperature inside the cabinet to within C of the bath temperature. The Dewar 
stirrer rate (c. 40 strokes/min.) was so chosen that the small stirring Jieat com¬ 
pensated for the very small thermal leakages so that the temperature of fhe system 
remained constant for periods of 60 min, or more. 

{d) After reading the starting temperature on the Beckmaim thermometer 
through a magnifying eyepiece, the upper door of the cabinet was quickly opened, 
and the push-rod connecting to the bellows of the phial-holder depressed sufficiently 
to bre{^ the glass phial inside the reaction vessel and thus start the reaction. The 
cabinet door was reshut and the temperature rise on the Beckmann thermometer 
observed throi^h the Perspex window. The current to the bath-heaters was suitably 
controlled throughout the run by adjusting the voltage supplied from the Variac 
transfinmer so that the light spot moved not more than 1 to 2 cm. distance to the 
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left or right of the photocell centre. When the temperature reached a steady final 
figure, the cabinet door was opened and the final temperature carefully read through 
a magnifying eyepiece. 

(e) The calorimeter was removed from the oil-bath. Gaseous products in the 
reaction vessel were removed for analysis, via the valve. Solid products remaining 
inside the reaction vessel were subsequently collected and analyzed. 

The calorimeter was calibrated electrically, using the method described by 
Mclnnes & Braham (1917). 

( 4 ) The heat of hydrolysis of CdMeg 

Phials of 0dMe2 containing from 1 to 3 g. of CdMeg were used, and broken into 
75 ml. distilled water inside the reaction vessel. The reactions were normally com¬ 
pleted within 30 min. A typical time-temperature curve is shown in figure 3. 



FiauBB 3. Hydrolysis of CdHeg: time-temperature curve. 

After removal of the reaction vessel from the oil-bath, the valve was connected 
by a flexible cone-jointed connexion piece to a series of evacuated traps, immersed 
in liquid air. The valve was opened, and the volatile contents of the reaction vessel 
allowed to distil over and collect in the traps. The final trap led to a Toepler pump, 
which in turn fed a graduated gas burette. Periodically, samples of gas were drawn 
off from the traps into the Toepler reservoir, and pumped into the gas burette. The 
pumping of gas from the traps was continued until no further gas could be extracted 
by the Toepler. The total gas volume was measured in the gas burette, and small 
samples from the total were subsequently extracted and gas analyzed in a Buckley- 
Sinnatt apparatus. 

The products remaining in the reaction vessel were washed out as completely as 
possible with water and normal sulphuric acid. The washings were collected and 
made up to some known final volume with distilled water. Aliquot samples from this 
stock solution were then taken and analyzed for cadmium and acid content. 
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We liave found that the reaction 

CdMea+2H2O = Od(OH)2+2CH4 ( 7 ) 

proceeds substantially as written. Analysis of the gaseous products has shown CH^ 
to be the sole product, and we have been unable to detect measurable amounts of 
other gases, such as 02He, C2H4 or H2. 

In general, we have found there to be a close agreement between the volume of 
CH4 collected, and the volume theoretically expected from equation ( 7 ), suggesting 
that the purity of our samples of OdMeg was of the order 99 to 100 %. These purity 
tests have been checked by analysis of the solid products for cadmium, for which 
we have normally obtained values in the range 98 to 100 %; the cadmium analysis 
set a lower limit to the purity, in so far as complete collection without losses of the 
sohd residues fi;om the reaction vessel was not easily achieved. 

The results of seven experimental determinations of the hydrolysis heat are set, 
out in table 1. In column 3 the observed temperature rises as measured on the 
Beckmann thermometer are given. Column 4 gives the water equivalent as measured 
electrically (the figures quoted are accurate to within ^ %). Column 6 gives the 
results of the gas and solid analyses (in experiments 6 and 6 the gas figures are lower 
limits, as some gas was accidentally lost during collection). Column 6 quotes the 
— AE values in kcal.mole~^. In our experiments, carried out in vacuo at constant 
Volume, the observed temperature rise corresponds to — AJE?, not —AH values; 
the — AH values are given in column 7 . The experimental error quoted ( 0 - 08 kcal.) 
is the standard error of the mean calculated in the usual way, and assumes that the 
errors inherent in the method are random ones. This is probably true in the case 
of the thermal errors and the errors in the purity corrections. However, an un¬ 
certainty which had to be borne in mind was whether or not the hydrolyses had 
reached completion by the time that the final temperature readings were taken, 
since the heavy Cd(OH)2 precipitate may have occluded small pockets of unreacted 
CdMe2. Also, we could be wrong in assuming that the Cd(OH)2 as produced in our 
experiments was of the same heat content as that of the Cd(OH)2 samples examined 
by Becker & Roth (1933). In this respect reference may be made to the work of 
Rricke & Meyring (1937), who have demonstrated that the heat contents of certain 
metal hydroxides (notably Zn and Mg hydroxides) vary over a range of 2 to 3 kcal. 
according to the method of preparation, and the age of the samples. Fricke & 
Blaschke (1940) report that two samples of CdO, produced ficom Od(OH)a by heat 
drying, differed in heat content by c.0-6kcal.mole~^, but information on Od(OH)2 
itself appears to be lackmg. 

Both of these difficulties were removed by measuring the heat of the reaction: 

CdMe44-H2S04(aq.) = CdS04(aq.)4-2CH4. ' (8) 

This reaction is more suitable for thermochemical study than the aqueous hydrolysis, 
for the product CdS04 (aq.) is well defined in its heat content, and the aqueous 
solution cannot occlude small pockets of unreacted CdMoj as may occur in the 
aqueous hydrolysis. 
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mean = —16*3 

± 0*05 

Qf (CdMe 2 , liq,) = —16*3 ± 0*05, where 0*05 is the standard eii^or of the mean. 

* In reactions 3 and 4 the heat of mixing correction was small, the excess acid used in these experiments being only 10 to 20 %; in 
reaction 6^ the excess acid was larger than usual. 
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The reaction of CdMeg with aqueous sulphuric acid is more speedy than the 
aqueous hydrolysis, and the end-point is sharp and clearly defined. In most experi¬ 
ments the conversion to aq. CdSO^ was complete, but in one or two isolated cases 
the vigour of the reaction caused a scatter of undissolved Cd(OH)2 on the walls of 
the reaction vessel. To avoid scatter of undissolved Od{OH)2, we have normally 
dissolved the CdMe2 in a two-fold excess of acid. 

The equation for the reaction 

CdMe2 (Hq.) -t- 2H2SO4 ( 100 ) = CdSO* ( 100 ) -F H2SO4 ( 100 ) + 2CH4 (g) -t- ( 9 ) 

correspond to a heat of reaction, Q^, given by 

^3 = <2;-(CdS04,100) + 2Qy(CH4,sr)-^^(H2S04,100)-<2j,(CdMea,liq.)+ilf, (10) 

where If is the heat of mixing of CdS04 (100) and H2SO4 (100). 

SubstitutLng the following Qf values into ( 10 ), 

Q^(H2S04,100) = 211 - 3 kcal., Q/(CdS04,100) = 232 - 65 kcal., ■ 

we obtain ^^(OdMea.hq.) = 57 - 0 ®-l-lf—Qjkcal. ( 11 ) 

We have made a rough measurement of the heat of mixing, Jf, in a simple Dewar 
vessel calorimeter, obtaining Jf = — 0 * 75 kcal.mole“^. Equation (11) therefore 

becomes ^^(CdMea, liq.) = 56 - 3 - Q^. (12) 

Tte results of nine experiments are set out in table 2. The final result, 

Qf{GdM.e2, liq.) ~ — 16*3 ± 0 * 06 kcaLmole~^, 

is slightly less than the heat of formation measured by the aqueous hydrolysis, and 
is to be considered a more accurate estimation for reasons that have already been 
given. 

( 5 ) The heat of iodiriation of CdMeg 

Preliminary experiments showed that CdMcg, introduced into a solution of excess 
Ig in ether, reacts rapidly and predominantly according to the equation 

CdMcg + 2I2 (ether) = Cdlg (ppt.) + 2 MeI. ( 13 ) 

A small amount of the side reaction 

CdMe^+Ia (ether) = Odia (ppt.) + ( 14 ) 

occurs, the extent of which depends on the stirring rate, and the concentrations of 
the reactants. By breaking a phial containing about 2g. of CdMe^ into 100 ml. of 
ether containing 8 to 10 g. of iodine, with constant stirring, we have usually observed 
not more than 2 to 3 % of the side-reaction. We have reason to believe that the side- 
reaction occurs to a larger extent if there is no stirring, but since we were mainly 
concerned with conditions which allowed reaction ( 13 ) to proceed cleanly, we have 
not made a study of conditions favourable to side-reactions. 

The reaction with iodine is a very rapid one, and is virtually complete in a few 
minutes, as may be seen from a typical time-temperature curve reproduced in 
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figure 4 . Only small traces of ethane (1 to 5 ml.) have been found in the experiments 
described. The results of six experiments are quoted in table 3. The final column 
giving — AJy(corr.) is derived from — by applying a small correction to take 

account of the small amounts of side-reaction occurring. 



time (min.) 

FiotJBB 4. lodination of CdMeg: time-temperature curve. 


Table 3 . loDiiirATiON of CdMeg 


experi- ’ wt. 
ment CdMog 

number (g.) 

1 2-332 

2 1-447 

3 1-469 

4 1-680 

5 1-265 

6 1-8.90 


AT^obs. 

water 

equivalent 

(system) 

1-010 

1230 

0-620 

1226 

0-633 

1227 

0-679 

1227 

0-548 

1228 

0-811 

1231 


* 0-14 is the 


% purity 

% side 

CdMea 

reaction 

99-5 

2 

99-5 

1 

99-5 

1-2 

99-5 ► 

0 . 1 

99-5 

c. 1 

99-8 

1 


error of the mean. 


— A-Hobg. — AJGfcorr. 
76-3 76-1 

75- 2 75-2 

76- 7 75-6 

75- 5 75-4 

76- 2 76-1 

75-4 76-4 

mean* 76-6 

± 0*14 kcal. 


Substitution of our values for Qy (CdMea, liq.) and for into equation (6) gives 

Qf (CH3I, ether) = + 3 - 8« ± 0-1 koahmole-i. 

The heat of formation of hquid CH3I differs from the above by the heat of solution 
of CH3I in ether. Measurements of the solution heat at the relative concentrations 
of our experiments have shown that the solution heat is negligible, so that our final 
result may be written 

Of (CH3I, hq.) = + 3 - 8 ® ± 0*1 kcaLmole-^. 
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(6) Discussion 

(a) The Cd-C bond strength 

The heat of vaporization of CdMej has been measured by Bamford, Levi & 
Nevdtt {1946) at 8-6 kcal., which combined with our value for the heat of formation, 
of liquid CdMeg yields 

Qf (CdMea, g) = - 24-8 koal.mole-^. 

Bor the heat of formation of gaseous CdMej from normal atoms we obtain 

©^(CdMea) = 2 L+ 314 - 0 koaL, 

where L is the[^heat of sublimation of carbon. 

Representing the bond dissociation energies of the processes 

CdMe^ = CdMe+Me—Dgkcal., 

CdMe = 0 d 4-Me-D^ kcal., 

by Dj and Z>2, it follows that 

Pi+Da) = (3JCdMe2)-2@„(Me), 

where (Me) is the heat of formation of the CH3 radical from normal atoms. 

The value of Qa (Me) may be obtained from a knowledge of the heat of formation 
of CH4, and the heat of the reaction CH4-> CHg+H. The relevant equation is 

■ ( 2 a (Me) = ( 2 „ (CH4) -D (CH3-H). ( 18 ) 

Qa (GH4) may be expressed in terms of the unknown quantity L as 

( 2 ,, (CH4) = (L+ 226 - 9 ) kcal., ( 19 ) 

and is obtained from the accurately known (CH4). The value D (OH3-H) is less 
accurately known, but recent investigations by Eostiakowsky & v. Artsdalen (1944), 
Stevenson (1942), Baughan&Polanyi (1940) and Patat (1936) indicate that the value 

D (OH3-H) = 102 (+1 kcal.) (20) 


( 16 ) 

( 16 ) 

( 17 ) 


is very probably correctly assessed. Assuming this value, equations ( 18 ) and ( 19 ) 
may be combined to give 

< 2 a (CH3) = (A+ 123 - 9 ) kcal. 


Substituting this value into equation ( 17 ), we obtain 


(J[)h+jD 2) == 66-2 kcal. 

« 

It is to be noted that the value (Z)i 4-£>2) is independent of the value of L. 

The mean bond dissociation energy of the Cd-C bond is accordingly 33-1 kcal. 
It cannot be assumed, however, that'Dj = 1)2 = 33 kcal. A discussion of the factors 
influencing the relative values of Dj and and leading to possible differences 
between them is given by one of us elsewhere (Skinner 1948). 
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(6) The CH3-I bond strength 

Combining our value for the heat of formation of liquid CHjI with the known heat 
of vaporization (6-6kcal.), we obtain 

Q^(MeI,gf) = — 2'8kcal., 
corresponding to (Mel) = Z- + 178*9 kcal. 

The bond dissociation energy I> (OH3-I), given by Go (Mel)(Me), is thus esti¬ 
mated at 65 - 0 ® kcal. This figure agrees closely with the estimated 64 to 55koal. 
given by Butler & Polanyi (1943). 

Other thermochemical estimations of G/ (Mel) have been made by Thomsen (1886), 
and recently by Ubbelohde & Mackle (1947). Prom measurements of the heat of 
combustion of CH3I, Thomsen’s data yield 

. G/(Mel, gr) =- 4-1 kcal. and Z (CH3-I) = 63-7 kcal. 

It was assumed by Thomsen that the products of combustion were CO2, HjO and Ij. 
The relatively close agreement between our value and Thomsen’s heat of formation 
obtained some 50 years ago, suggests that a re-examination of the combustion heats 
of the alkyl iodides, using modern precision methods, may prove a profitable field 
of study. 

A full report of the investigation by Ubbelohde & Mackle has not yet been 
published, but in their preliminary note the authors quote measurements for the 
heats of reactions: 

(а) MgMel (ether)+ I2 (ether) = 2 MgIa (ether)-t-Mel (ether)-f 46 ’ 4 ± 1-Okcal. 

(б) 2MgMeI (ether) -t-12 (ether) = 2MgIa (ether) + O2H* (g) -t- 103 * 4 ± 3 * 0 kcaL 

Combining these equations, one may obtain 

(c) CgHs {g) +12 (ether) = 2MeI (ether) —12* 6 + 5*0 kcal., 
corresponding to Qf (Mel, ether) = 3*0 ± 2*5 kcal. 

and to D (CH3-I) = 54*2 ± 2*5 kcal. 

The agreement between our value and that of Ubbelohde & Mackle is satisfactory 
in view of the difficulties inherent in the reactions studied. 

The small limits of error which we quote for G/(MeI) represent the experimental 
error in our determinations. The absolute error, however, may be larger than given, 
in that we have assumed the values for G/ (Cdig, ppt.) and the heat of solution of Ig 
in ether; furthermore, corrections for the heat of mixing of OH4 (gas)+HjO (vapour) 
and other small solution effects have not been taken into account. 

It is our purpose to extend the studies described here to higher members of the 
metal alkyls in the hope that the parallel reactions, for example, with CdEtg, can 
be suitably controlled. In this event it may be that the reaction scheme outlined 
here will prove to be a useful method of deriving JS-I bond energies in general. 
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The role of big eddies in homogeneous turbulence 

By G. K. Batchelor, 'Trinity College, University of Cambridge 
{Communicated by Sir Geoffrey Taylor, F.R.S,—Received 16 June 1948) 


Recent experimental work on the decay of isotropic turbulence has sho'wn that big eddies play 
an important part in the motion. There is a range of eddy sizes which, during the initial 
period of decay, contains a negligible proportion of the total energy and is excluded from 
the similarity possessed by the smaller eddies. This paper examines the motion associated 
with this small range of large wave-lengths in the more general case of homogeneous tur¬ 
bulence. For this purpose it is convenient to introduce a spectrum tensor, defined as the 
three-dimensional Fourier transform of the double-velocity correlation tensor. This spectrum 
function is also suitable for the application of similarity hypotheses, unlike the conventional 
one-dimensional spectrum function. 

The properties of the spectrum as a function of the wave-number vector k, are discussed 
with particular reference to small values of the magnitude h. When h is small the energy 
per unit interval of wave-number magnitude varies as A;*. The rate of change of the spectrum 
function is obtained from the -Navier-Stokes equations in terms of Fourier transforms of the 
triple-velocity and pressure-velocity mean values. After taking into accoimt the continmty 
condition it is foimd that the terms of the fibrst and second degree in the expansion of the 
spectrum function in powers of components of k are constant throughout the decay. The 
biggest eddies of the turbulence are therefore permanent, being determined wholly by the 
initial conditions, and are dominant in the final period when the smaller eddies have decayed. 
The action of smaller eddies on the invariant big eddies is equivalent to that of a turbulent 
viscosity, the value of which may vary with direction. The implications of the analysis for 
similarity hypotheses are discussed briefly. 


1 . Intboduotion 

Experimental work on isotropic turbulence carried out during tbe last few years 
has made clear much of the mechanism of the process of decay. The principal 
facts established in recent papers are (1) that during an initial period of decay 
(Batchelor & Townsend 1948 a) the energy of the tmbulence decreases as the recip¬ 
rocal of the time t, the origin of time being approximately at the instant of creation 
of the turbulence; (2) that during this initial period the correlations between two 
and three components of the velocity at two points distance r apart are functions of 
rl^{vt) only (v = kinematio viscosity), provided this parameter is sufficiently small 
(Batchelor & Townsend 1947, 1948a); (3) that after a certain time of decay, which 
for conventional square-mesh grids and certain Reynolds numbers lies between 
100ikf/?7 and 200Jlf/l7, where M and U are the characteriftic length and velocity 
of the grid and stream producing the turbulence, the rate of decay of energy becomes 
greater (Batchelor & Townsend 1948 a); and (4) at an even later time, the action of 
viscosity dominates the motion, the energy decreases as (<—<©)“* and the double 
velocity correlation is a function of r/[v(#—#(,)] only, without practical restriction 
' on the value of this parameter (Batchelor & Townsend 19486). 

Some of these experimental fficts have been explained in terms of the Navier- 
Stokes equations and known basic mechanical processes in a moving fluid. By 
making the plausible hypothesis that the smaller eddies of the turbulence are in 

[ 613 ] 



514 


G. K. Batolielor 


a statistical equilibrium (in the sense of degrees of freedom of any moving systeia) 
which is similar at aU stages of the decay, provided the Reynolds number of the 
turbulence is large enough, Kolmogoroff (1941) and later Weizsacker (1948) and 
Heisenberg (1948 a) have been able to give a satisfactory account of those aspects 
of the turbulence which are governed by the smaller eddies. During the fina l period 
of decay the effect of inertia of the fluid is negligible and the equations of motion are 
liuear; it is then possible to deduce the rate of energy decay and the correlation 
function (Batchelor & Townsend 19486), and since the deductions agree well with 
the measurements, this part of the motion can also be regarded as yvell understood. 
The chief difficulty hitherto has been to explain the law of energy decay in the initial 
period and the change in this decay law at the end of the period. 

It was found experimentally that during the initial period the outer part of the 
double-velocity correlation curve graduaUy contracts relative to the inner part; that 
is to say, when the correlation is plotted as a function of rl^J{vt) at severahdifferent 
i^tants, the inner parts of the curves (smaU values of r/V(v<)) are coincident, but 
the outer parts cohtract toward the ordinate axis as t increases. The end of the 
mtial penod seems to occur when this process can continue no longer without 
^turbing the inner self-preserving region. It is therefore a reasonable inference 
that the motion of the big eddies in some way prohibits an indefinite continuation 
of the decay law which exists in the initial period. It is also probable that some at 
least of the big eddies cannot take part in a statistical equilibrium, because their 
charactenstic periods wiU be large compared with an interval of time during which 
e otal energy of the turbulence changes appreciably. The position is thus that 
at one ^d of the range of eddy sizes there are the smaUer eddies which dissipate 
the Wic energy and are in a statistical equilibrium, and at the other end there are 
are presumably not in a statistical equilibrium and in some 
way mterfere with the equihbrium of the smaUer eddies after a certain length of time 
The impo^nt question now arises: What is the extent of the statistical equili¬ 
brium, which certainly mcludes the smaller energy-dissipating eddies? Put more 

b r r contain most of the energy 

tf find ^ negative, because it seems difficuR 

find another dividing hne as physically significant as that which divides off the 
ener^-^sipat^ eddies from the energy-eontaioing eddies. If most of the energy 

we ‘^tob^^^over arange of eddy sizes inasimilarmanneratdifferent 

M wouM be the case m a statistical quasi-equilibrium—the law of energy decay 

Tfrtf “U if ^ immediately. For the velocity V^, t^ length 

>0 and the ^cosity would then be representative scale factL for the e^^- 

Id t and the dimensionless nSr 

[V« VW would be constant. But inviting as this assumption was it seemed to 
ae acte. TI, correlation ftnctions (LtclZ 4 

n^na an the correlation between two poina at a dietanc. r apaS 
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by eddies with characteristic lengths in the neighbourhood of r, there seemed to be 
evidence that the similarity did not include most of the eddies. Moreover, it must be 
owned that the intrinsic merits and plausibility of the assumption of a quasi- 
eqtiilibrium covering the energy-containing eddies did not present themselves to 
Dr Townsend and the author with any great force. 

It was at this stage of the research that Professor Heisenberg had several con¬ 
versations with Dr Townsend and the author. The hypothesis that the energy- 
containing eddies are included in a quasi-equilibrium seemed to him to be a priori 
reasonable, and to be suggested by the simplicity of the energy decay law. He has 
expounded in another paper (Heisenberg 1948 6) how the experimental facts can be 
explained on this hypothesis. And what of the objections described above? It 
became clear from talks with Professor Heisenberg that they arise from the incorrect 
approximate identification of the correlation interval r with the lengths of eddies 
determining that correlation. If the velocity distribution in the turbulence is 
regarded as being composed of a large number of triply-periodic components with 
different values of the three co-ordinate wave-lengths, the maximum contribution 
to the correlation will be made by periodic components whose wave-length in the 
direction of the interval r is r, or a submultiple of r. The wave-lengths in the other 
directions may take any values, and thus a large range of eddy sizes contributes to 
the velocity correlation. It will be shown later, for instance, that the integral of the 
correlation function over aU values of r gives a weighting in favour of large eddies, 
and the fact that this integral is not accurately proportional to ^[vt) does not prove 
that the energy-containing eddies are outside the statistical equilibrium. Provided 
it is still possible to postulate the existence of very large eddies which contain very 
little energy and are not included in the equilibrium, Heisenberg’s hypothesis is 
entirely acceptable. 

This is a synopsis of the background to the present work. The author’s primary 
purpose is to examine the part played by the largest eddies in the turbulence, i.e. 
those eddies which on the above indirect evidence contain very little energy, are 
not similar with the energy-containing eddies, and produce a change in the law of 
decay at the end of the initial period. Now the correlation function at small values 
of r is determined largely by the small eddies, and the mathematically convenient 
operation of expanding the correlation function as a power series in r provides 
a means of analyzing the effect of small eddies. The same jconvenienoe may be 
obtained in an analysis of big eddies by using the (three-dimensional) spectrum 
function, which, for small values of the wave numb^ h, reflects the characteristics 
of the large eddies. This use of the three-dimensional spectrum function is also con¬ 
sistent with the secondary purpose of the paper, viz. to provide analysis which is 
suited to the introduction of similarity h3^otheses. The one-dimensional speotrum 
function introduced into the theory by Taylor_(i938) will not do for this purpose, 
because it characterizes the contribution to it® from wave-numbers whose com¬ 
ponents in a particular direction are identical, the other components t aking all 
values from, zero to infinity. It is the magnitude of the wave-number vector which 
is the significant length^ and a ’three-dimensional spectrum ftinction is therefore 
introduced. 
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2. Three-dimensional spectrum functions 


2-1. Definition and interpretation 

Mean values will be regarded as averages over a region large compared with the 
scale of variation of the velocity. The basic assumption in aU that follows is that the 
mean velocity is zero everywhere and. that the field of turbulence is statistically 
homogeneous and infinite in extent. Let R{{t) = denote the correlation* 
between the component of velocity at a point P in the direction of the a;^-axis of 
co-ordinates and the simultaneous component at P' in the direction of the a;^-axis, 
where r denotes the vector PP'. Then the general spectrum function of the three- 
dimensional flow pattern may be defined as the (triple) Fourier transform of R{{t), 

r|(k)=^3jJJj2|(r)e‘Ck-)t?T(r), (2-1) 


where k is the vector wave-number, dT(r) is a volume element at the position r, 
i == 1, and the integration is over all space. This spectrum function exists 

everywhere when 

JJJ|P|(r)|dT(r) 


converges, and it is reasonable to suppose this condition to be satisfied for most types 
of turbulence. The transformed version of (2-1) is 


i2|(r) = JJJr|{k)e-‘(k-«dT(k). 


(2-2) 


P|(r) satisfies the transformation laws required of a second-order tensor (v. K4rm4n 
& Howarth 1938), and r|(k) is therefore also a second-order tensor. 

Since R{{t) is real, r|(k) will in general be complex. Since the turbulence is 


homogeneous, 




• so that the complex conjugate of r|(k) is 

rKk) = r|(~k) = r|(k). (2-3) 

The real part of r|(k) is thus given by ■|[r|(k) + r|(k)] and the imaginary part by 
|t[r|(k) — r|(k)], an^ these are even and odd functions of k respectively. 

- When i — j, P|(r) and r}(k) are both real even functions of their argument and 
r^(k)^ can be interpreted as an energy spectral density. If % is the component of the 
velocity in the direction of aj^-axis, 

iji(O) = ^ = JJJri(k) (2-4) 


so that iri(k) is the density in wave-nninber space of contributions to the kinetic 
energy per unit mass of fluid of the velocity component %. Similarly, jr|(k), where 
repeated suffixes indicate summation over the values 1, 2 and 3, is the spectral 
density of the whole of the energy of the turbulence. 

* Upper and lower sofSxes in the symbol i?j(r) indicate that the corresponding velocity 
componraits are taken at P' and P re^ctively. 
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When r|(k) is irelated to the virtual shearing stresses produced by the 
Tourier conaponents/For example, -when i = 1 and j = 2, 

iJf(0) = %i«t2 = JJJrf(k)dr(k), (2-5) 

so that - rf (k) is the spectral density in wave-number space of contributions to one 
component of the Reynolds stress. The total stress maybe zero—and will 

usually be so in a homogeneous field—^but there will always be finite contributions 
from the different parts of the wave-number space. The odd, imaginary part of 
r|(k) makes no contribution to the integral (2-6) and appears to have no special 
significance. It vanishes when the turbulence has spherical or axial symmetry, for 
we then have jB|(r) = i2j(r). 

In a discussion of similarity hypotheses, the interest lies in characteristics of the 
turbulence which can be regarded as associated with a single length. It wfil therefore 
be useful to define spectrum functions depending only on the magnitude of the 
wave-number vector. Thus, taking an average over aU directions of k, 

J'l(*) = |jr|(k)da(^;), (2-6) 


where dsQc) is an element of area of the sphere of radius h. Substitution for r|(k) 
from (2-1) shows that ,2 -, 

= ( 2 - 7 ) 


and F{fjc) is a real even function of h. The corresponding correlation function which 
depends only on the magnitude r of the space interval r is the average value of 
' B{{t) over all directions of r, namely, 

= 4^ (2-8) 

(2-7) then becomes Fi(k)=-\ Q{{r)hrmihrdr. (2-9) 

TTjo 

\ 

k~^Fl{h) and r^(r) are thus Fourier sine transforms and 

Qi{r) ^ dk. (2-10) 

The interpretation of Fi{k) will be clear; in particular, Fl{k) dk is the contribution 
to uf from wave-numbers whose magnitudes lie between k and k+dk. 


2-2. The contirmity condition 
If the fluid is incompressible. 


dRiit) 

dr^ " ’ 

and substitution from (2-2) gives 

J jjkj r|(k) = 0. 


( 2 - 11 ) 
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A function which has a zero Fourier transform is itself zero, so that the continuity 
condition requires the three-dimensional spectrum function to satisfy 

hjViCk.) = 0. ( 2 - 12 ) 

The relation between the continuity condition for the correlation function (2*11) 
that for the spectrum function (2*12) illustrates one of the simplicities to be 
gained by working with Fourier transforms of the correlation function. Vanishing 
divergence with respect to any suffix is replaced by vanishi n g contraction (with 
respect to that suffix) with the tensor k^. 

Since jB^(r) has zero divergence with respect to both indices, we also have 

iiFKk) = 0. (2-13) 

Later sections will be concerned with the form of r|(k) at small values of the vector 
magnitude h, and the required information can be obtained from the conditions 
(2*12) and {2-13). r|(k) can be expanded, in the neighbourhood of A; = 0, as a power 
series in the components of k, namely, 

+ "-j (2*14) 

where the tensor coefficients r|, ... are independent of k (the position of 

the suffixes m, n, ... has no significance here). Substitutii^ the series (2-14).in 
equations (2-12) and (2-13), and equating coefficients of terms which are similar in 
the components of k, it is found that 

rf=0, . (2-16) 

r|-tr,% = r|,„+r4i = o, i.e. r|„ = e,^„r, ( 2 - 16 ) 


where P is a constant and is the alternating tensor {Cij^ = 0,1 or — 1, when the 
suf&xes are not aU different, in cyclic order, or not in cyclic order, respectively), 


and finally 




I'lntm Pmni rnijn — b. 


(2-17) 


These relations show that the first approximation to the odd part of r|(k) when h is 
small is while the even part of r|(k) is of order h^. The first approximation 

to the wave-number magnitude spectrum function F{{h) (see (2-6)) when h is small is 

Fm = %nk^T{^n- ' (2-18) 


2-3. First- and third-order transform tensors 

A similar analysis of the Fourier transforms of mean-value tensors of arbitrary 
order can be given. Particular mean values which occur in the dynamical equations 
are 

L%t) = -iwj, 8{^{t) = UiU^u'j, (2-19) 

where p is the fluid density and p is the pressure. The continuity condition at the 
point P' in each case leads to 

9ri ’ 9r^ 


( 2 - 20 ) 
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We define tensors <E><(k) and T|j,(k) which are Fourier transforms of L\t) and 8ip{r) 
respectively in the manner of (2-1). The continuity conditions (2-20) lead at once to 

= 0, ifc^T^j,(k) = 0. (2-21) 

It is clear that if <I>»(k) and T’|j,(k) are expanded in powers of the components of k, 
the conditions (2'21) show that the leading (constant) terms vanish. 


3 . The dtstamioai, BQtrATioN for r|(k) 

In the previous section Fourier transforms of various mean values have been 
defined and kinematical conditions for small values of h, i.e. in the range of big eddies, 
have been examined. This information will now be applied to the problem of the 
decay of a field of homogeneous turbulence—^more particularly, to the variation 
of r|(k) with time. This problem has of course already received much attention in 
the special case of spherical symmetry. The assumption of isotropy would make the 
present analysis very simple, but it is desirable to make the conditions more general 
in a study of the characteristics of the motion associated with small wave-numbers. 
It wiU be seen that there are reasons for expecting non-isotropy of the biggest eddies 
to occur sometimes in practice. 


3*1. ' The general dynamical processes 

The Navier-Stokes equations at the points P and P' lead to (v. K4rmdn & Howarth 

1938) . ... 

(3-1) 
(3<2) 
(3-3) 


where 




n{r) 




Let 7r|(k) and ;v;|(k) denote Fourier transforms of Pi(r) and Ti(r) respectively. Then 
the transformed version of the dynamical equation (3-1) is 


^^ = ^(k)-^A^(k)-2vA2r|(k). (3-4) 

The effect of viscosity on r|(k) is evident from this equation; each wave-number 
is affected independently and the contributions to total energy from larger wave- 
numbers are reduced more rapidly. But the other two terms in (3-4) need further 
examination. Consider first the pressure term 7r|(k). In the notation of (2*19) 

P|(r) = 1 -k)] e-‘»-«^Zr(k); (3-5) 

^ m ' 

Consequently the Fourier transform of P{{t) is 

74{k)‘= -t[fe,fl)^(k)-jfc^a><(-k)]. 


(3-6) 
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In view of (2-21), 7 r|(k) = 0, so that the pressure effect does not change the total 
energy contributed by any small region of wave-number space. The effect of the 
pressure term is thus to transfer energy associated with any wave-number k from 
One component of the velocity to another. The direction of this transfer of energy 
is not immediately evident, but it is fairly certain to be such as to produce a more 
uniform directional distributioii of energy. Previous work (Batchelor 194 ^) has shown 
that in axisymmetric turbulence the effect of the pressure term is to make the 
directional distribution of the sum of the energy from all wave-numbers more 
uniform, and there is plenty of experimental evidence of a strong tendency to 
isotropy in any field of homogeneous turbulence. 

Consider now the non-linear or inertia term x^k). Prom (3*2) and (2-19), 


y|(r) = = -1JIJfc^[T 4 (k) --k)] e-‘(»'..)cZT(k). ( 3 - 7 ) 

Hence the Fourier transform of Ti(r) is 

>^i(k) = -i«;^i:^^(k)-Yy-k)]. (3-8) 

The action of the inertia term is shown by the fact that 








i.e. 

The rate 


JJJ;^^(k)dT(k) = p. (3-9) 

of change of j*JJr|(k)cZT(k) owing to the inertia effect is therefore 


zero: 


the distribution of the spectral density r|(k) in wave-number space is altered, with¬ 
out change in the volume integral over all space. When i =j this corresponds to 
a redistribution in wave-number space of the density of contributions to the energy 
of any one of the velocity components. It can be also anticipated on physical grounds 
that the transfer is from small to big wave-numbers. The pressure effect is thus 
a flow of energy between different velocity components for the same wave-number, 
whereas the inertia effect is a flow of ener^ between different wave-numbers for 
the same velocity component. 


3*2. Decay of large eddies 

These dynamical processes can be examined in more detail in the case where 
h is small. To the first approximation we can write 

0^(k) = T4,(k) = ' (3-10) 

where the tensor numbers and are such as to satisfy the continuity relations 
(2-21), i.e. <I>^+Of = 0» (3-11) 

Hence the first approximations to 77|(k) and xl(h^) Q^re 


S^(k) = + 


(3-12) 

(3-13) 
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Both-of these terms are of order P and therefore, on equating the coeJfficients of the 
jSrst power of components of k in (3-4), 


dt ~ dt ~ 


(3-i4y 


Hence the first approsdmation to r|(k), namely, is constant throughout 

the decay. Since the odd part of ^(k) reflects the lack of symmetry of the turbulence, 
this result, suggests that any lack of symmetry of the big eddies persists during 
the decay. 

Cloixsider now the rate of change of the second-degree term-in the expansion of 
r|(k) (which is the first non-zero term in the case i = j). Again the viscous term in 
(3*4) makes no contribution. With the use of (2-14), (3*12) and (3*13), 

(3-16) 

This expression is to be evaluated with the aid of the continuity relations (3-11). 
There is also available a continuity relation deduced from {3’4), namely. 


*i[^l(k)+;il(k)] = k^irrm+M = 0. (3-16) 


The third-degree terms ofithe first of these identical equations are 

so that (3-18) 

<I>4 + (Um + 2nWA,+m == 0. . (3-19) 

= (3-20) 


By examining all possible choices of the suf&xes i, j, m,nbx (3-15) and usmg the 
relations (3-11), (3-18), (3-19) and (3-20) it can be-shown that the right side of (3-16) 
is zero. The details are straightforward and need not be exhibited; the relations 
used in each independent case are shown in table 1. 


Table 1 


r ■! 

fm=ii 

(3-11) 

m = n *1 

[m^i 

(3-11), (3-») 

l^m =i= w *j 

^m:=i 

(3-H), (3-19) 


{3-11), (3-20) 


\m^i 

(3-11), (3-18) 



(3-11), (3-19) 

m =|=?^ -j 


(3-11). (3-19) 

n^j 

{3-11), (3-19), 


It has thus been shown that the expansion of r|(k) as far as terms of the second 
degree, namely, r|(k) = ‘ (3-21) 

is invariant throughout the course of the decay. When h is small^ all three d 3 rnaniical 
processes—^viscous decay, the tendency to isotropy owing to the pressure term, and 
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the transfer of energy between different wave-numbers owing to the inertia term— 
become negligible. The biggest eddies of the turbulence, or, more precisely, that 
part of the spectrum function which is described adequately by {3-21), is unchanged 
from the moment of creation of the homogeneous turbulence. If the homogeneous 
field of turbulence is created initially with some asymmetry of the big eddy motion, 
t.Tiifi asymmetry will be a permanent feature of the turbulence; this is the reason why 
it was thought useful to avoid the assumption of isotropy. 

It should be'pointed out that the permanence of the big eddy motion is not a 
feature which would reveal itself in many of the past experiments on a field of 
decaying turbulence. The amount of kinetio energy which lies in wave-numbers 
whosemoduliarelessthanasmall valued is proportional to A® (see (2-18)), so that the 
Brnnll wave-numbers normally possess a negligibly small proportion of the total 
turbulent energy. The aspects of the tmbulence which are critically dependent, on 
the big eddy motion will be examined in the following sections. • 


3-3. The internal friction of turbtdence 


The effect of the inertia term in equation (3-4) has been seen to be a transfer of 
energy between different wave-numbers, presiunably fi:om small to large. It can 
be regarded as equivalent to a virtual turbulent Motion, produced by the smaller 
eddies and acting on, the larger eddies. Equation (3-4) shows that the rate of change 
of the amount of energy in wave-numbers whose moduli is smaller than h is 


afW)*' „ 




(3-22) 


Now it has been found that ;)^(k)+7r|(k) is of the third degree in k when k is small, 

and ;\;j(k) is therefore of the fourth degree. Consequently JJ;\;|(k) d!5(A;) is of the 

sixth degree in ifc, as is also k^Fl{k), and when k is sufficiently small it is possible to 
write (3*22) in the form 


(3-23) 


(3-24) 

and this limit will be finite, is the total turbulent friction coefficient, since it 
determines the virtual stresses which are produced by all the eddies (apart from 
a small range of negligible energy content) and which act on the very largest eddies. 
So faf as the transfer of energy from the biggest eddies is concerned, the repre¬ 
sentation of the effect of the inertia terms as a turbulent viscosity is not only a useful 
physical picture, but is exact analytically. Unfortunately, the numerical value of 
is applicable only to the transfer of energy. The equation for the rate of change of the 




9f 


Co is given by 




€o = Lt 


2k^Fi{k) 



523 


The role of big eddies in homogeneous turbulence 
more general quantity j ^ jp (k') d¥ has the same form as (3*23) when k is small, but 


fij is replaced by 


{eoYi = Lt' 

fc->0 


2¥.P4Jc) 


(3-26) 


This more general friction coefficient (which is not a tensor) varies with i and j. 

If the series expansion of (k) in (2-14) is extended to the fonxth degree in fe, it is 

found that (3-26) 

Hence (3-23) yields two subsidiary equations: 


arl 


imm 


dt 


= 0 , 


ar; 


imnpg i 


dt 


"I""I" "t ®o) 


tmm' 


(3-27) 

(3-28) 


The Motion coefficient ej may depend on t, although we can be confident that it is 
always positive. Pimm is necessarily positive, since it describes the spectral density 
of the energy. The inforsnation about the energy-spectrum function Ffik) is thus 
that the coefficient of A* is constant throughout the decay, while the coefficient of 
A* decreases throughout the decay. 

Without further information, the turbulent transfer term on the right side of 
( 3 - 22 ) cannot be expressed in terms of the energy-spectrum function Fi(k). How¬ 
ever, if the turbulence is assumed to have a statistical similarity at different instants, 
it is possible to postulate an expression for the turbulent transfer on dimensional 
grounds. Two such expressions, not the same, have been put forward recently by 
Obuhov ( 1941 ) and Heisenberg (1948 a). It is not the purpose of the present paper to 
discuss these two postulates about the transfer of energy, but the information 
obtained in this section allows their validity at small values of li: to be checked. 

Heisenberg has proposed that the transfer term in (3-22) be represented by 

- /c J“y dk"2jy^m') Ah', .(3-29) 

and hence his expression for is 



where K is an absolute constant. Since the integral in (3-30) converges at the upper 
and lower limits, there is'no objection to this expression for the total turbulent 
friction. Obuhov’s suggested form for the transfer term in (3*22) is 

-- 2 aJ“j’|(F)d*"y(jVjf’|(F)dF). (3-31) 

where a is an absolute constant. When k is smaU, this expression varies as and 
the corresponding friction coeflSioient Cq becomes infinite. Consequently Obuhov’s 
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postulate cannot be correct at small values of k. This objection does not of course 
imply that the expression (3-31) is unsuitable for use in (generally more important) 
ranges of wave-numbers which are not small. The relative merits of Heisenberg’s 
and Obuhov’s postulates must be debated on other grounds when k is not small. 


4. The edstal pebiod oe decay 

When the decay process has gone on for a long time, the intensity of the fluctua¬ 
tions becomes very small and the non-linear or inertia terms in the Navier-Stokes 
equations become ne^gible. The decay is then wholly controlled by the action of 
viscosity. This final period of decay has already been examined theoretically and 
experimentally in terms of correlation functions (Batchelor & Townsend 19486 ). 
It provides an example of a case in which the big eddies play an important part in 
the motion, and is therefore described briefly b^low. 

When only the viscous effect is significant, equation (3*4) becomes 

?ffl = - 2 i»pr^(k), (4-1) 

ot 

which can be integrated to give 

-r|(k,«) = r|(k,ge- 2 >’*'(«-«, (4-2) 

where to is any instant at which (4* 1 ) is applicable. The determination of the depend¬ 
ence of r^(k, t) on k will in general .require a knowledge of r|(k, to). But when t—to 
is large, ( 4 - 2 ) shows that r|(k, t) is negligibly small for aU except small values of k, 
in which case the dependence of r|(k, i^) on k is known. In other words, during thfe 
viscous type of decay the small eddies decay more rapidly and eventually only the 
biggest eddies of the turbulence at time to remain. Since the biggest eddies are also 
invariant during the period in which inertia effects operate and since the spectrum 
function for small values of fc is known from kinematical considerations, the entirb 
asymptotic (for large t) form of r|(k, t) can be determined. 

The invariant part of r{(k) is given by (3’21), so that as t~to-^co, 

r|(k,i)->(ef^„,rA„+r|,„„A„fcJe-2'*'’(«-«. (4-3) 

The spectram function based on' wave-number magnitude is thus given by 

F({k,t)^i7rk^V^,^e-^’‘^‘-^. ' (4-4) 

The asymptotic variation of the energy of any velocity component is found by 
integrating (4*4) over all values of h; for the energy of the i^i-component, 

^ {t-to)-*. (4-5) 

Likewise the longitudinal velocity correlation, obtained from jB|(r) by putting 
i = j = 1 and r = (r, 0 , 0 ), is 

00 

■Ri(n 0 , 0 ) = JjJri(k) e-‘V dT{k) -> 


_ hjjMair-ra. 


4:v{t-to) 



1-2 1 
Sv{t-to)_' 


(4-6) 
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the continuity condition re<^uires rJn = 0 (see (4'9) below) and the longitudinal 
correlation ooeifieient, usually denoted by/(r), is therefore given by 


/(^) = 




ui 


■»exp 




(4-7) 


The relations (4’5) and (4‘7) have been obtained previously and are in good agree¬ 
ment with measurements made at a sufficiently advanced stage of the decay of 
turbulence produced by passing air through a square-mesh grid of round bars 
(Batchelor & Townsend 19486 ). 

Asymptotic expressions for the energy of the x^- and arj-components of the 
velocity have the same form as (4' 6 ), only the numerical tensor being different. 
Hence when t is sufficiently large. 




ut 




Xmm 


ri 


%mm 


— ^3 

■ — p8 

3mm 


(4-8) 


The tensor numbers and have been found to be invariant during 

the whole of the decay process, so that the ultimate values of ratios of the mean 
squares of the velocity components depend only on the way in which the turbulence 
is initially created. It wiU be noticed that the continuity relations (2-17) relate the 
various r4nn- On examinirig all the cases in which two pairs of the suffixes i, j, m 
and n have the same values, the following typical relations are found: 


rill ~ riaa = r|g3 — 0, rii2 — riia — rfji — Fa^i, riaj = rJii. (4-9) 


However, these relations leave ri„„„, and independent, and may be 
ignored in a discussion of (4-8). 

Since the spectrum function describing the amount of energy of any velocity 
component (the aJi-oomponent, say) lying in a small range of wave-number magni¬ 
tudes is given by * Fl{k)=^%nW^ 


when k is small, the meaning of (4-8) is simpty that the directional distribution of 
total energy when t is very large is identical with the mitial directional distribution 
of energy density in the jange of big eddies. Consequently, if the big eddies are 
produced with some asymmetry of the energy distribution, this asymmetry will 
persist, and although it will play no important part (and pideedmay be unnotioeable 
in view of the small amount of energy in the large eddies) in the initial period of 
decay, it will be reproduced in the directional distribution of the energy which 
remains when the time of decay is large. This result could be tested in a wind tunnel 
if it were possible by some method to produce homogeneous, non-isotropicjbi:^ 
bulence. It is a well-known experimental fact that the three intensities u\, u\ 
and very rapidly become equal, but it has been shown herein that this tendency 
to isotropy does not extend to the smallest values of k. Eventually the energy of the 
turbulence wiU'be so low that the amount of energy in small wave-numbers will not 
be negligible- and the as 3 mametry of the energy distribution wiU then appear in 
measurements of ttf, ii\ and u\. Measurements of the three intensities in the final 
period when ( 4 ’ 6 ) and ( 4 - 8 ) are applicable should thus give the initial distribution 
of energy for ^mall wave-numbers for each velocity component. 
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6. Isotropic TURBUiiBNOB 

When the turbulence is isotropic, analysis in terms of the three-dimensional 
spectrum functions becomes very simple and has several advantages over the con¬ 
ventional theory of correlation functions. It will be useful to set down in this section 
some of the relations between the spectrum functions and the quantities commonly 
measured. 

If r|(k) is a second-order isotropic tensor defined by the vector k and the direc¬ 
tional suffixes i and it must have the form (v. K4rm4n & Howarth 1938 ) 

r|(k) = -A{k) lCi^+B{h) (6-1) 

where A and B are arbitr^y even functions of h. The continuity condition ( 2 - 12 ) 
becomes k^TUk) = kl-kM(k) + B{k)-] = 0. ( 6 - 2 ) 

Hence r^(k) = A{le) (k^ (5-3) 

and A{k) is the single scalar function defining the complete spectrum function. In 
particular, the spectral density in wave-number space of contributions to ul is 

ri{k)^m + kl)A{kl (5-4) 

and is a maximum, for given k, when the wave-number vector is normal to the o^j^-axis. 
The spectral density of contributions to the total energy + w| 4 -is 

iTi{k)^k^A{k), (6*5) 

and is, as expected, a function of k only. The general spectral density with respect 
to wave-number magnitude is 

Fm = JJr|(k) d3{k) = ^k^A{k) {6-6) 

so that the total energy per unit wave-number magnitude is 

\F\{k) = Ank^A{k). (5-7) 

This spectral density is the function denoted by F(k) in Heisenberg’s work (Heisen¬ 
berg 1948 ^, 6 ). 

The single scalar ^motion which completely determines the correlation function 
B{(t) is usually taken as «®/(r-), where, in terms of velocities in the direction of the 

_ ^^/(r) = JJi(r, 0 , 0 ), 

and Thus, on substituting from ( 5 - 4 ), 

= JJJri(k)e-‘*i''(iT(k) 


00 

— 00 

Stt r*,. ..t j'sinifcr , \ „ 
^ ^Jo * —cosfcrjdL 


(6-8) 



The role of big eddies in homogeneous turbulence 527 

Transformi^ ( 6 - 8 ), or, alternatively, proceeding from ( 2 - 1 ), A(h) is found explicitly 
in terms oiu^f{r): 

= (6-9) 

The conventional one-dimensional energy-spectrum function can be recovered 
from r|(k). Thus if is the longitudinal spectrum function introduced into 
turbulence theory by Taylor ( 1938 ), ^[k-^ dk-^ is the contribution to u\ from all wave- 
numbers whose a?i-oomponents lie between k^ and k-^-k-dk-^^ and 

r ri(k)rfM*3 

j—00 j—00 

= 27 rJ* cr^A(k)da‘ 

= 27r I* {k^—h^hA{Jc)dk, (5-10) 

where cr® = k\ + kl. It follows from ( 6 - 10 ) that 

so that the spectrum with respect to wave-number magnitude can be obtained from 
experimental data describing <f>{kfi. An important consequence of (5-11) is that 
whenever varies directly as some power of k^, F\<Je) has an identical dependence 

on k apart from a multiplicative constant. This function <p(kj) is the (cosine) Tourier 
transform of u^fir), i.e. 

_ roo 

= J (j>{k^ cos k-j^r dk^ 


= 47r 


0 Jo 


cr^A(k) cos kj^r dk^dcr 
sinkr 




as already established by ( 6 - 8 ). Other one-dimensional spectrum functions may be 
obtained from r^(k). For example, if i}r{kj)dki is the contribution to from wave- 
numbers whose aji-components lie between and ki+dki, 

I 

i^{h)= f f r|(k)di: 2 dA :8 

J —00 J —00 

= 27rJ {k\-¥\<T^)A{k)(Td(T 
= TT [’°{k^+1<\)kAgc)dk. (6-12) 

Jh. 

This function is the (cosine) transform of the lateral velocity correlation usually 

denoted by ^ g{r), or in the notation used herein, J?i( 0 , r, 0 ). 



528 


G. K. Batchelor 


The expansion of the expression (6-3) as far as terms of the second degree in k is 

pi0ii) = A,[k^8i^-h^), 

where Aq = -4(0), so that the tensor previously denoted by (see (2" 14)) becomes 

rlmn “ ^mn ~ ^}n ~ ^jm) (®‘ 13) 

when the turbulence is isotropic. It has been established that is invariant 
d uring the decay, and J.o.is therefore invariant. When k-^0, equation (5-9) reduces to 

It has already been pointed out by Loitsianfiky ( 1939 ) that when the turbulence is 
isotropic the equations of motion show that the expression (5-14) is invariant during 
decay. But whereas formerly this result had been difficult to interpret physically, 
its meaning is now clear. It states simply that the spectral density at very low 
wave-numbers is permanent when once determined by the initial conditions. 

Since I rJiEi(ri, 0 , 0 )d!ri is only invariant during decay if the big eddies are 
Jo 

isotropic (when it reduces to \2tt^Aq), the experimental results reported in a previous 
paper (Batchelor & Townsend 19486 ) need a little further consideration. In that 
paper measurements of u\ (the aj^-axis being paralld to the ak stream) in the final 
period of decay were described and the coefficient «i[i'(i—^o)]* "was identified with 

the implicit assumption being that the turbulence was wholly isotropic. If it were 
true that the big eddies were not isotropic, the more correct interpretation is that 

ttf[v(«-fo)]tocri„„„ = -^JJJr2jBi(r)dT(r), (5-16) 


as given in (4-6). The measurements made at the time were insufficient to establish 
isotropy in the final period, and subsequently it seemed to the author that the 
point needed checking. Dr A. A. Townsend has therefore ma^ measurements of 
the^ensity of one component normal to the air stream, say u\. He finds that u\ 
and measured at four positions between 460 and 950 mesh-lengths from the grid 
and at UMjv = 650, are not different by more than the normal experimental error. 
An these positions are in the final period of decay, so this result shows that the.big 
eddies in the field of homogeneous turbulence produced by a square-mesh grid are 
isotropic. If there is any lack of isotropy of the big eddies immediately behind the 
grids, it is apparently lost—^in a way which is hot unmediately clear—^by the time 
the turbulence becomes , approximately homogeneous, i.e. at a distance of about 
10 mesh-lengths from the grid. 

The dynamical equation (3*4) becomes very simple when the turbulence is iso¬ 
tropic. First- and third-order tensors must then have the form (v. TC^.rTn^.n & 


Howarth 1938 ) 


0^(k) = P{k)k„ 


T4,(k) = iT{k)kik^k^+Vik) Si^k^+V{k) {Sp,-h + S^ik^), 


(6-16) 

(6-17) 
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where P, T,U,V are arbitrary even ifunotions of k and the insertion of t is for later 
convenience. The continuity relations ( 2 ’ 21 ) show at once that P{k) = 0 , corre¬ 
sponding to the known result that the corresponding correlation tensor is zero, 

and that kjYi^(k) = k,k^{ik^T+2V) + S,^(k^U) = 0. (5-18) 

/ 

The coefficients of k^kp and must be zero separately, so that (5*17) becomes 


Yip{k) = iT{k)[kikpk^-ikVp,ki+d^ikp)], . (6-19) 

and, from (3-8), ^i{k) = k^T{k)(kikj-k^dij). (6-20) 

Thus if J.(i) be regarded as the single scalar function defiimig r^(k) when the tur¬ 
bulence is isotropic (cf. (5-3)), the corresponding scalar function defining the 
transfer term ;^(k) is —k^T{k). Equation (3-4) then reduces to a single scalar 
equation, viz. 

= - k^T{k) - 2vk^A{k). ( 5 - 21 ) 


k^T{k) determines the net loss of energy associated with the wave-number k, as 
a consequence of inertia forces. The coefficient of total turbulent friction defined 
by (3-24) is 


6o = 


( 6 - 22 ) 


and, in this case (viz. spherical symmetry), describes the transfer of energy from 
any of the velocity components separately. As mentioned above, Aq is constant 
during the decay and the equation corresponding to (3*28) is 

^ = -2(!r„ + 2rAo). (6-23) 

The relation between T{k) and the triple velocity correlation can be established. 
If {u'^)*h(r) is the triple correlation* denoted by ^ 2 (^> 0 , 0 ) (see (2-19)), it has been 
shown by von K&rm4n & Howarth ( 1938 ) that the scalar function defining T{(t) 

is - 2 (^ 2 )* in the sense that v^f{r) is the single scalar function dining 

R{{t). Hence the relation between —k^T{k) and ~ 2 («*)*l-^-l--^j is identical 

with that between A{k) and u^f{r); by analogy with ( 6 - 8 ) and (5-9) 

i.e. (^)*rA(r) = 47 rJ W(lfc)^5^^^-3cosl!T-lbrsinfcrjd4, (6-24) 

— ^ (5^)^ J rh{r) ^ ^ (5*25) 

* The notation is that of Kdrmdn & Howarth ( 1938 ). The commonly used correlatibn, 
which is fw*)* Icifr) = 0 , 0 ), is avoided here in order not to confuse the notation. 
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Since h{r) is an odd function of r of order r® when r is small, an integral condition 
on is ' * 

J = ■(5-26) 

In view of (5’21), this condition means that the turbulent friction transfers energy 
from one wave-number to another without changing the total amount of energy. 
In terms of the correlation functions, the total internal friction becomes 

I Jo 

Measurements show that/(r) and h{r) are always positive, so that 6q is positive, as 
surmised earlier. Equation (5-23) then shows that Al decreases throughout the 
decay. 


6. Sim il arity hypotheses 

The principal advantage of the use of the three-dimensional spectrum functions 
is that it givea a definite meaning to the idea of motion associated with any given 
length scale. Intuitive ideas about the balance of energy between eddies of different 
sizes can be interpreted in terms of the dependence of Fl(k) on k. Similarity 
h 37 potheses which postulate a similar balance of energy at different times over a 
limited range of characteristic eddy sizes should apply above aU to the three- 
dimensional spectrum functions, and should lead to functions which preserve their 
form with change of t On the other hand, physical ideas about the transfer of 
energy between eddies of different size are not necessarily applicable to oiie- 
dimensional spectrum functions in view of the presence in the latter of contribu¬ 
tions from a wide range of wave-number magnitudes having, say, a common 
Xi-component (cf. (5-10)). Assessment of the validity of similarity hypotheses has 
been confused—at any rate, in this author’s mind—by lack of appreciation of this 
point. 

Consider now the application of similarity hypotheses to F{[kyt), If the whole 
of the variation of F\{h, t) with k is to have the same form for a range of values of t, 
the invariance of the leading term when k is small requires that all these curves 
should be obtainable from any one curve by an alteration in the unit of k, i.e. 

Fi{k,t) = niak), (6-1) 

where a is a length depending on t. We are here supposing that the turbulence is 
completely similar in the statistical sense at different instants.* On dimensional 
grounds all lengths associated with the turbulence must be proportional to 
t')], which can be equated to a, where f is a suitably chosen virtual origin of 
time, and all velocities must be proportional to, say, Thus 

Cj = (length) X (velocity) oc oc [v{t - 1 ')]“*. ( 6 - 2 ) 

* By which is meant that aJl statistical quantities vary with time in a manner which depends 
only on their dimensions. 



631 


The role of big eddies in homogeneous turbulence 

But (3-23) shows that in a completely self-preserving solution and v must vary 
in the same way; hence such a solution is only possible when < v, i.e. when inertia- 
effects have become negligible, as has previously been shown (Batchelor 1948 ). 

Despite this severe restriction on the possibility of complete similarity, partial 
similarity can—and does—^play an important part in the process of decay. The 
fact that the leachng term in F{{lc) is of the fourth degree in h means that very little 
energy lies in the range of small wave-numbers. Thus almost all the energy of the 
turbulence lies in a range of. wave-numbers separated from the region (namely, 
that near == 0 ) in which the behaviour of F\{k) is already determined.by the 
initial conditions. There is no restriction on the appHcation of similarity hypotheses 
to those aspects of the turbulence which do not depend significantly on the motion 
of the largest eddies, and the total energy of the turbulence wiU he one such aspect 
in the initial period of the decay. 

When the turbulence is isotropic the quantities which can be covered by a simi¬ 
larity hypothesis during the initial period of decay are those which do not depend 
significantly on the value oiA{h) at Aj = 0 , since this value is invariant. The various 
moment integrals of/(r) are given by (5*8) and (6*9) as 





(m 



or 

and the derivatives at f = 0 are 



(m>2), 


(6-3) 


= . . (6-4) 

where the C'^ and 0"^ are numbers. The behaviour of A{h) near i = 0 is thus im¬ 
portant for the moment integrals of f{r) of order w = 2 and higher, is probably 
significant'for moment integrals of order m = 1 and m = 0 , and has little effect on 
the derivatives of f{r) at r = 0 . Previously reported measurements, are therefore 
consistent "with the hypothesis of similarity for all except the very largest eddies. 
We note, m particular, that 

M*ocJ* l(^A{lc)dk, j f{r)drocj k?A{k)dk, (6-5) 

so that the contributions ■to the integral scale are weighted in favour of small values 
of k relative to the contributions to the energy. The experimental evidence (Batchelor 
& Townsend 1948 b) suggests that the range of non-similar eddies is such as to affect 
the latter, but not the former, of the integrals in (fi' 6 ). 

The exclusion of some of the bigger eddies fitom a similarity hypothesis would 
always be expected. A statistical similarity is the expression of a statistical equi¬ 
librium (which, in the case of decaying turbulence, ■wUl be a quasi-equilibrium, 
invol'ving the time t) which can only be established by a continual modulatipn of 
the Fourier components of the motion. If this process of modulation is very slow 
for some Fourier components, the over-aU conditions (e.g. total energy) may be 
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changing too rapidly for them to reach quasi-equilibrium. It has, in fact, been seen 
in § 3 that the proportional rate of change of the spectrum owing to the inertia effect 
is of order when 1c is small, so that however slowly conditions are changing, some 
of the big eddies do not reach quasi-equilibrium. The ab initio deduction of the range 
of values of h for which a statistical quasi-equilibrium is possible appears to be a 
difficult task. Meanwhile there is the empirical evidence that the bulk of the energy 
of the turbulence is included in the similarity range. 

The hypothesis of a statistical quasi-equilibrium of the energy-containing eddies 
has been used very successfully by Heisenberg ( 19486 ) to explain the observed 
features of the decay of turbulence produced by a grid and to deduce the energy 
spectrum function. It will be clear that the ideas of the present paper owe much to 
this work of Heisenberg’s. 
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The elastic equilibrium of isotropic plates and cylinders 

By a. E. Gbeen 

{Communicated by G. JR. OoMsbrough, F.B.S.—JReeeived 23 June 1948) 

A geinsral solution of the elastic equations is obtained for problems of stress distributions in 
plates or cylinders wben the bounding faces of the plates Z= + h, or the flat ends of the 
cylinders, are free from applied normal and shear stresses; The solution is expressed either 
in the form of Fourier series in the co-ordinate Z, or in power series in Z, the coefficients of 
the series being certain functions of the x and y co-ordinates which are sufficient to satisfy 
boundary conditions over two bounding cylindrical surfaces normal to the planes Z= ±h. 
The form of the theory is greatly simplified by making use of complex combinations of 
stress components, and by using the complex variable z=:x+iy. 

A first approximation to the part of the theory which deals with the beading of the plate 
yields a theory similar in character to that given recently by Reissner. 


1. iNTBODtJOTION 

From physical considerations it seems probable that the classical theory of general¬ 
ized plane stress for the stretching of plates so that the middle plane of the plate 
remains plane, gives values for the average stresses which are quite accurate for 
practical purposes. Recent three-dimensional analysis for certain problems (Green 
1948; Green & Willmore 1948), normally solved only by the generalized plane-stress 
theory, indicates that, in the main, the approximate theory is very good for the 
prediction of average stresses, although it does not, of course* give any idea of the 
actual distribution of stress. It is unlikely, however, that the classical theory of 
bending of plates normal to their original planes gives values of stress resultants 
and stress couples which can be regarded as satisfactory, except in certain cases. 
Reissner (1944, 1945, 1947) has introduced a new theory of bending of plates by 
considering the effect of transverse shear deformation. He obtained a new system 
of equations by using Castigliano% theorem of least work. This theory is free of some 
of the limitations of the classical theory and, for example, requires the satisfaction 
of three boundary conditions along the edge of the plate. Applications have been 
made to certain classical problems, including that of the stress concentration at 
a circular hole in an infinite plate imder fiexure and torsion. For a wide range of 
values of the ratio of the diameter of the hole to the thickness of the plate numerical 
results differ considerably from those obtained in the classical theory, but, as Reissner 
remarks, an exact estimate of the accuracy of the numerical results is not possible, 
since the exact three-dimensional solution is not known for this problem. 

When the problem of an infinite plate, containing a circular hole, an(J str^ed by 
forces applied so that the middle plane of the plate remained plane, was considered 
(Green 1948), it was intended that the theory should be extended to deal with the 
problems of the transverse flexure of such a plate. A complete re-examination of 
these three-dimensional problems has, however, led to a new method of solution 
which appears to be more direct and somewhat simpler than the previous method. 
It has, moreover, awather wider application and can, in theory, be used for more 
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general t3^es of problems connected ■with flat plates. The theory also applies to 
cylinders of constant cross-section which are stressed by forces applied to the curved 
surface of the cylinder. 

A great economy is effected in the presentation of the theory by using, as far as 
possible, some of the complex variable notations which are now widely used for the 
two-dimensional theory. The three-dimensional stresses and equations of equi¬ 
librium have been expressed compactly with the help of complex variable by 
Stevenson (1942, 1943), who applied his notations to the approximate theory of 
thick plates, and his notations form a convenient starting-point for the present work. 

The work divides naturally into two parts, one of which deals with stress systems 
which are symmetrical about the middle plane of the plate and the other with 
anti-symmetrical systems. In the'latter case a first approximation to the complete 
three-dimensional analysis provides a theory of bending which is almost identical 
with that obtained by Reissner. The consistent use of complex variable technique, 
however, simplifies the form of the results. 

Before the complete theory of the present paper can be applied to problems con¬ 
nected with the stretching and bending of plates containing a circular cylindrical 
hole, it is necessary to he able to compute Bessel functions of the second kind which 
have complex arguments. Some tables of these functions are being prepared in 
America for publication, so numerical applications of the theory have been post¬ 
poned in the hope that when the tables become^available they will help to reduce 
some of the necessary labour of computation. 


2. The EXJNBAMEHTAIi EQUATIONS 

Consider Cartesian co-ordinates a?, y, Z and let z denote the complex variable 
aj-hiy with z = x — iy, the complex conjugate of z. Stresses connected with the co¬ 
ordinate Z are denoted by Ji, p, 22, since there is no need to confuse the z in this 
notation with the complex variable. Attention is directed to stresses in an isotropic 
elastic solid which is bounded by the planes Z = ±h. The soM may be either of finite 
or infinite extent in the directions of x and y and may be either a plate or a cylinder. 

When body forces are absent Stevenson (1942) has shown that the stress equations 
of equilibrium can be expressed in the form 


M 30 aT ^ 0T dY 022 ^ 

dz'^ dz'^ dz ~ dz'^ dz'^dz~^r 


( 2 - 1 ) 


where a bar placed over a quantity denotes the complex conjugate of that quantity 

and where rx — >k ^ ^ irr. --- 

0 = xx-^yy^ <P = xx--yy‘{-2%xyi T = xz-\^>^yz, (2*2) 


If denote the Cartesian components of displacement, and if i) = 

the complex form of the stress-strain relations is 




™ a ^ 


(2-3) 





2(A+/4)’ ^ 2(1+^) 

The elimination of stresses from (2-1) and (2-3) gives 

(l-2^)V2i) + 2|| = 0, (1-25;)V2 m;+|| = 0, 


E 
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where Poisson’s ratio i] and Young’s modulus E are related to Lamp’s constants 
A,/{by 

/I rti 

(2-4) 

(2-5) 
( 2 - 6 ) 

(2-7) 


where 


v« = v>+iL = 4Jl_+_2. 


Equations (2-5) may be satisfied by 


D = 4 


where 


dF{z,z,Z) 
dz ’ 


w = 


dQ{z, z, Z), 

az ’ 


d^Q 


2(1-257)V2J?’+A = 0, (1-2i?)V2(?+A = 0, A = Vl{F+F)+^^. (2-8) 

With the help of equations (2-7) and (2-8) the stresses may, after some calculation, 
be expressed in terms of the functions F and Q in the forms 


© = - 


/i 02 






= -ju,VlH = 


/* 


1-170^2 


m-m, 


(2-9) 


where 


H^F+f-^Q, L=^~{2F+Q), L+L = 2^^. 


{ 2 - 10 ) 


Solutions of (2*8) which are suitable for the present work and which, with some 
changes, are equivalent to those used by Dougall {1904), are 


F ^ ixi+2Xi+4:(l-v)^+^Z^, 
(?= 4;(:2-8(1-77)X3 + 4^^, 


8 a.+ 8^||. 


( 2 - 11 ) 


where Xi> %a> As functions of 2,2, 2! which satisfy the harmonic equations 

^^iXi,X2,)(z) = 0. (2-12) 

Stevenson (1942) has pointed out that the stress combinations 0,0, T are par¬ 
ticularly suitable to the problem of transformation of stress, and his main results 
are summarized here. Thus, if 

©' = rm+'B, <!>' = m—IS4-2m5, 


{2-13) 
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2 '= 71+is = 06“*“, (2-14) 

©' = ©, = ^' = 6-*=^. (2-15) 

In order to avoid undue complication in the analysis attention is restricted to 
problems of stress distributions in plates or cylinders when the faces Z — ±\ are 
free from applied normal and shear stresses, since the method of solution when there 
are such applied stresses will vary with the type of stress which is prescribed. The 
general stress distribution can be regarded as the sum of two separate distributions 
which Inay be considered independently. In the first distribution the middle plane 
.Z = 0 of the plate or cylinder is stretched but remains in the same plane, and iu the 
second the middle plane of the plate is bent out of its plane but remains unstretched, 
the corresponding stress systems will be referred to respectively as stress systems 
symmetrical and anti-symmetrical about the middle plane Z = 0. The anti-sym¬ 
metrical systems are considered in the next section. 


3. AfTTI-SYMMliTBIOAI, STEE^ SYSTEMS 

3.1. Since the faces of the plate 9 r cylinder are to be free from applied stress 

^ = 0, T = 0 (Z = ±A). (3-M) 

The complete solution of the elastic equations subject to the boundary conditions 
( 3 ' 1 * 1 ) may be split up into two parts. The first part is the ordinary thick-plate 
solution such as that given by Stevenson ( 1942 ). By itself this solution is not 
adequate to deal with stress distributions in which the stresses or displacements 
at the boundaries other than 2 ? = + A are prescribed in a definite manner, so it is 
necessary to seek for additional solutions. Consider first the ordinary thick-plate 
solution, which is obtained here by a method slightly different from that used by 
Stevenson ( 194 a). The notations have been chosen, however, so that the fibaalform of 
the results are the same. 

Since the stress system is to be anti-symmetrical, the functions Xx> X^> Xs ihust 
be odd functions of the co-ordinate ^ = Z/h. Suitable forms for the thick-plate 
solution are 

X2 = «iC+^, X3 = A^+^> %i = 0. (3-1-2) 

Since these functions are harmonic , 


+ = Vfa 3 = 0, = V|y ?3 = 0. (3*1-3) 

Using (2*9), ( 2 * 11 ) and (3-1-2), the boundary conditions ( 3 * 1 * 1 ) can be satisfied 

Hence a simple calculation leads to the results 
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whore <Oi{z) are general functions of the complex variable z. Also, from (2’9), 
(2-11), (3-1-2) and (3-1-6), 


(3-1-7) 

52 = 0, T = p^(l.-g2)Qj'(2)^ (3.1.9) 

0 = iil + y)h^{a[i£)+n[(z)}, (3-MO) 

4) = (3-Ml) 


the displacements D and ^6) being obtained from (2-7), (3'l-6) and (3-1-7). This com¬ 
pletes the usual thick-plate solution for the bending of plates. It is now necessary 
to consider further types of solutions in order to get a complete description of the 
displacements and stresses in a general problem. 

3.2. Suppose that the harmonic function is expressed in the form 

Xi = Xx(2.*) sin K (3-2-1) 

where Xii^} *, A) is a function of z, z, k which must satisfy the equation 

(v!-p)xi{*,«,*) = 0. (3-2-2) 

Then, from (2-9), it is seen that the boundary conditions {3-1* 1) are satisfied provided 
cos k vanishes, so that ^ 1) ^ ^ 0^ 1^ 2,...). 

The complete solution for Xi of the form (3-2-1) is therefore 

Xi 5= S Xi{i(2r +1) tt} sini(2r +l)n^, 

r=0 

where, for convenience, the variables z, z are omitted from the Xi{^> h) functions. 
It is assumed, for the present, that this series may be differentiated term by term.v 
the required number of times in order to satisfy the harmonic equation. 

Now consider functions x^t Xa of the form 

Xz = XzWsinT^, X3 = X3(’')sinTC, (3-2-5) 

where X2(r), functions of z, z, r. Since x%i X% harmonic, 

(vi-p)xa(T) = 0, (v|-^)x3W = 0. (3-2-6)' 

Prom (2-9) and (2-11) it is found that the boundary conditions (3-1-1) are satisfied if 
ya('r)cosT-l-X3(7') (cosT-rsiny) = 0, XsW sin t + X 3 (t)t cost = 0, (3-2-7)^ 

and these equations only give non-zero values for ^2(7), Xsk^) ^ 

’ 2t— sin2T = 0. (3-2-8) 

This equation for the eigen-values r has an infinite number of complex roots which 
appear in groups of four, one in each quadrant of the complex plane. Only two of 


(3-2-3) 

(3-2-4) 


VoL 195. A. 


33 
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each group of four roots are relevant to the present work, and they are chosen to 
be the complex conjugate pairs which have positive real parts. The first ten pairs 
of roots have been evaluated numerically to six decimal places by Hillman & Salzer 
(1943). The only real root of equation {3-2-8), namely, t = 0, has no significance for 
the present work and may be ignored. The functions Xz> Xs must be real so that the 
complete splntion of the form (3-2-6) is 

X2 = S X2(t) sin +S X‘Jj) sin 

T ‘ f 

„ X2(T)sinTC ,^ X2(T)sinTg 

f COS^T f COS^T ’ 

where the surnmations for t extend over all the complex roots of (3-2-8) which appear 
in the first quadrant of the complex plane, and the summations for f are over all 
the corresponding complex conjugate roots. It is assumed that the series (3-2'9) 
may be differentiated the required number of times in order to satisfy the harmonic 
equation. 

The displacements and stresses which correspond to (3-2‘4) and (3'2-9) may now 
be found .with the help of (2-9), (2*10) and {2-11). Thus, making the necessary 
assumptions about the differentiability of the infinite series, 

^ = i'll +1) n} sin ^(2r +1) 

r==0 

— 2 S {(2 - cos®t) sinr^+T^ cost^— 2^ sinrg}^^ 

— 2 2 {(2 — cos® f) sin f ^+f ^ cos f^ — 2i; sin f0 , (3- 2* 10) 

(? = 4 2 {(2 + cos® t) sm T^—cos — 2^ sin tQ 

4- 4 2 {(2 + cos® t) sin-T^ - cos — 2y sia?0^^^, {3"2-11) 

H = 8 2 (cost smT^— ^sinT cost^)^^^ 

T COST 

+ 82(oosfsmf^-^sinf cosT^)^^, (3-2-12) 

r COS T 

TTtf ^ 

■i' = Y 2(2»'+ l)Xi{i(2’’ + l)7r}oosi(2r+ l)7rC 

S ^ . j, . 5,, Yo(T)sin^T 

"HtS (bCOST’ sinr^—smr - 

T COST 

+T S cos r sin - sin t cos tQ ^ , (3*2- 1 3) 

hr COST 

0 = —-p 2{(2—oos®T)sinTC+'rCoosT^+257sinT0X2(^)sin®T 

—■p S{(2 —cos®f)sinT^+T^oosf^+2i;sinf0)g2(T)sin®T, (3-2T4) 


(3-2-9) 
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the remaining stress functions 4>, T, ^ being given by (2-9), (3-2-10), (3-2-12) and 
(3'2'13) and the displacements by (2-7), (3-2-10) and (3-2-11). 

The complete solution in general terms of the anti-symmetrical stress problem is 
obtained by adding the partial solutions which have been found in the previous 
sections (§§3-l and 3-2). In order to solve a particular problem in which either 
stresses or displacements are prescribed on the edges of the plate or curved surface 
of the cylinder, two methods appear to be available. In the first, the stresses and 
displacements are expressed as Fourier series in the co-ordinate and in the second 
power series in ^ are used, and the method which is most convenient wifi, depend on 
the type of problem which is to be solved. For reference, the required expansions 
in both Fourier and power series are added below in §§ 4* 1 and 4*2. 


4. EXPAITSIOKrS IN FoXiaiER SEBIBS 

4-1. Before the stresses and displacements can be expressed as Fourier series 
the following expansions,' which ban be obtained by the usual methods, are required: 


l:=4yl _)''oosi(2r-H)7r^ ( —l<f<l) 

r-o • {2r + l)n ' 


f»nr£ - 4*,, i 


(4-M) 
(4-1-2) 
(4-1-3) 
(4-1-4) 
(4-I-6) 


(4.1.6) 

(-l<f<l), (4.1.7) 


4- 


4t®—( 2r-f l)^7r? 

(4-1-8) 

Using these expansions the complete solution of the elastic equations, satisfying 
the boundary conditions (3*1-1), which is obtained by adding the partial solutiDns 
given in §§ 3* 1 and 3*2, can be expressed m the form 


35-a 
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« 


■?'= S-F2r+isini(2r+l)7r^, 
r-0 

i? = i) ifa^+iSin J(2r+ 

r=0 

-D = S -Dar+i sin i(2r +1) 

r=*0 

0 = S02r+iSini(2r+l)7rC, 
r=0 

a = S i4-+isini(2r+ l)7rC, 

r=s0 


G* = S G‘2,+isini(2r + l)7T^, 

r=«0 

00 

Zr = 2 -^2r+l cos|(2r + l)7r^, 
r-o 

«> = S O^r+1 COS |(2r + 1) TT^, 
r«0 

® = S <I> 2 r+i sin i(2}- + 1) 

r-0 

^=i’J^2rH-iCosi(2r + l);r^, 
r=0 


•(4-1-9) 


where 

= Tiii{2rllf7T^ [(l-?7){^i(2)+A{3 )+"i{z)+«i(z)}- 2(2-^'^) A2|Qi{2)+£ji(i)}] 

{'J? — 1 4r^ ) 

4T2-(2r+l)2;r2 [4T2-(2r+l)%2]2| 

— X 4i^f^ 1 

if* - (2}- +1)2 7r2 ■*■ [4f 2 - (2r + 1)* tt®]®/ ®“’’’ (4-1-10) 

^ 2 r+i = 2/{(2r +1)® TT® + 0 ^( 2 )}—(1—^) {ziii( 2 )+ z[i^(z) + (di(z) +5>i(2)}] 


(1 — ^ 4:T^ ^ 1 

4T*-(2r+l)2 7r2 ;*■ [4 t2-(2j-+ l)^^) ^ 

+ 64( - )’■+! S _ (2r +1 )2 TT* ■'■ [45=2 _ (2r +1)2 (4-Ml) 


+ 512(-)>-+i S 


{? 


X2(r)T^sinT 


[4r2 - (2r+1 )2 tt®]®+? [47=2 - (2r +1 )2 


X2(r)T2sinT 


r _ (2r+l)7T 

-^2r+l — 2 ^ (•^-P2r+l+«'2r+l) 


r I 

7r2]2)> 


_ (2r+l)7r , (2r+l);ri , , 

- 2A ■^2r+i+-^-Xi{i(2»-+1) tt}; 




^28/^(-)^ 


J_ I 

n4T2-(^ 


+V 


4r2 


(4-1-12) 


(4-1-13) 


A* t'l4T2-(2r+l)27r2 [4T2-(2r+l)2 

1 + 9 4,f2 

A2 1149=2-(5 


jT^sinr 


^2jx2(r)' 

(2f + l)27r2~i^2-(2r+l)27r2]2)^2(r)T2sinf, (4-M4) 



541 


The elastic equilibrium of isotropic plates and cylinders 


*2r+l ' 


612/t( - )•• Xa(T)T*8inT ^ X2(^)^^smf 


'{? 


[4t 2 _ (2r +1)2 7 t 2]2 t [4 t 2 - (2r +1)^ 




*^2r+l “ ^2r+l- gfe ' 


2r+l> 


4*2r+X "" gp > ^2r+l ~ n5 * 


dz 


(4-1-15) 

(4-1-16) 

(4-1-17) 


Suppose now that the plate or cylinder is bounded in the z and y directions by two 
cylindrical surfaces, one surrounding the other, and suppose, for definiteness, that 
the normal and shear stresses are prescribed on these surfaces. Corresponding to 
the 00 ® terms in the Fourier expansions (4-1-9) for the applied stresses there are oo 
eigen-values for ifc with oo independent functions satisfying the equation (3-2-2). 
An examination of the roots of (3-2-8) shows that thefe are oo — 1 eigen-values for 
T and 00 — 1 for T which together give oo®—2 independent functions satisfying equa¬ 
tions of the type (3'2-6). In addition, there are the two general plane-harmonic 
functions Qi(z), Altogether there are oo® independent functions each satisfying 
a second-order linear partial differential equation in the variables z, z, and these 
are sufi&cient to satisfy the boundary conditions on the two bounding cylindrical 
surfaces if the applied stresses can be expressed as Fourier series in the co-ordinate 
Similarly, there are sufiS.oient functions to solve a general problem when displace¬ 
ments are prescribed instead of stresses, or for a problem with mixed boundary 
conditions. 

In certain problems the most convenient form of solution may not be given by 
Fourier series. It is just as simple to obtain the stresses and displacement^ as power 
series in ^ from the general solutions given in (3'1) and (3-2) and these are recorded 
in the next section. 


Expansions in power series 

4.2. Using the known power series for the expansions of the sine and cosine the 
complete solution of the elastic equations, satisfying the boxmdary conditions 
(3-l‘l), may be obtained from §§ 3-1 and 3-2 in the form 


00 f yZn+1 

^ (2» + l)! ’ 






-^0 (2W-H) 


D 


'nio ( 2 «-M)! ’ 


0=2 

n 


^ = s 


0 (2tn-\-l)\ 
’2n-¥l o 

0 (2n-H)I ’ 


00 

a 271+1 ^ 

(2XX+1)! ’ 

r _ V 

^ (2»)! ’ 


(2n)! 


^27tH-l 


^271+1 


4> = S — 

„t'o i2n+l)l 
~nio (2«)! ’ 


(4-2-1) 


35-3 
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An+i= ii-ri 1)77} 

+ 2(-)“+iS^^-I±^±li;^^(f)f2»+i (%>2), (4-2-2) 

+ili(i)}-i jl! r+^)^ |';^^^|(2r+1)^} 

" ^ +A(2)+6;i(z)+53i(i)} + i 

- _ sm“*T + 2-2M , ^ _ Hin 2 f+ 2 - 27 ? 

-^ 2 —;jp^>iWr- 2 S—(4-2'2i.) 

+ 4 <-)“+‘ 22 i£:^yS±Sjj( 5 .)f»«+i („ 5 , 2 ), ( 4 . 2 . 3 ) 


. ^ sin^ T-^ 271 . . - sin^ t+ 2 ?? 

- ^Pi(z)+£ 2 i(z)}-^ {^i(z)+zQi(z)+(£>i(z)+Wj(z)} 

.^sm 2 T -2 + 2 w , ^ ,„sm 2 f- 2 + 2 jj . 

,sin 2 T+ 2 « 


(4*2-3a) 


(4-2-36) 


(4-2-4) 




A® _ 

^ = ;^{^i(«)+i^i(^)}-8SX2(T)Ttan2T-8SXa(T)Ttaa27=, 
hn — i^fin+l + ffzn+l)/^ 

sf^^P.>i{i(^+i).}+%a. 


2 t(-)» » 


A r —0 

a 8)(i( — )™+i 

C'zn+l = - p - s (sin® T + 271 + 2 + 217 ) X 2 (t) t 2«+1 sia 2 T 

8 /«(-)»+i 


(4'2-4a) 

(4-2-46) 

(4-2-5) 


+- 


A* 


S (sin® T+272+2+ 2^) 3 ^ 2 ( 7 ) 7^*^+18111*7 (7i>l), (4'2-6) 
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= Kl+7)M!^i(2)+^ii(®)}-^2(siQ^7-+2 + 27)x2(T)Tsm®T 


- ^ S (sin^ T+2 + 2^) Xa(T) t sin® r, 


m, 


, 8 /f(-)”' |^ sin®T+ 2 ?t 


'2n+l 


A® 


^ COS^T 




sm^T + 2 ?i_ , . 


COS^T 




)• 


J _ a^Imh 

®2n+l-4 02 ’ 


^ 2 »+l — 16/4 


to, =£225±1 1 

®" h ’ 

02 ® ’ 


(4-2-6a) 

(4-2-7) 

(4*2-8) 


As before, it can be shown that there are suf&cient functions available for solving 
a general problem iu which either stresses or displacements are prescribed on the 
bounding cyMndrical surfaces of the plate provided, in this case, the stresses and 
displacements can be expanded as power series. 

In practice, approximations have to be made to the complete solution by taking 
only a finite number of terms of the Fourier or power series. If, for example, the first 
three terms are considered in each Fourier expansion then the eigen-values of h 
■ydll be restricted to the first three, those of t and t to the first two of each, giving 
altogether seven corresponding independent functions, the remaining eigen-values 
andfunctions being neglected. Then using also the functions£ii(z), ci>i( 2 ), the boundary 
conditions may be satisfied as far as the first three terms in the Fourier expansions 
are concerned. The approximation may then be improved successively by including 
more and more terms in the series and more of the eigen-values fc, t, t and their 
corresponding functions. 

If only a first approximation is required it is convenient to consider the stress 
resultants and stress couples, and this will be shown in the next section. 


6. ApPBOXIMATB BENDIlSra THEORY 


In order to obtain a satisfactory first approximation aU the eigen-values t, t and 
all the eigen-values h except the first, together with their corresponding stress 
functions, are neglected. Then,, using only the function corresponding to 

h — \7r, and also the thick-plate solution given in § 3' 1, the non-zero stress resultants 
and couples, per unit area of a cross-section of the plate, take the forms 


To = |£^Td^ = iA®a"(z) +x 




( 6 - 1 ) 

( 6 - 2 ), 


(2-^)A4 6 ^ 02 ^^ 


r-ij'«■!>«-( 6 - 8 ) 


where 
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The average value of the transverse displacement is 


W = ^j^wd^ 

^ {^1(2) +2^1(2) +0>i(z) +^i(g )}+ ^ +Si(z)}. (6-5) 

This approximate theory is somewhat similar to that given by Reissner ( 1944 , 
1945 , 1947 ) who obtained his results by quite a different method. Reissner’s solution 
is more general than the present solution, since he included normal pressures on the 
faces of the plate. It is evident, however, that the use of complex variable greatly 
siinpMes the form of the results. The main difference in the two approximate theories 
is in equa,tion (6-4), since in Reissner’s work the function which corresponds to 
satisfies an equation in which in (6-4) is replaced by 10 (allowing for a 
different notation for the thickness of the plate). It is of interest to compare the 

two theones for the problem of the bending of an infinite plate containing a circular 
cylindiical hole. 

The boundary conditions for this problem are 

'^'*0 ~ A+r = 20 (ic = + 00), 

T'o = 0, A—r = 0 (y = ± co), 

Ti+Yi = 0 , A' + r' = 0 (r = a), 

wkere '•'S - T'if, A'- 1 J‘r.|J' 

T' = rz+idz, 0 ' = rf+Sd, a>' = fr-S^+ 2 ir^, 
and, from (2-16) and ( 5 - 9 ), 


( 6 - 6 ) 

(5-7) 

( 6 - 8 ) 

(6-9) 

( 6 - 10 ) 


A' = A, r' = e-g^* r, TJ = 

The infinity conditions ( 6 - 6 ) and (5-7) are satisfied by A = T = G* or 

A''=0, r' = Ge-^^. 

In order to satisfy the conditions ( 6 - 8 ) at r = a it is necessary to add stresses which 
vanish at mfimty, and suitable forms for the functions in (6-1) to (6-3) 

(Oi(z} = A logz+BIz^, £2i(z) = Z>/z,'' 


(5-11) 

(5-12) 


are 


sin 2 ( 9 , 


(6-13) 


SrA"®’ K,{ml2h) is Bessel’s function of the second 

kmd with pure imagmary argument. It should be noticed also that the corre- 
spondmg displacements are single-valued. Using the partial derivatives 


<iA 


did 
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and the relations (5‘1) to (5'3), ( 5 ’ 11 ) and the boundary condition ( 5 ' 8 ), a straight¬ 
forward calculation gives 


the remaining constants not being needed for the present purpose. The stress con¬ 
centration factor at the edge of the hole, which is given by A'jO, is 


, {l+ri)h?D 
Za^G 


cos 26, 


or 


1 - 


2{l+fi)K,{a7rl2h) 
( 1 - 1 - 1 /) K^{a7Tl2h) + 2Ko{anl2h) 


(6-16) 


If this result is compared with Reissner’s formula ( 66 a) ( 1945 ), it is seen that the 
two agree with the exception that the argument of the Bessel functions Kq, in 
(5-16) is inajh, whereas in Reissner’s result (allowing for a different notation for 
the thickness of the plate) the corresponding argument is There is less 

than 1 % difference between these values so that the two formulae for stress oon- 
centrUtion will give practically the same results. 

In order to compare this approximate result with a more exact solution based on 
the theory given in previous sections it is necessary to evaluate Bessel functions of 
the second kind which have complex arguments. As stated in the introduction this 
work is postponed in the hope that tables of such functions, when available, will 
reduce the amount of numerical calculation. 


6. SymmeteioaIi stress systems 

6 . 1 . As for the anti-symmetrical systems the complete solution of the elastic 
equations subject to the boundary conditions (S'l’l) consists of the ordinary thick- 
plate solution together with other general solutions, and the thick-plate solution 
is obtained in the present section. Once, again the notation is chosen to agree with 
that used by Stevenson ( 1942 ), but the method of solution is different. 

The harmonic functions Xn X 2 > Xs even functions of ^ atid are tahen to be 


Xl = ao+|a2^^ X2 = /?o+iA2C®. X3 = ro + ir2C^ (6-M) 


where k^VlaQ+a 2 = 0, V|a 2 = 6,' 

= V|yff2 = 0, 

+r2 = 0. = 0 .. 


( 6 - 1 - 2 ) 


Brom (2-9), (2-11) and ( 6 - 1 - 1 ) it is seen that the boundary conditions (3*1*1) 
may be satisfied by taking 

^i(fo+hf%+n) = 0, ^{¥2+ 872+W = 0, 


(6-1-3) 
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and hence, using (6’l-2), it is found that 

_ zQo(g)+25o(z) 

128(1+ 57 )/t ’ 


72 = - 


a„ = 


a« = 


^^{Qo(g) +Qo(g)} 

'S2(l + if)/i ’ 

{gno(z) -2 Qo{=2^) + +?/) K(2) -^ 0 ( 2 )]}. 


16(l + v)/i 

4(1+17)/4 ’ 


(6-1-4) 


■with = ^2 = 0 , where Wo(z) are general functions of the complex variable z. 
Also from (2-9), {2-11), (6-M) and (6-1-4), 


F = 


32(1+17)^^^^ (l + ??)s^o(^) (i+??)[^o(®)'“**o(^)]} 




((v-^mz)+v^o(m> 


m+v)M 

^ ^ ~ 16(1 +^ 0 ( 2 )}- 8(1^Po(2) 

Hi+v)/i ’ 

a = p, ^=0, 


( 6 - 1 - 6 ) 

( 6 - 1 - 6 ) 

(6-1-7) 

( 6 - 1 - 8 ) 

(6-1-9) 

(6-1-10) 


iihe displacements D and w being obtained from (2-7), (6-1*5) and (6-1-6). 

. 6-2. In this section general solutions are foimd which are aimi1a,r to those given in 
§ 3-2 for anti-symmetrical systems. Let 

Xi = Xiik')(sosk'^, (6.2-1) 

where Xii^') is ^ function of z, z, h' which must satisfy the equation 

= 0 . ( 6 . 2 - 2 ) 

The boundary conditions (3-1.1) then give sin jfc' = 0, or 

k' = rTT (r=l,2,...). (6-2-3) 

Then, making the usual assumptions about the differentiability of the series, the 
complete solution for Xi of the form (6-2-1) is 


All ^ S Xi{^)<^srn^, 

r-l 


(6-2-4) 
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* 

Next, Xa and Xg are assumed to be of the form 

Xa = Xa = XsM cos (6-2-6) 

w^here XaC*')) XaC*'). are functions of z, z, v which are solutions of the equations 

(v!-p) Xa(i^) = 0 , (Vf-p) XaCi') = 0 . 

The boundary conditions (S-l-l) are satisfied provided 

X2(i')sinv+X3(v) (sini'+j^cosv) = OA 
Xfiiv) cos V - Xz{v) V sin v = 0 , J 

and these equations only give a non-zero value for XaC’^) and XsCv) if 

21 ^- 1 -sin 2 v = 0 . 

This equation has an infinite number of complex roots which appear in groups of 
four, one in each quadrant of the complex plane and only two of each group of four 
roots are relevant to the present work. These are chosen to be the complex con¬ 
jugate pairs with positive real parts. The only real root v = 0 does not produce a 
possible solution and can be ignored. The complex roots of ( 6 - 2 - 8 ) do not appear to 
have been tabulated. 

The functions X 2 . Xs must be real, so that the complete solution of the form { 6 - 2 - 6 ) is 
Xa = S XaC*') cos v^-i- S M^) cos V^, 1 

P V 

V ^ XiWooa>^C v^ Mcosyg ’ 

V sin^i; t sin^j? ’J 

where the summations for v extend over aU the complex roots of ( 6 - 2 - 8 ) which appear 
in the first quadrant of the complex plane, and the summations for v are over all 
the corresponding complex conjugate roots. Once again, suitable assumptions are 
made about the differentiability of the infinite series. The displacements and stresses 
which correspond to (6-2-4) and (6’2-9) may now be fotmd with the help of (2*9), 
( 2 - 10 ) and (2-11). Thus 

«5 

jF = i S Xi(’^) cosrw^ 

- 2 S {(2 - sin® v) cos v^-v^eia v^- 2rj cos 

- 2 S {(2 - shx® v) cos sin v^-27] cos > ( 6 ' 2 ' 10 ) 

(? = 4S{{2-t-sm®v)cosv^-t-v^sinvC-2^cosvC}^^^, 

' +4S{(2-)-sia®v)cosP^-l-v^sinP^—2^cosv0^^^, (6-2'll) 

H = 8S(smvcosV^-^oosvsinv^)^^-(-8|)(sini?cosv^-C<30svsinvC)^^. 

y SUX V p SXXi l' 

( 6 - 2 * 12 ) - 


{ 6 * 2 - 6 ) 

(6-2-7) 

( 6 - 2 - 8 ) 
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r 2i ” 8 

. ^ = S^xMsinr7rf+^i:(^smvcosyC-cosvsm<)2^i^i£25!Z 

">- sinv 

+1E (gain i? cos Pg~ cos y sin Vt) 

' sinp ’ 

&jLC 

® = “ ■p S {(2 - sin® v) cos v^- sin + 2^ cos r^} ;;t2(j') cos® r 
8 /^ - 9 - 

~ P f K + 27 cos Xiiv) cos® V, 

(6 2 13) and the displacements by (2-7), (6-2-10) and (6-2-11). 

complete solution in general terms of the symmetrical stress problem is 
med by adtog the partial solutions which have been found in §§6d and 6-2 
Expansions m Eouner .nd power series will be obtained in the next two setw 

7. Expansions in Eoubier series . * 

7.1. The following expansions may be found by the usual methods- ■ 


(6-2-13) 


(6-2-14) 


(7-1-1) 
(7-1-2) 

(7-1-3) 
(7-1-4) 

fcosj^f=2V / ^ • 2i^sinp ] 

solutions given in §§ 6-1 and 6-2, can be expressed in the to ^ 

00 

G = ^G^oo&rnZ, 


cosi'^== j/sinv(i + 2 2 i-J-22i£^n ^_i-<^<n 

(»' r^i v^-rhr^ j ^ l^b^l). 

^sin = — (sinr-f voosi')|-^ + 2 2 

+ 2l>gHiT17;/.l.|.9^ (-)*'C03r7rn 

(v®-j-®?r®)2 / (~l^b<l), 

sin= 2smVi; ir)"^sinrirg’ . 

r«l V^ — r^TT^ ^ < b < 1), 


r—l 

00 

D ^^^D^cosmC, w = 2 WL-sinnrC, 

r=l 

00 

® = s ®2rCosnr^, <E> = S <I>2rcosnrC. 

r=0 
00 


r=0 

00 


^ ’*' = 2 Ta^sinmC. 

ra=l 


(7-1-6) 
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The suffices in the coefficients of these Fourier expansions are T^ritten as 2r and not 
r in order to distinguish them from the coefficients in (4-1*9). The coefficients in (7-l'6) 
are found to be 


"" 32(1+7?)/t - (1+^) -(! + ’?) -t^o(2)]} 

+ ■ {{y -4) £2^(z) + yQi(z)} + 4y + 4=?/S^44, (7-1-7) 

+-^( -- (> Z 7 % 2 ) 2 ) X 2 (^) cos V (r>l), 


(7-1-7 a) 




24(l + ^)/t 


{Qi(*)+a;m) 


+ 8 ( 2 -'J)S;^+ 8 < 2 -’!)SJ®. 


V vsini^ 


vsmv 


(7-1-8) 


H, 


i (i;2b%5 + pit%^)5 )x2(v) cos V 

-^s i. 7 vy )^ 

feg{Q(,(g)+n^(z)} X 2 W X2(i^)_ 

lA/llivtNo ■■ • T» n>i‘w\ Ti ^ 


12(l+i7)/t 


7 vsmv “j'smj'- 


(7>l-8a) 

(7-1-9) 


fe^(-r{n^(g)+ii^(g)} 

(l + ?/)^rV 




4, = -^(2F2,+(5'2,) 


nr rr 2t7rr . . , • ,. 

= - -^ J4. —^ Xi(^7r) (r > 1), 


(7-l*9a) 


(7-1-10) 


00 = i{^(z)+iio(z)}+^^{sX2(»')cosj^+SX2('>')oos»'|. <7-Ml) 


0®!- — 


32M-r^f l+v 




Z 2 yi-r^i l + v 




P 2 




,|x2(^)*'*®os^ (r^l), (7"J-lla) 
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. -3^0 = ^ {s X8(J') cos V ■+ s Xa(v) cos vj, 

Xi(v)V*0Q3V 


32/4(-)’' (^ X2(v)v*oosv 

. 1 


, yi Aa\-/- *^03^ ] (r'^l) 


n — w _ —O 

^2r ~ * 02 ’ '’^2f — ^ «2r5 


(7-M2) 
(7-M2a) 
(7-M3) 


4>2r=16/i-^, Ta, = 2/t-g^. (7-M4) 

It is seen that there are oo®+2 terms in the Fourier expansions for the applied 
normal and-shear stresses at any bounding cylindrical surface of the plate or cylinder. 
There is a single infinity of values of k' in (6-2-3), and an examination of the roots of 
(6-2-6) shows that there is a single infinity of relevant values of v and also of v. 
Corresponding to this triple infinity of eigen-values there is a triple iodSnity of stress 
functions which each satisfy a second-order linear partial differential equation in 
z andz. In addition, there are two plane-harmonic functions Qo(z), ((>(,(z), giving a total 
of CO®-1-2 independent funptions which are sufficient to satisfy the boundary con¬ 
ditions when applied normal and shear stresses are given on two bounding oylindrioal 
surfaces. Similarly, there are sufficient functions of solve a general problem when 
displacements are prescribed instead of stresses, or for a problem with mixed 
boundary conditions. 

« 

Expansiom in powe)r seHes 

7.2, The complete solution of the elastic equations, satisfying the boundary 
conditions (3'M), may be obtained from §§ 6-1 and 6-2 in the form 


«o f nn 

u-o (2n)! ’ 


CO 




„Jo (2»)! 
00 


7 ) = V 

■ {27z)! ’ 


©= S 




'o (2»)! ^ 

n=0 (2n)! 


CO ^ y2n 

^ — V 

n -0 ( 2 «)! ’ 

L= T 

(2n-l)! ’ 
{2n-l)! ’ 

fl)= 

n-o ( 2 »)! ’ 

W-= V 

(2n-l)! ’J 


(7-2-1) 


/sn = *<-)" il + 2( - )" 2 — ^ yjv) 


r -1 


Stn®!' 




(7-2-2) 


A® 


„.^sin®v-4-f 2^ , , , „,„sin®v-4-i-277__ 

' X4y)v^-2'L - 




sin^v 


(7-2*2a) 
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ffz, 


., .„_sin2v+2 —2 ji —2?7 , , „ 

= ^ ^^*' 


in^2). 




Hi+v)ji 


■4s — 

V sin^v ^ sm*v ' 


9o^ 


{ 1 - 1 }) 


{2Qo(z) + zi:2o(z)} 


^ 2 » — 


m+v)y 

, ^ ^sin*v+2-25/ , , , ^ ^sm^v+2-271 _ ,_^ 

+ 4 S- T-s - - ;y2(»') + 4 S-— ~Xi{'>^)> 

•7 sm®v p sm^v ' 

0 / \«fir,sin2v—2% ,. _ x_sin*v—2>i_ ,_,_,J , 

2 ( 1+^);4 sin^v f sinap ’ 

8SX2(»') + 8|IX2(>^). 


Aj 
Hq 
^ 2 n-l “ 


2i(-) 


^ 2 ?l — 


8 /t(-)« 


^SJnrr;)ti(r7r)+^, 

—p— S (s™* v—2n—2 — 27j) Xz{v) cos* v 

S (sin.* v—2m,—2—2nj) X0) v*” cos* v (n. > 1 ), 


^o = Kilo(*')+iio(*)} 
8/4 


+^ S (sin® v-2-271) Xz{v) cos* ^ S (sin* v -2-2^) Xz{v) cos 


A*t 


mi 


' 2 n 




^ 2 » — 


4§^ 

Sz ’ 


9^n 

^« 2 »^-l = -J. 
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(7-2-26) 

(7-2-3) 

(7-2-3a) 

(7-2-36) 

(7.2-4) 

(7.2.4a) 

(7-2-46) 

(7-2-6) 

(7-2-6) 

V, 

(7-2-6a) 

(7-2-7) 


(7-2-8) 



652 


A. E. Green 


The solution of any given problem can now be completed by successive approxi¬ 
mations as explamed earlier for anti-symmetrical stress systems. It is, however, 
jBrst necessary to evaluate the complex roots of (6*2*8), since, unHke the roots of the 
corresponding equation (3*2*8), they do not appear to have been tabulated. The 
calculation of these roots and applications of the theory to particular problems are 
postponed for a future occasion. 
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